Vol. 87 (2017) J. of Math. (PRC)

GLOBAL SMOOTH SOLUTIONS TO THE 1-D
COMPRESSIBLE NAVIER-STOKES-KORTEWEG
SYSTEM WITH LARGE INITIAL DATA

CHEN Ting-ting, CHEN Zhi-chun, CHEN Zheng-zheng
(School of Mathematical Sciences, Anhui University, Hefei 230601, Chz'na)

Abstract: This paper is concerned with the Cauchy problem of the one-dimensional isother-
mal compressible Navier-Stokes-Korteweg system when the viscosity coefficient and capillarity co-
efficient are general smooth functions of the density. By using the elementary energy method and
Kanel’s technique [25], we obtain the global existence and time-asymptotic behavior of smooth
non-vacuum solutions with large initial data, which improves the previous ones in the literature.
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1 Introduction

This paper is concerned with the Cauchy problem of the one-dimensional isothermal
compressible Navier-Stokes-Korteweg system with density-dependent viscosity coefficient

and capillarity coefficient in the FEulerian coordinates

{ pe+ (pu)z =0,
t>0,zeR (1.1)
(pu); + (pu® + P(p))z = (1(p)tia)x + Ko,
with the initial data
(p(0,2),u(0,2)) = (po(x),uo(x)),  lim (po(z),uo(x)) = (p,0), (1.2)

r—+o0

here t and x represent the time variable and the spatial variable, respectively, K is the
Korteweg tensor given by

1 2
K = pr(p)pas + 5 (pr'(p) = K(p)) pz-
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The unknown functions p > 0,u, P = P(p) denote the density, the velocity, and the pressure
of the fluids respectively. = p(p) > 0 and k = k(p) > 0 are the viscosity coefficient and the
capillarity coefficient, respectively, and p > 0 is a given constant. Throughout this paper,

we assume that

P(p) =p”, ~>1isa constant. (1.3)

System (1.1) can be used to model the motions of compressible isothermal viscous fluids
with internal capillarity, see [1-3] for its derivations. Notice that when x = 0, system (1.1)
is reduced to the compressible Navier-Stokes system.

There were extensive studies on the mathematical aspects on the compressible Navier-
Stokes-Korteweg system. For small initial data, we refer to [8, 9, 13-15, 19-23] for the global
existence and large time behavior of smooth solutions in Sobolev space, [5, 7, 11] for the
global existence and uniqueness of strong solutions in Besov space, and [5, 6] for the global
existence of weak solutions near constant states in the whole space R2.

For large initial data, Kotschote [12], Hattori and Ii [10] proved the local existence of
strong solutions. Bresch et al. [4] investigated the global existence of weak solutions for
an isothermal fluid with the viscosity coefficients u(p) = p, A(p) = 0 and the capillarity
coefficient x(p) = & in a periodic domain T%(d = 2, 3), where 7, & > 0 are positive constants.
Later, such a result was improved by Haspot [6] to some more general density-dependent
viscosity coefficients. Tsyganov [16] studied the global existence and time-asymptotic con-
vergence of weak solutions for an isothermal compressible Navier-Stokes-Korteweg system
with the viscosity coefficient 1(p) = 1 and the capillarity coefficient x(p) = p~° on the inter-
val [0, 1]. Charve and Haspot [17] showed the global existence of strong solutions to system
(1.1) with u(p) = ep and k(p) = €2p~*. Recently, Germain and LeFloch [18] studied the
global existence of weak solutions to the Cauchy problem (1.1)—(1.2) with general density-
dependent viscosity and capillarity coefficients. Both the vacuum and non-vacuum weak
solutions were obtained in [18]. Moreover, Chen et al. [23, 24] discussed the global existence
and large time behavior of smooth and non-vacuum solutions to the Cauchy problem of
system (1.1) with the viscosity and capillarity coefficients being some power functions of the
density.

