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Abstract: In this paper, we study the fractional nolinear bi-integrable couplings of Kaup-
Newell hierarchy. By using fractional isospectral problems and non-semisimple matrix Lie algebras
on which there exist non-degenerate, symmetric and ad-invariant bilinear forms, the fractional
nonlinear bi-integrable couplings of Kaup-Newell hierarchy are presented. Furthermore, we also
obtained the fractional Hamiltonian structures of the fractional integrable couplings of Kaup-Newell
hierarchy. The methods derived by us can be generalized to other fractional integrable couplings
of soliton hierarchy.
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1 Introduction

The theory of integrals and derivatives of non-integer order goes back to Leibniz, Li-
ouville, Riemann, Grunwald and Letnikov. The fractional analysis attracted the interest of
many researchers, because fractional analysis has numerous applications: kinetic theories [1,
2], statistical mechanics [3, 4], dynamics in complex media [5, 6], and many others [7—9]. The
main advantage of fractional derivative in comparison with classical integer-order models is
that it provides an effective instrument for the description of memory and hereditary prop-
erties of various materials and progress. Also, the advantages of the fractional derivatives
become apparent in modeling mechanical and electrical properties of real materials, as well
as in the description of rheological properties of rocks, and in many other fields.

Tu proposed a Lie algebras and trace identity to constructing the integrable system
and Hamiltonian structure of integrable systems [10]. Afterwards, Ma called the method as

Tu scheme [11]. From then on, many integrable system and theirs Hamiltonian structure
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were obtained [12, 13]. Then how to obtain new fractional integrable hierarchies of the
fractional soliton equations is an important and interesting work in soliton theory. In [14],
Wau firstly proposed the generalized Tu formula and research for the Hamiltonian structures
of fractional AKNS hierarchy, Yu presented the generalized fractional KN equation hierarchy
and its fractional Hamiltonian structure [15]. Integrable couplings [16] were coupled systems
of integrable equations, which has been introduced when we study of Virasoro symmetric
algebras. It is an important and interesting topic to search for integrable couplings in soliton
theory.

Let us consider an integrable evolution equation
DPu = K(u). (1.1)

An integrable coupling of eq.(1.1)

Dlu =K, (a) = ( Sf(;(ugl) ) U= < 51 ) (1.2)

is called nonlinear, if S;(u,wu;) is nonlinear with respect to the sub-vector u; of dependent

variables [17]. An integrable system of the form

D = Ky(u) = Si(u, uq) U= wu (1.3)
52(U7u1yu2) Uo

is called a bi-integrable coupling of eq.(1.1). Note that in (1.3), S; does not depend on u,,
and the whole systemis of triangular form. In this paper, we would like to explore some math-
ematical structures of Lie algebras and zero curvature equations, to construct bi-integrable
couplings and their Hamiltonian structures by using the generalized fractional trace varia-
tional identity associated with the enlarged Lax pairs. In this paper, we shall introduce a
kind of explicit Lie algebra for which fractional couplings of Kaup-Newell hierarchy can be
generated. Then we construct the fractional Hamiltonian structures of the fractional inte-
grable couplings of Kaup-Newell hierarchy by using generalized fractional trace variational
identity.

2 Brief Overview of Fractional Derivatives and Integrals

Kolwankar and Gangal [18, 19] defined the local fractional derivative as

gL d [V (O~ f() .
Dw+f(x)—yhz+r(1_a)dy/a: g % O<a<y. (2.1)

Chen et al. [20] gave the necessary conditions for the following relationship

D% f(z) = lim I(1+a)(f(y) — f(x)

i, =) 0<a<l). (2.2)
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We adopt derivative (2.2) for simplicity. Some fractional derivative properties are proposed
as follows.
(i) The generalized Leibniz product law. If f(x), g(z) are o order differentiable func-

tions, one can have

D3 (f(2)g(x)) = g(x) D3 f(2) + f(2)DZg (). (2.3)
Proof By the simplicity definition (2.2), we have
L1+ a)(f(y)g(y) = f(2)g(x))

D3 (f(x)g(x)) = lim

y—at (y —x)e
~ i LA @)9) — f@)9(y) + f(2)9(y) — f(z)9(2))

y—xt (y - x)a (24)
_ iy LA ) (Y) — f2))g(y) + lim L(1+a)(g(y) — g(x))f(x)

y—zt (y —x)™ y—at (y —x)

= 9(x) D5 f(x) + f(x)DZg(x),

the proof is completed.

