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Abstract: In this paper, we deal with the large time behavior of solutions to the multi-
dimensional Newtonian filtration equations coupled via the nonlinear boundary conditions. By
constructing various kinds of upper and lower solutions, we obtain the critical global existence
curve and the critical Fujita curve.
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1 Introduction

In this paper, we deal with Newtonian filtration equations on the exterior domain of
the unit ball in R, i.e.,

ou; . .

a@; = Au™, z € RM\B(0),t>0,i=1,2,--- ,n, (1.1)
Vul' i =l (2,t), x€0B(0),t>0,i=1,2,--- ,n, (1.2)
ui(z,0) = ug (), r€RY\ B(0),i=1,2,--- ,n, (1.3)

where m; > 1, p; > 0, U411 = uy, B1(0) is the unit ball in RY with boundary 8B, (0), 7 is the
inward normal vector on 0B;(0), and ug ;(x) are nonnegative, suitably smooth and bounded
functions with compact support that satisfy the appropriate compatibility conditions.

The equation in (1.1) was intensively used in the models of chemical reactions, popu-
lation dynamics, heat transfer, and so on. For problems (1.1)—(1.3), the local existence and
the comparison principle of the weak solutions can be established, see [1, 2]. In this paper,
we investigate the large time behavior of solutions to systems (1.1)—(1.3), such as global

existence and blow-up in a finite time.
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Since the beginning work on critical exponent done by Fujita [3] in 1966, lots of Fujita
type results were established for various of problems, see the survey papers [4-6] and the
references therein. It was Glalaktionov and Levine who first discussed the critical exponents

for the one-dimensional nonlinear diffusion equations with boundary sources in [7]:

ou  O%u™

-7 14
at axz ) $>O,t>07 ( )
ou™ o

u(z,0) = ug(x), z € (0,400), (1.6)

here m > 1, > 0. For problems (1.4)—(1.6), they proved that oy = (m +1)/2, . = m + 1.
Here, we call o as the critical global existence exponent and «.. as the critical Fujita exponent
respectively,

(i) if 0 < & < ap, then every nontrivial nonnegative solution is global in time;

(ii) if ap < o < v, then the nontrivial nonnegative solutions blow up in a finite time;

(iii) if @ > a., then the solutions exist globally for the small initial data and blow up
in a finite time for the large initial data.

In fact, instead of critical exponents there exist the critical global existence curve and
the critical Fujita curve for the coupled system of diffusion equations, see [8]. For the
one-dimensional nonlinear diffusion equations, Quirés and Rossi [9] considered the coupled

Newtonian filtration equations as follows

ou _ dPu™ v 9™

5 T B e x> 0,t>0,
ou™ e ov™? 5

- W(Ovt) =v (Ovt)a A1 (07t) =u (O7t)7 > 07

u(z,0) = up(x), v(x,0) = vo(x), x> 0.

They showed that the critical global existence curve is given by a8 = (m; 4+ 1)(ms +1)/4

and the critical Fujita curve is given by min{ay + 31, as + B2} = 0, where

o - 2a+my+1 3 a(my —1—=28) 4 (mg + 1)my
YT+ Dme+1) —4a8” TN (i D) (ma+ 1) —4aB
o 2684+ my +1 3 ~ Blma —1—=2a) + (my + 1)my
2= 2=

(my 4+ 1)(me + 1) — 4af’

The similar results were established in [10-12].

(m1 4+ 1)(me + 1) — 4af

In the present paper, we consider the critical curves for the multi-dimensional systems
(1.1)—(1.3), the case of single equation was studied in [13] and proved that both the critical
global existence exponent and the critical Fujita exponent are given by p = m. We extend
the results in [13] to the problem on multiple equations. Furthermore, by virtue of the radial
symmetry of the exterior domain of the unit ball, we can extend our results to the following

more general equations

M) = div(|zM V™), z € RM\B,(0),t >0 (1.7)

aﬂx
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with \; >2— N, N > 1.
The rest of this paper is organized as follows. Section 2 is devoted to the large time be-

havior of solutions to the nonlinear boundary problem for the Newtonian filtration equations,
namely, (1.1)—(1.3) and (1.7), (1.2), (1.3).

2 Main Results and Their Proofs

In this section, we first introduce our results on the system of Newtonian filtration

equations coupled with boundary conditions, then we give the proofs.

Theorem 2.1 The critical global existence curve and the critical Fujita curve for
systems (1.1)—(1.3) are given by

n

sz‘ = H m;.
i=1

i=1

Namely, if [[ p; < ][] mu, then all nonnegative nontrivial solutions to systems (1.1)—(1.3)

=1 =

—

n n

exist globally in time; while if [] p; > [] mi, then the nonnegative solutions to systems
i=1 i=1

(1.1)=(1.3) blow up in finite time for large initial data and exist globally for small initial

data.