However, few results were obtained for the global smooth, large solutions of the isother-
mal compressible Navier-Stokes-Korteweg system with general density-dependent viscosity
coefficient and capillarity coefficient up to now. This paper is devoted to this problem, and
we are concerned with the global existence and large time behavior of smooth, non-vacuum
solutions to the Cauchy problems (1.1)—(1.2) when the the viscosity coefficient p(p) and the
capillarity coefficient k(p) are general smooth functions of the density p.

The main result of this paper is stated as follows.

Theorem 1.1 Suppose the following conditions hold:

(i) The initial data (po(z) — p,ug(x)) € H*(R) x H3(R), and there exist two positive

constants mg, m; such that mg < po(x) < my for all z € R.
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(ii) The smooth functions u(p) and k(p) satisfy u(p), x(p) > 0 for p > 0, and one of the
following two conditions hold:

(a) /Olmds:+oo, /+Oo\/m¢9:+oo,

1

(b) /01 Hs) ds = 400, /1+<><> @ ds = 4o0.

g3/2
AN I

2 ful)slp) [ p(p)k(p) p(p)k(p) k(p) ((1lp)\"
o ) () ey

1(p)s"(p)
6p
tion (p,u)(t,x) satisfying

< 0. Then the Cauchy problems (1.1)—(1.2) admits a unique global smooth solu-

Crl<pt,z) <Ci, V(ta)€[0,00) xR, (1.4)
t
(e = 2) )12 ey + () s +/ oz ()13 ) + e (8) 133 ) ) s
0
< Co(llpo = Al + luollfs@) , ¥t>0, (1.5)

and the time-asymptotic behavior

tim {110 = 7,10) ()] ey + 10 (Ol gy + 100 oy b = 0, (16)

t—+o00

here C is a positive constant depending only on mg,m1, ||po — pllm1(r) and |Juol|z2(r), and
C, is a positive constant depending only on mg, m1, ||po — pl| g2 r) and ||ug || m3(w)-
When the viscosity coefficient u(p) and the capillarity coefficient x(p) are given by

wp) =p~,  K(p) =p", (1.7)

where «, § € R are some constants, condition (ii) of Theorem 1.1 corresponds to

IN

(-3<B<-2  ()O0<a<y;

while condition (iii) of Theorem 1.1 is equivalent to

P V<o P L/ os, s<p<0

3 3 3
or
- 1
a—2-vV-22+2a+1<pB<a—-2+V-2a>+2a+1, 2\/§§04§ +2\/§

Thus from Theorem 1.1, we have the following corollary.
Corollary 1.1 Let condition (i) of Theorem 1.1 holds. Suppose that the viscosity
coefficient u(p) and the capillarity coefficient x(p) are given by (1.7) and the constants «, 3

satisfy one of the following conditions:
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) P22 <o T2 Ly, s<ps

—2;
1
(B)a—2—\/—20z2—|—2a+1§ﬁ§a—2+v—2a2+2a+ , 0<a <§

then the same conclusions of Theorem 1.1 hold.

Remark 1.1 Some remarks on Theorem 1.1 and Corollary 1.1 are given as follows:

(1) Conditions (ii) and (iii) of Theorem 1.1 are used to deduce the positive lower and
upper bounds of the density p(t, x), see Lemmas 2.3-2.5 for details.

(2) In Theorem 1.1, the viscosity coefficient p(p) and the capillarity coefficient x(p) are
general smooth functions of p satisfying conditions (ii) and (iii) of Theorem 1.1, which are
more general than those in [23, 24|, where only some power like density-dependent viscosity
and capillarity coefficients are studied.

On the other hand, Germain and LeFloch [18] also discussed the global existence of
weak solutions away from vacuum for problems (1.1)-(1.2) with u(p) = p* and x(p) = p°

under the condition that
1
0§a<§, 20 —4< g <2a-1

or
a>0, B<-2, 2a—-4<pB<2a-1,

which means that 0 < a < 1. From condition (A) of Corollary 1.1, we see that a € [1_2‘/?’, 1],
1-v3
2

thus Corollary 1.1 also improves the results of [18] to the case a € | ,0). Moreover, case
(B) of Corollary 1.1 is completely new compared to the results in [18, 23, 24]. Thus in these
sense, our main result Theorem 1.1 can be viewed as an extension of the works [18, 23, 24].