(ii) The Leibniz Formula for fractional differentiable functions reads.

o7 D3 f(z) = f(z) — f(0) (0<a<1), (2.5)

where (I2 denotes the Riemann-Liouville integration, which is defined as

oI (@) = T /0 (- f(€)de (0<a<1). (2.6)

Therefore from the defined fractional integration, properties (i) and (ii), the integration by

parts can be used during the fractional calculus

ol3[9(x) D3 f(x)] = f(2)g(2)5 — oly [f(x)D3g(a)]. (2.7)
(iii) Fractional variational derivative
0L 0L oL
e _1’“ng77 2.8
5 = 3tV Gy (2.9
where k is a positive integer. Properties (ii) and (iii) can be proved similarly, we omit these

proofs in this paper.

3 Matrix Lie Algebras and Bi-Integrable Couplings
To generate bi-integrable couplings, we introduce a kind of block matrices

A A, As
M(Ay, Ay, Ag) = 0 A +&Ay A, ) (3.1)
0 0 Ay
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where £ be an arbitrary fixed constant, which could be zero. A; = A;(\),i = 1,2,3 are
square matrices of the same order, depending on the free parameter A\. Then we have the

commutator relation

[M(A17A27A3)»M(B17BQaBB)] :M(ChCQ?C?)) (32)
with
Cy = [Ay, By,
Cy = [Ay, Bo] + [Ag, Bi] + §[As, By, (3.3)

C3 = [Ay, B3] + [As, B1] + [A2, Ba).

This closure property implies that all block matrices defined by (3.1) form a matrix Lie
algebra. Such matrix Lie algebras create a basis for us to generate nonlinear Hamiltonian
bi-integrable couplings. The block A; corresponds to the original integrable equation, and
the other two blocks A; and As are used to generate the supplementary vector fields S; and
S5. The commutator [As, Bs| yields nonlinear terms in the resulting bi-integrable couplings.

Let us consider linear spectral problem
Do =U(u, N, Dlp=V(uNg (3-4)

from the fractional zero curvature equation
DPU - DoV 4 [U, V] =0, (3.5)

we get an integrable system
D} u=K,(u). (3.6)

Now we introduce an enlarged spectral matrix

U(’LL, )\) U1 (ul, )\) UQ (’LLQ7 )\)
U=U(u,\) = 0 Uu, \) + €U (u1, A) Up(ug, A) |, (3.7)
0 0 U(u, N

where @ consists of u, u1, us. From an enlarged generalized zero curvature equation

DU — D2V 4 [U,V] =0 (3.8)
with
V(U, )‘) ‘/1(U7u1)>\) ‘é(uaulau%)\)
V=V = 0 V(u, A) + EVi(u,ur, A) Vi(u,ug, \) (3.9)
0 0 Viu, \)

gives rise to
DU — DoV 4 [U, V] =0,

DfUt—D;XVrf’[U7V1]+[U13V]+§[U17V1]:07 (3.10)
DPU, — D2V, + [U, Vo] + [Us, V] + [Uy, V] = 0,
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ie.,
D} u K (u)
D}u=| D}u, |= Sy (u,uy) : (3.11)
Dfnug So(u, uy, uz)

This is a bi-integrable coupling of the evolution eq.(3.6), noting the zero curvature represen-
tation (3.5) of (3.4). Normally, it is nonlinear with respect to u; and g, thereby providing
a nonlinear bi-integrable coupling.

We take a solution W to the enlarged stationary zero curvature equation

DWW = [U, W] (3.12)

apply the associated generalized fractional trace variational identity [18]

i(V_V, Uy) = A‘”g)\”(ﬁ/, Ug) (7 is a constant) (3.13)
0u oA
to furnish Hamiltonian structures for the bi-integrable couplings described above.

In the next section, we will apply the above computational paradigm to the Kaup-Newell
hierarchy, thus generating ahierarchy of nonlinear Hamiltonian bi-integrable couplings for
the Kaup-Newell equations. We remark that our general ideaworks for both positive and

negative soliton hierarchies.

4 Application to the Kaup-Newell Hierarchy

The Kaup-Newell spectral problem [21]

D?np:U(u,/\)go,U:<_r)\ A;;)u:(z) (4.1)

W:(“ Ab):ZW@W:Z(“‘” Abm >Am, (4.2)

— c —a
¢ a m>0 m>0 m m

Setting

the stationary zero curvature equation DSW = [U, W] gives

Dgam = _rbm+1 + qCm+1,

Dgb,, = —2bpy1 — 29,

D¢cp, = 2rapy, + 2¢m41, (4.3)

bo=co=0,a0=1,by = —q,c1 = —1,01 = _%qrv

bo = D20+ hePries = —4Dr + dartson = brDza— daDir+ 3%
Let

VO = (\"W)y 4+ A, (4.4)

where A,, = —a,e;. The fractional zero curvature equation

D} U - D2V 4+ (U, V™] =0 (4.5)
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generate the fractional Kaup-Newell hierarchy of soliton equations