Theorem 2.2  Assume )\; > 2 — N, N > 1. For equation (1.7) with the initial and
boundary conditions (1.2), (1.3), the critical global existence curve and the critical Fujita
n

n
curve both are given by [[ p; = [ mu.
i=1 i=1
Before we give the proof of Theorem 2.1 and Theorem 2.2, we consider the problem
ou;  0%uj™ N i Oul™
ot or2 r or’

s
_ ou™

r>1t>0,i=1,2,---,n, (2.1)

or (Lt):uﬁ»l(l?t)v t>07i:1727"' LD (22)

u;(r,0) = uo (1), r>1,1=12---,n, (2.3)

where r = |z|, m; > 1, p; > 0, N > 1, \; > 1, and g 1(7),u02(r), - ,uon(r) are non-
negative, nontrivial functions with compact supports. Clearly, the solution (u1,ug, -, uy)
of the system (2.1)—(2.3) with \; = N — 1 is also the solution of systems (1.1)—(1.3) if
uo,1(x), up 2(x), -+, ugn(x) are radially symmetrical. If \; = 5\1 + N — 1, the same facts also

hold valid between systems (2.1)—(2.3) with systems (1.7), (1.2), (1.3). In order to obtain
Theorem 2.1, Theorem 2.2, we firstly show the following results on systems (2.1)—(2.3).

Proposition 2.1  If [] p; < [] ms, then all nonnegative nontrivial solutions to sys-

i=1 i=1

tems (2.1)—(2.3) exist globally in time.
Proposition 2.2 If [] p; > [] m, then the nonnegative solutions with large initial

= i=1

i=1 =
data to systems (2.1)—(2.3) blow up in a finite time.
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Remark 1 It can be seen from Proposition 2.1 and Proposition 2.2 that the critical

global existence curve for systems (2.1)—(2.3) is H pi = H m;.

Proposition 2.3 If H p; # H m;, then every nonnegative nontrivial solution with
i=1
small initial data to problems (2.1)- (2 3) exists globally.

Remark 2 From Propos1t10n 2.1- Propos1t10n 2.3, we have the critical Fujita curve

for systems (2.1)-(2.3) is given by H pi = H m;.
i=1 i=

Now, we prove Proposition 2.1 — Proposition 2.3.

Proof of Proposition 2.1. We prove this proposition by constructing a kind of global

supersolution in the following form

r—1
a;(r,t) = (T + ) hi (&), &= T >1,t>0,i=1,2,--- ,n, (2.4)

<mii=12",n—1with k

where T' > 0, and my,, 11 = ma, kiy1 = kivi = k1 [[ 75,7 -

j=1
being the positive constants to be determined and

1+k;(m;—1
li:u’ i=1,2,---,n
2
Fix & > 0 for any ¢ € {1,2,--- ,n}, we take
m; — 1 1/(m;—1) )

hl(gl) = ( ] (1 - §1)+> ) 1= 1’2)" s, N
Denote

uy(r,t) = r /™ (rt), r>1,t>0i=1,2---,n, (2.5)

where «; are given by the following

N—1, 1<)N<2,
o; = 1

=i, A > 2.
2

We claim that (@q,us, - ,u,) is a upper solution to problems (2.1)—(2.3). First, it

needs to verify the boundary conditions

Oum’

P} (]‘ t) >ﬂ;zn—7&-1<1>t>a 1=1,2,---,n—1, (26>
,
ounrr _
- or (17t) = uln(lvt)' (27)
Hence, due to that
ou;"

S (TP (€) S0, =120,
T
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we have

ou; 1(1,t) =i (1,t) — 6;;;1(1,75)

; — 1\ mi/(mi=1)
> (1,1) = ag(T + 1) (M) .
m;

Similarly, it is clear that
My — 1\ Pi/(miy1—1)
: T+t mpt(i) .
a8 = ) Mitq

Thus, the inequalities in (2.6) and (2.7) are valid if

1\ ma/(mi—1) ) ) — 1\ pi/(mip1-1)
Oéi (mz ) (T + t)kﬂni > (mH—l ) (T + t)k,-+1p7;7 (28)
m; mi41
—1 my/(my—1) ) -1 Pn/(m1—1)
o (M=) R ) (T + ). (2.9)
my, my

n n
Noticing that [[ p; < [] m., there exists constant v; > 0,4 =1,2,--- ;n— 1, such that
=1 =1

H ~v;i > Lo For any fixed k; > 0 and ki1 = kiys = ky H'ng% Tei=1,20n -1

Moy,
j=1

(2 8) and (2.9) hold for the large enough 7.
Second, we verify that (@, @z, -+ ,uU,) is the upper solutions to the equations in (2.1).