Now we make some comments on the analysis of this paper. The proof of Theorem
1.1 is motivated by the previous works [18, 23, 24]. When the viscosity coefficient 1(p)
and the capillarity coefficient x(p) are some power functions of the density, the authors in
[23, 24] studied the global existence and large time behavior of smooth solutions away from
vacuum to the Cauchy problem of system (1.1) with large initial data in the Lagrangian
coordinates. However, for the viscosity coefficient u(p) and the capillarity coefficient x(p)
being some general smooth functions of the density, it is much more easier for us to study
such a problem in the Eulerian coordinates rather than the Lagrangian coordinates. To prove
Theorem 1.1, we mainly use the method of Kanel [25] and the energy estimates. The key step
is to derive the positive lower and upper bounds for the density p(t,z). First, due to effect

of the Korteweg tensor, an estimate of [ (p)p2dz appears in the basic energy estimate (see

R

Lemma 2.1). Based on this and a new inequality for the renormalized internal energy G(p, p)
(see Lemma 2.2), the lower and upper bounds of p(¢, x) for cases (ii) (a) of Theorem 1.1 can
be derived easily by applying Kanel’s method [25] (see Lemma 2.3). Second, we perform an

12 (p)
23p$

uniform-in-time estimate on / 2 dx under condition (iii) of Theorem 1.1 (see Lemma
R

2.4). We remark that Lemma 2.4 is proved by using the approach of Kanel [25], rather than
introducing the effective velocity as [4, 17, 18]. Then by employing Kanel’s method [25] again
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and Lemmas 2.1, 2.2 and 2.4, the lower and upper bounds of p(¢, x) for the cases (ii) (b) of
Theorem 1.1 follows immediately (see Lemma 2.5). Having obtained the lower and upper
bounds on p(¢,x), the higher order energy estimates of solutions to the Cauchy problem
(1.1)—(1.2) can be deduced by using the lower order estimates and Gronwall’s inequality,
and then Theorem 1.1 follows by the standard continuation argument. In the next section,
we will give the proof of Theorem 1.1.

Notations Throughout this paper, C' denotes some generic constant which may vary
in different estimates. If the dependence needs to be explicitly pointed out, the notation
C(-y-+-,-)or Ci(+---,-)(t € N) is used. f’(p) denotes the derivative of the function f(p)
with respect to p. For function spaces, LP(R) (1 < p < +00) is the standard Lebesgue space

with the norm || - || z», and H'(R) stands for the usual I-th order Sobolev space with its norm

. 3
1l = (Z ||a;f||2> with 1|2 |- 2.
1=0

2 Proof of Theorem 1.1

This section is devoted to proving Theorem 1.1. To do this, we seek the solutions of the

Cauchy problems (1.1)—(1.2) in the following set of functions

p(t,z) — p e C(0,T; HY(R)) N C*(0,T; H*(R))
u(t,z) € C(0,T; H¥(R)) N C*(0,T; H(R))
(Pesue)(t,z) € L*(0,T; HY(R) x H?*(R)) ’
m < p(t,z) <M

X(0,T;m, M) =< (p,u)t,z)

where M > m > 0 and T > 0 are some positive constants.
Under the assumptions of Theorem 1.1, we have the following local existence result.
Proposition 2.1 (Local existence) Under the assumptions of Theorem 1.1, there
exists a sufficiently small positive constant ¢; depending only on mg, m1, ||po— pl|a and |Juo||3
such that the Cauchy problems (1.1)-(1.2) admits a unique smooth solution (p,u)(t,z) €
X (0,15 752,2m;) and

sup{||(p — p)(*)lla + lu(®)lls} < b{llpo = plla + [luolls},

[Ovtl]

where b > 1 is a positive constant depending only on mq, m;.

The proof of Proposition 2.1 can be done by using the dual argument and iteration
technique, which is similar to that of Theorem 1.1 in [10] and thus omitted here for brevity.
Suppose that the local solution (p, u)(t, ) obtained in Proposition 2.1 has been extended to
the time step t = T' > t; for some positive constant T > 0. To prove Theorem 1.1, one needs
only to show the following a priori estimates.