0H,
D} u = K,(u) = (D%,, D&c,)T = J s n>1 (4.6)
u
with the Hamiltonian operator J, the Hamiltonian functions and the hereditary recursion
operator L:
J 0 D2 - 2a,, — a“n g —%D;‘l— 1DegD;r 1 —%D;;quaq |
Dy 0 n —5DgrD“r 5Dy —5DgrD . %q
(4.7)
When we take n = 2, hierarchy (4.6) can be reduced to 2-order fractional Kaup-Newell
equations
Djr= DX(—iDgr + Lqr?). '
We begin with an enlarged spectral matrix
U U, U,
U@y =| 0 v+ev, v, |, a=| " |, (4.9)
0 0 U b2
w1
w2

where U is defined as in (4.1) and the supplementary spectral matrices U; and Us read

0 A
U1=U1(U1):< pl);’Ul:(pl)»
p2 O D2
A
U2=U2(U2):<0 wl)ﬂv@:(wl)-
W2 0 Wa

To solve the enlarged stationary zero curvature eq.(3.12), we take a solution of the

(4.10)

following form
w Wi Wy

W(u) = 0o w+ew, Wy |, (4.11)
0 0 w

where W, defined by (4.2), and

W1<e Af), W2—<e, Af,). (4.12)
g —e g -—e
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Setting

e = Z e T f = Z fmA g = ng/\im>

m>0 m>0 m>0

(4.13)
= ANT=Y FAT G =D g AT
m>0 m>0 m>0
which solves DYW = [U, W], we have
Dgen = qgm+1 — 7 fimt1 + P16mi1 — P2bmir + BP19mt1 — Bp2fm+1,
D?fm = _2fm+1 - 2qem - 2plam - 2,8]71€m,
DS gm = 2Gm+1 + 2re,, + 2usa,, + 2p2eq,, (4.14)
Dgey, = a9mi1 — Tfms1 T WiCmy1 — Wabmi1 + P1gmy1 — P2fms1, '
D¢ fr, = —=2f), 1 — 2qe;, — 2wiam, — 2p1ey,
{ D2g,, = 2g,,.1 + 2re;, + 2waa,, + 2paep,.
We choose the initial data to be
fo=g0=fo=90=0,e0 =5 =1 (4.15)
from the recursion relation (4.14), we can get
fi=—q— 14 B)p1,91 = —r — (1 + B)pa,
1
e = —5(617“ + gp2 + Bapa + pi7 + Bpir — Bpips — BPpip2), ( )
4.16
f{ = —q—u —plvgi =T — w2 — P2,
1
er = —5(ar+ quz + qpz + wir + pir + pipa + Bpipa), -
For each integer n > 0, take
V(n) ‘/1(”) ‘/'2(")
v = 0 vmgey™ v |, (4.17)
0 0 V)
where V(™ define in (4.4), and V", V™,
Vi = (W) 4 4 A, VA = (AWa) 4 + A (4.18)
with Ay = —ener, Ay = —eleq, and then from the enlarged generalized zero curvature

equation (3.8), we have

Dl 5= 8,(v) = ( Sin(t, 11) ) , (4.19)

SQTL(uv Uy, U2)

where

DZgn Dgg,,

x

Sin(u,ur) = ( Daln > ; Son(u,ur, uz) = < Dgffl > : (4.20)
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Together with system (4.6), we present bi-integrable couplings of Kaup-Newell hierarchy

D/ g Dby
Dl r De,
D} » - fonlee) D f

D} = L = K(a) = Sin(u,uy) = S BT (4.21)
Dtnp2 S (U I ) D;pgn
Dfnwl 2n (U, U1, Uz Doy
D} ws D39,

When n = 2, we can obtain the first nonlinear bi-integrable coupling of (4.8)
Dyq= D3(3D%q+ 30°r),
Dyr=  Dg(=3Dgr + 5q1%),

Djpi = 3D2[D2q+ qrpi+ (1+ B)D2p1 + (q+ BP1)
(qr + qp2 + Bapz + p1r + Bpar + Bpip2 + 6°pip2)],

D)p>= —3D2[D3r —qrps+ (1+ B)D2p2 + (1 + Bp2)
(qr + qp2 + Bapz + p1r + Bpir + Bpipe + F2pip2)],

Dgwl = D2[3D(q+wi +p1) + 3¢°(r + w2 + p2) + 13 (r + Br + Bpa + 52p2)
+qr(p1 +w1) + (1 + B)gpipa],

Dfiw2 = D2[—3(r+ws+p2) + 27%(q + w1 + p1) + 3p3(q + Bq + Bp1 + 52p1)
+qr(wz + p2) + (1 + B)pipar].