A simple computation yields

N ’ 1 :
(hi")"(&) + &ihi(&) — — 1hi<§i) =0, §>0,i=12---,n
Then
o P

ot or?

= (T+ 0" (kiha(gs) = L&RL(E) — (0]")"(&)
k(6 — (o~ DERE)].

R [

%

Recall that k; 11 = kv = ki [[ 7,1 =1,2,--- ,n—1, we choose k; > 0 such that
j=1

1 1 -
ki > max{ , }
! mi — 1 71(m2 — 1) ’)/1’)/2(77’13 — 1 E[

. Combing with that h}(&;) < 0, we get

~ 25 m; 2~y ~ ~ Mg
ou; _ 0%u; o0*u; &; O

ot T oz T or2 Jr? or

(2.10)
with

_ 2—X, 1<)\ <2,
o; =
0, A > 2.
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Note that ~
8“7; o al/m’i 8’&1
ot ot’
ou;" _ ouy"
81 = qr®i Tt 781 ,
r r
o*ami QP ou™ .
=t 4 Qar® T (o — D)2
or? or? or ( ) E

Substituting the above equalities into (2.10), we obtain that

o0u; o*u . ou;" - _ .
Taz'/miaiii > ({;;12 + (20% + ai)rai—l% + ai(ai 14 ai)r(x,—Qa;n,
P\ o
> [e 7} ( (3 71 1 )
=" or? + r or /J’

due to that a; — 1+ @; > 0 and 2c; + &; = ;. The above inequality implies that for » > 1,

Ot o*u N\ oulv oru N\ oulv
aid > a7(1—1/m,)< 7 M 7 ) > 7 M i
ot — " or? + r Or /] — Or? + r or

Finally, we verify the initial conditions that
Ui(T,O) ZuO,i(r)a 1=1,2,---,n. (211)

Denote

M,; = mafcuo7i(7‘), suppug; = [1,R;], i=1,2,---,n.
r>
Then (2.11) holds provided with
ﬂi(R“O) 2 Mi, 1= 1,2,"‘ ,n, (212)

since that 4;(r,0) are decreasing with respect to r. In fact, we can choose T' to be large

enough to satisfy that

o ) i 1 R,L —1 1/(mi—1)
R, al/mlTki (m ) )

(-

ms T + zMia Z.:1727'“7n'
i

From the above, for large T satisfying (2.8) and (2.12), it is seen that (4y, Us, -, Uy) is a
supersolution of systems (2.1)—(2.3). Therefore, we have the solution of problems (2.1)—(2.3)
exists globally by the comparison principle. The proof is completed.

Proof of Proposition 2.2 The proposition is proved by constructing a kind of lower
blow-up lower solution of systems (2.1)—(2.3). For r > 1,0 <t < T, set

w(r,t) = (T =)™ fi(n),  n=(—1)(T+1), i=1,2,- ,n,

where T' > 0, 41 > 0 is a given constant,

7
: 1
. > max Pi_ 2 L 19 01,
a )

)
mi — 1 i m; (mi+1 -1

_/"lel+/j’l+1p7,:07 121727777’_1
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Assume that f; satisfy f; >0, f/ <0,(f™)” >0,i=1,2,--- ,n, by a direct calculation, we

K2

can see that (u,,u,, - ,u,) with u;(r,0) < wug,(r) is a subsolution to systems (2.1)-(2.3), if

» Ln

the following inequalities hold

i v

TQ(fiTni)//+2T7(fiml)/7/1’1'(T7t)uimi_ui_1fi(n) 2 07 1= 1727"' y 1, (213)
T

—QT(T — )~ mmit e (fm(0) < fP(0), i=1,2,--- n. (2.14)

Note that » > 1 and

:u’zmz_,u“l_]->0> i:1729"')n5
— pimi + piqapi =0, =12 n—1

Thus (2.13) and (2.14) hold if

T2(f‘mi)/, =+ 2T}‘z(fml)/ - NiTﬂimiiMilfi(n) > 07 1= 1) 27 N, (215>

with f,+1 = f1. For any ¢ € {1,2,--- ,n}, namely,
fim) = 4B =)V >0, (2.17)

where A; are positive constants to be determined, and

T miT3+m—mmi }

Bi: i { )
VAN (s — 1) 2 (m — 1)?