Proposition 2.2 (A priori estimates) Under the assumptions of Theorem 1.1, suppose
that (p,u)(t,z) € X(0,T; My, M;) is a solution of the Cauchy problem (1.1)—(1.2) for some
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positive constants T" and My, M; > 0. Then there exist two positive constants C; and Cs
which are independent of T', My, M; such that the following estimates hold:

Cil <plt,z) <Cy, V(t,x)€[0,T] xR, (2.1)
1o =PI + u(®)I3 +/0 (1o (s) 117 + llua(s)[I3) ds < Ca (llpo — pll7 + lluoll3) »
vt e [0,7]. (2.2)

Proposition 2.2 can be obtained by a series of lemmas below. We first give the following
key lemma.

Lemma2.1 (Basic energy estimates) Under the assumptions of Proposition 2.2, it holds
that

1 1 t
[ (G + o)+ ot ) do+ [ [ upridaar
R 2 2 0JR

) . (2.3)
=/ <2,00u3 + G(po, p) + 2"6(,00),0%) dx
R
for all t € [0, T], where the function G(p, p) is defined by
P P ) 8]
G(p,p) = ds = - - 7)) p—p). 2.4
)= [ s = g = P = 2 o) (24)
Proof In view of the continuity equation (1.1);, we have
1, _ 1, _
Spu”+G(p,p) | = Speu” + puu + G, p)pe
2 2
t ! (2.5)
= Su2(—pu)s + pun + Cy(p,7) (~pu)..
On the other hand, by using (1.1); again, the movement equation (1.1), can be rewritten
as
Plp 1 1
wet e+ T = o). + (50w + 02 2.

Substituting (2.6) into (2.5), we get

@mﬂ e p>) =~ L (pu), — puuy —uP (o) + u(iu(p)u,).
+ pu </€(p)pm + ;H’(p)pi> — (pu)2G,(p, p)
=— %(pu?’)x _ ) papti — (pu) G, (p, p) + (p(p)utty), (2.7)

— p(p)ul + pu (H(p)pm + ;H’(p)pi)
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Here and hereafter, {---}, denotes the terms which will disappear after integrating with
respect to x.
Moreover, it follows from (1.1); that

o (<604 350052) = b= - (Rl + 500

={~h+m(am%m+ﬁam@> (238)

2
={ )= <K(2p)p§>t-

Combining (2.7) and (2.8), and integrating the resultant equation with respect to ¢t and z
over [0,¢] x R, we can get (2.3). This completes the proof of Lemma 2.1.

In order to apply Kanel’s method [25] to show the lower and upper bound of the density
p(t, x), we need to establish the following lemma.

Lemma 2.2 There exists a uniform positive constant ¢y such that

Gl.p) 2 (29)

Proof Using the I’ Hospital rule, we obtain

G(p,p)(p+p) G,(p,p)(p+p) + G(p,p)

lim — = lim —
r—r (p—p)? p—p 2(p—p)
(=@ 0+ 9 + Gl ) 2.10)
= lim -
p—p 2(p—p)
~ lim (p+p)yp 2+ Golp:p) _ V(51 >0
p—p

and

im G@Pletp) (£ -0 ot (07) (049
AT =

(2.11)

= +o00.

Consequently, there exist a sufficiently small constant § and a large constant M (> p + )
such that )
)Y~ . _ _
G(p.p)(p + P) W ifpe(5—0,5+0),

b (2.12)
(p—n)? 1, ifp>M.

Note that the function % is continuous on [0, p — §] U [p + J, M], thus by setting

_ . G(p,p)(p+ P)
mo = min —
pelo.p-alu[p+6,M]  (p— p)?

F(p) !

5— }, we have (2.9) holds. This completes the proof of Lemma 2.2.

and ¢y = min{my, 1,
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Based on Lemmas 2.1-2.2, we now show the lower and upper bounds of p(¢, z) by using
Kanel’s method [25].