(4.22)

5 Fractional Hamiltonian Structure

In order to generate Hamiltonian structures of the obtained fractional nonlinear bi-
integrable couplings, we have to compute non-degenerate, symmetric and ad-invariant bilin-

ear forms on the adopted Lie algebra

Ay A As
§ - 0 A1 + £A2 AQ |A1, AQ,Ag c Sl(Z) . (51)
0 0 Ay

As usual, we transform the Lie algebra g into a vector form through the mapping
c:5— R°, Avr— (a1, ,a9)" € R, (5.2)

where

A A Ay
A=| 0 A +€4, A, | €g A= < G-z dsim ) i=1,2,3. (5.3)
as; —asz;—
0 0 A, 3 3i—2

A required bilinear form [22] on the underlying Lie algebra g is given by
1 1 1 1
(A,B)g =m(aiby + 5(12173 + §a3b2) + mafaibs + §a2b6 + §a3b5 + aq(by + £by)

1 1
+ 5(15(53 +&bs) + 5%(52 +&bs)] + n3[2a1b7 + azbg + asbs + 2a4by (5:4)

+ asbs + agbs + 2a7by + agbs + agbs),
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where A and B are two block matrices of the form defined by (5.3), 11,72, 73 are constants.

Let us direct compute that

- oU 1 1
<W5> = 5771(—2@ +cq) + 5772(01)1 — 2e + gq + Bgp1) + n3(cwy + gp1 — 2¢’ +qg'),

_oU, 1 1 N 00U 1 1 o aU
Wag! = ameA T gmoAtmg A (W) = gmbAt gmfAtmlA W, 1) =mel
U 1 1 - oU 1 1 _ U
<W3791> = 57720\ + 557729)\ + 39 A, <W67p2> = 57721))\ + 557’]2]0)\ +n3fA, <W87w2> = 13
(5.5)

The corresponding fractional variational identity (3.13) leads to

6 im(2an, — qen) + $m2(26 — picn — q9n — BP19n) + 13(2€), — Wicn, — P1gn — q9L,)

ou n
1

1 o1 1 1 1
= o n 5 n s o bn o n /57 n 5 n ns
(27716 +2772g + N34y, 5’ + 2772f +m3fn 51 +257729 + 139

1 1
§n2bn + 56772]671 + 773fn7 N3Cn, n3bn)T7n Z 1. (56)

It is easy to see that v = 0. Threrfor, the Kaup-Newell bi-integrable couplings in (4.21)
possess the following Hamiltonian structures

_ _6H,
D) i=K,(a)=J—-—2 n>0, (5.7)
" ou
where the Hamiltonian operator is
0 0 n% 0 Do
7 — _2Dg i/ - C
J= 0 Bn2-+2n3 2773(577242'2773) ® ( De OT ) (5.8)
1 —72 N3 —Bninz—2mns x
ns  n3(Bn2+2n3) 2n3(Bn2+2n3)

with ® denotes the Kronecker product of matrices, and the fractional Hamiltonian function-
als read

%771(20% - qcn) + %772(2% — P1Cn — qgn - 5}71971) + 773(2(3;; — W1Cp — plgn - qg;)

H, = .
n
(5.9)
A direct computation shows a recursion relation
Ky = LK, (5.10)
where the recursion operator L is given by
L 0 0
L=| L L+¢L, 0 (5.11)

L, Ly L
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with L being given by (4.7) and

Ly

Ly=—=

"2\ D2rD;%ps+ DSpaDy%(r + Bp2)  DErDy%p1 + DEp2Dy(q + Bp1)

1 [ DgqD;%ps + Dipr1 Dy “(r+ Bp2) DgqDy%pr + Dgpi1 Dz “(q + Bp1)
2 9
1 ( DggD; “ws + DEwi Dy r + DEp1 Dy ®ps  DEgD;“wi + Diwi Dy %q + Depi Dy “p >

2\ DgrD;%wz+ Dgw2Dy %r + Dgpe D, %pa DgrDy “wi + Dgwe D, “q+ DgpaD; “p1

6 Conclusions

A way to construct fractional nonlinear bi-integrable couplings of fractional soliton

hierarchy is presented. The fractional variational identity has been generalized to the frac-

tional zero-curvature equation. As an application, the fractional Kaup-Newell hierarchy

gave a hierarchy of the fractional nonlinear bi-integrable couplings and fractional Hamil-

tonian structures. As its reduction, we gain the fractional nonlinear integrable couplings

of the Kaup-Newell equations. The solution of reduced equations is a very important and

difficult work, we will take great efforts in our next work. The obtained results supplement

the existing theories on the perturbation equations and classical integrable couplings. The

method can be generalized to other fractional integrable couplings.

=

=
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