In the following, we verify that the above f; satisfy (2.15) and (2.16). Substituting (2.17)
into (2.15) yields that

m; 2 ms m;
T2 AT,
© mi—1)? C =1

i:172a"'7na

2T)(Bi —n)4 — A T 7By — 1) 4 > 0,

which can be obtained by the following

m;

1
A o= )2T2 > S AN (2T)B;,
A?"i m; T2 Z lAi,uiTM”ni_Hi_lBi-
P (my— 1)2 2

The choice of B; makes us to conclude that the above inequalities hold for A; > 1. This
indicated that f; satisfy (2.15).

Next, substitute (2.17) into (2.16), we have
m;

B mAr < B TVAL, =120 n (2.18)
m; —

2T
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n n
with 4,41 = A;y. Since [] p; > [] mq, there exists a constant k£ > 1, such that
i=1 i=1

H b
S~ (2.19)

- .
[T mi
i=1

Fori € {1,2,---,n—1}, set A;4; = A¥" with o, = . Then (2.18) can also be written as

2T7m:n_i 133/(’”“”1471' < Brmemlgbm 19, (2.20)
Choose A; large enough to satisfy (2.20), then we get (2.16).
Therefore, the solution (uy,us,- - ,u,) with ug,;(r) > w,(r,0) (i =1,2,---,n) of prob-
lems (2.1)—(2.3) blows up in a finite time. The proof is completed.
Proof of Proposition 2.3 The proof is completed by constructing the following global
upper solution

a;(r,t) = (Birlfxi)l/miv r>1,t>0, i=12,---,n,

where
n
miy1/pi
B1:H(>\i—1)ui, Bi+1: (Bz()\z_]-)) y 121,2,' ,TL—l
i=1
i—1 n
mi 1:[ Dj _71_‘[ m;
with p; = ———-*' Tt can easily be checked that
Il p;—I1 m;
ji=1 j=1
ou; o0*u™ X 0ul"
— - Lot =0, r>1,t>0,i=1,2,---,n,
ot or2 r Or
ou;" .
~ Sy =al (1), t>0,i=1,2,-,n
or
with @, = @;. Furthermore, by the comparison principle, if the initial data
(Uo,h Up,25 " "+ 7“0,71)
is small enough that
uO,i(T) Sao,i(r70)u 1= 1727"' , 1,

the solutions of problems (2.1)—(2.3) exist globally in time.

Now, we prove the main result for systems (1.1)—(1.3), i.e., Theorem 2.1.

Proof of Theorem 2.1 Noticing that the functions ug (), up2(z), - ,uon(x) have
compact supports, we can choose n bounded, radially symmetrical functions, denoted by
ui(z) = ui(|z]) > uos(x),i = 1,2,--- ,n. By using Proposition 2.1 and the comparison

principle, we can obtain the global existence of solutions for systems (1.1)—(1.3). However, for
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the large and radially symmetric functions u, (|z|,0), us(|z[,0),--- ,u, (|z],0) defined in the

proof of Proposition 2.2, if (ug 1,02, - ,uo) is large enough Such that uo,i(z) > u,(|z],0),

i=1,2,---,n, then the solutions of systems (1.1)—(1.3) with H pi > H m; blow up by the
=1

comparlson prm(:lple and Proposition 2.2. This clarifies that the crltlcal global existence

curve is H pi = H m; for system (1.1)—(1.3).
i=1 1=1
On the other hand, using the comparison principle again, we conclude that the solution

(uy,ug, - ,uy,) of (1.1)—(1.3) with

upi(x) < (B¢|$|2_N)1/m7‘, T € RN\Bl(O),i =1,2,---,n, (2.21)
where
B1:H(N—2)Mi, Bi+1:(Bi(N—2)) . i=1,2---,n—1
i=1
—1 n
mi 1:[ Pj ;H mj n n
with p; = ———""— exists globally for [[ p; > [] m; by Proposition 2.3. This com-
T pi—I1 m; =1 fale]

n

bined with Proposition 2.2 indicates that the critical Fujita curve [] p; = [] m; for systems
i=1 i=1
(1.1)—(1.3).
Proof of Theorem 2.2 By virtue of the same discussion in the proof of Theorem 2.1,
if we prove this theorem by taking A\; = A\; + N — 1 in systems (2.1)-(2.3), and replacing
(2.21) with

ui(2) < (Bila| AN =12, o,
where
o ~ mii1/pi
Bi=[n+N -2, Bii= (Bi()\i+N—2)) =192 n—1
i=1
i—1
mq l:[lpj H lm,
with p; = —2——2""— The proof is completed.
1 pi= 11 m;
Jj=1 Jj=1
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