Lemma 2.3 (Lower and upper bounds of p(t,x) for the cases (ii) (a) of Theorem
1.1) Under the assumptions of Proposition 2.2, if the capillarity coefficient x(p) satisfies the
condition (ii) (a) of Theorem 1.1, then there exists a positive constant C3 depending only

on mo, m1, [|po — pll, [[uol| and ||po.|| such that
Cyt <p(t,z) < Cs (2.13)

for all (¢,z) € [0,T] x R.
Proof Let

U(p) = (= , T / VU (s)\/k(s)ds,

p+p

then under the condition (ii)(a) of Theorem 1.1, we have

T(p) — { —o p=0, (2.14)

+00, p — +00.

On the other hand, we deduce from Lemmas 2.1-2.2 that

(o) = \ | <Y<p>>ydy] _ \ | \/\If(p)\/m(p)pydy'

S/W\m\ V@ de < |[VEG®) - [ Vano| (2.15)
< o|Va@ a0 [Vaiiee | < Clmo,ma)iton — 5. o, ol

(2.13) thus follows from (2.14) and (2.15) immediately. This completes the proof of Lemma
2.3.
Next, we give the estimate on

/ 2(g}) 2 .

Lemma 2.4 Let condition (i) of Theorem 1.1 holds and

o fuom) ( fuom\\ L[ [eom\\ s (50, w0 0)
f(p)_i%\/ p (\/ p > +<p> 3 (p)+ 6p

Then if f(p) <0, there exists a positive constant Cy depending only on mg, m; and ||(po —
P, U, Poz)|| such that for 0 <¢ < T,

) +// P d:z:dT—l—/Olt/]R[(\/TPz)wrdIdT (2.16)

§C4H(PO - b anpOI)H .
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Proof First, by the continuity equation (1.1);, we have

St == (U204 p) =1 (M) 2 (M)

P P

() (). o

where we have used the fact that

(), (22),

Putting (2.17) into (2.6), and multiplying the resultant equation by “(p) ps yields

” u(pp) o Hmwﬂi)p) oo+ P’(pgzu(p) 52
== ; <M(pp>pm>f ”;p)pz - ; “(pp) pw) ”(pp) P+ <f<(p),0m + ;ﬁ’(p)pi> u(pp) P
/ ’ ’ (2.18)
A direct calculation yields that
() (20 - (220) (52
= (uu(pp)px>t +uzu(pp)( pu)e +{ - }a
_ (uu(p)pm> oy — uuwﬂ(pp)px b (2.19)
L (200) S (4 5
() () 3 ) i
()2 () Ao
_ <“22;3p)pi>t —{ e (2.20)

Combining (2.19) and (2.20), and integrating the resultant equation in ¢ and = over [0, {] x R,
we have

/RMQ( P) 2 4o +/Ot/R P’(/;}?u(p)pidxdT
( )2 o +Au;;go)p%xdx> (2.21)

{// . dxd”//( (p )pm% (p)pi)m'ui)p)pzdxdf},
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where we have used the fact that

1 2
/uu(p)p$d$§ / K (?)p)pid:v—f—C/qudz.
R P 4Je P R

By employing integrations by parts, we obtain

/ / < ,0m+f (p)pi>mﬂ(pmpxdxd7
= /O/R( pm+f (Mﬂi) <M;p)/>x>l_d$d7
L (3] 0 (4

+,,§ () Lp)p pm} dxdr

2 p

t
-

1/

u)} () e (52 (5,
AR ) Hp) ffc drdr

_ // pmdxdT—i-/ot/R (;H(p)(“(p”)) +2(0) (p)>p;ﬁdxd7 (2.22)

/ /
{ z,wmwmr}m
L o C 07

142
W) > + [( ;m) ] padzdr.
V »
Inserting (2.22)—(2.23) into (2.21), and using (2.3), we arrive at

8 [ P ] [(20)

< Cll(po — P oy uow) | + / p)pdudr.

(2.24)

(2.24) together with the assumption that f(p) < 0 implies (2.16) immediately. This com-
pletes the proof of Lemma 2.4.

Lemma 2.5 Let conditions (i) and (ii) (b) of Theorem 1.1 hold and f(p) < 0, then
there exists a positive constant C5 depending only on mg, m; and |[(po — p, uo, poz)| such
that

Cyt < plt,x) < Cs (2.25)



No. 1 Global smooth solutions to the 1-d compressible Navier-Stokes-Korteweg system with ... 101

for all (t,z) € [0,7] x R.
Proof Set

W)= [ VI s

then it follows from assumption (ii) (b) of Theorem 1.1 that

T(p) — { o p= 0 (2.26)
+00, p — +00.

On the other hand, Lemmas 2.1 and 2.4 imply that

5= | [ wonan]=| [ 10" o
+oo
-/ |\/w<p>‘;§73py dy = H‘/‘I’(”)(”H'Higi‘)”m(t)H <c.

From (2.26) and (2.27), we have (2.25) at once. This completes the proof Lemma 2.5.
As a consequence of Lemmas 2.3-2.5, we have
Corollary 2.1 Under the assumptions of Lemmas 2.3-2.5, it holds that for 0 <t < T,

(2.27)

1o = 2, w) () + o= (0] + /O lua (7)[1*dr < Coll(po — p; w0, pos) I, (2.28)

where Cg > 0 is a constant depending only on mg, my and ||(po — p, wo, poz)||-

The next lemma gives an estimate on

t
/ loa(7) 2
0

Lemma 2.6 There exists a positive constant C7 depending only on mg, my and ||(po —
P, Ug, poz|| such that for 0 <t < T,

t
lp=(t)]1* +/ lpz(m)[idT < Crll(po — p; wo, pos)II*. (2.29)
0

Proof We derive from Lemmas 2.3-2.5 that

t
= (t)I1* +/ lpz=(7)[[d7 < Cll(po — b, o, pos) |- (2.30)
0

On the other hand, Lemmas 2.3-2.5 also imply that

t t
los ()12 + / loa () 2dr < Cll(p0 — prt0s pon) | + C / / P pus| dadr.  (231)
0 0JR
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From the Cauchy equality and (2.30), we infer that

t t t
1
// |02 P | dzdr < / ||p:cx('r)”2d7+c// padrdr
0JR 2 0 0JR

3 t t
<3 [ onPar+c [ sw o) - pa(o)lPar
0 0 0<7<¢t
3 t
<3 [ o) P + Clon = g o)
0

Then (2.29) follows from (2.31) and (2.32) immediately. This completes the proof of Lemma
2.6.

For the estimate on [Ju,(t)?

, we have
Lemma 2.7 There exists a positive constant Cys depending only on mg, my and ||(po —
P, U, Poz)|| such that for 0 <¢ < T,

t
a1 + llpew (6] +/ [uae (7)1*dr < Cs(llpo — AlI5 + lluoll7)- (2.33)
0

Proof Multiplying (2.6) by —u,,, and using the continuity equation (1.1);, we have

2
<uz N fi(p)pix> N ﬂ(pp)uiw
t

2 2p
! P’ 1
—uttp gy — E /()p) Pl g + (p) Patizr = 5K (P) Pz taa (2.34)
K (p 26(p 3x(p
— K (P)puPuztize — %pizu“ N /S)ulpix - p( )Plpwuw +{-}a

Integrating (2.34) in ¢ and = over [0,t] x R gives

1/uidw+/ p2 . dx +//u dxdr =
2 Jr R 0JR
where

t / /
0JR P p
t 1 . /
= / / R0t — (#(0) + 2 o, — (20D e Y,
o | 2 p 2 p

It follows from the Cauchy inequality, the Sobolev inequality, the Young inequality,

Omzd + Z IZ?

(2.35)

foetes [ 755
R

L\:M—'
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Lemmas 2.3 and 2.5, and Corollary 2.1 that
¢
I, < C’// (Jutig gy | + | petictss| + |prtiee|) dedT
0Jr

1/t t
< 4/ |tge (7)) ||2dT + C’/ (|utg]® + |potia]® + |pa|?) dadr
0 0/r

< 1)) eGP 0 [ (el - o)

(o)l - e (- oo (DI + llo2()?) dr
< 3 hwtoiPar v <O§;§t{ll<u,pz Y - () + o (7 >||2>d7
< ;/O luaa ()77 + Cll(po = £ 10, poa) I, (2.36)

t
I, < C// (|P§Um‘ + [P Pretica| + |p§xux|) dzdr
0JR

< 3 [ MtlPar b [ [ ol papecl 1620l s

< 5 e () Pr + / Uoa Do OI? + o) - e (I
ot (7)1 [tk (7)1 | e (7) |2

< 1 Ot i (r)Par +C [ el Do OI? + eI + lpatr)
o ()] [| e (7) |3 )l

< 3 [ tlPar 4.0 [ (o (a1 ) + a1

Hlu O+ sup (o (DI Ve ()|?)dr
< / ltas (7) 2 + C / (Ipe () + Noaa (P + s (F)]2) dr

< 2 [ MaalPar +.€ [ owtnlitar + Cllo o ol (237
0 0

Putting (2.36)—(2.37) into (2.35), and using Growwall’s equality, we obtain (2.33). This
completes the proof of Lemma 2.7.
Finally, we estimate the term

/0 o) 12

Lemma 2.8 There exists a positive constant Cy depending only on mg, ms, ||po — pl|2
and ||ug||; such that for ¢t € [0, 7],

t
lpza(B)II? +/ Pz (T)IIF < Co (Ilpo = 2113 + lluoll) - (2.38)
0
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Proof Differentiating (1.1); once with respect to x, then multiplying the resultant

equation by p,., and using equation (1.1)1, we have

1(p) P'(p)
S0yt Uapra | + 7(02 + k() Prra
2p ’ P

©(p)
202
P

2
2Pzl

P'p)\

li
1 (p) nip)\ 1 1(p) 1(p)
+ pixuw + ( 7pmcxpiu + 5 PraUPzzz + 5 PxUzPrzx
2p p ) p p p

L wp)\ 5 wlp) 5 ulp) 5

p2( P 1% 1%

1 I /
+ ; { <'U(pp>> pi(pxu + puac) +2 <U(pp)> Px(PmU +2p,u, + pumac)} Pza

(2.39)

1
- QHI(P)Pmeme — Eli//(p)pipmm + { .. }y

Integrating (2.39) with respect to ¢t and x over [0,¢] x R, using the Cauchy inequality, the
Sobolev inequality, Lemmas 2.3-2.7 and Corollary 2.1, we can get Lemma 2.8, the proof is
similar to Lemma 2.7 and thus omitted here. This completes the proof of Lemma 2.8.

It follows from Corollary 2.1, and Lemmas 2.6-2.8 that there exists a positive constant

Ch depending only on mg, my, ||po — p||l2 and ||ugl|[1 such that for 0 <¢ < T,

1Gp = )O3 + lu(®)]I} +/O (o (D13 + lua (7)) dr < Cro (Ilpo = All3 + lluoll?) - (2.40)

Similarly, we can also obtain

t
II/)m(t)IIer||um(t)||§+/ (Ipzza (T3 + ltaaa (TIIF) dr < C1a (lpoll3 + [luoll7) . (2:41)
0

where C; is a positive constant depending only on myg, m1, ||po — p||l4 and [|ul|s.
Proof of Proposition 2.2 Proposition 2.2 follows from (2.40) and (2.41) immediately.
Proof of Theorem 1.1 By Propositions 2.1-2.2 and the standard continuity argu-
ment, we can extend the local-in-time smooth solution to be a global one (i.e., T = 400).
Thus (1.4) and (1.5) follows from (2.1) and (2.2), respectively. Moreover, estimate (2.2) and
system (1.1) imply that

+oo
[ (1m0 4 hn 01+ 5 (a0 + B )| < e, 202

which implies that
12 (@)l5 + lua ()], = 0 as t— +oc. (2.43)

Furthermore, we deduce from (2.2), (2.43) and the Sobolev inequality that
10— 5.0 Oll o < 10— 5 )OI (e w) B} =0 a5 £ 400, (244)

From (2.43) and (2.44), we have (1.6) at once. This completes the proof of Theorem 1.1.
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