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Abstract: ZIn this paper, we introduce a generalized Volterra composition operator on H (D)
by J((pflg) (2) = / (f(") 0©)(€)(goy) (£)dé. By using the maps ¢ and g, we characterize the bound-
edness and com(})actness of this operator from Bergman-type space to weighted Zygmund space
and weighted Bloch space. We also obtain an asymptotic expression of the essential norm for this
operator.
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1 Introduction

Let D be the open unit disk in the complex plane C and H (D) be the set of all analytic
functions on D. If w is a positive continuous function on [0,1) and there exist positive
numbers ¢ € [0,1), s and ¢, 0 < s < t, such that u(r)/(1 — r)*® is decreasing on [§,1) and
rliI}lﬁ u(r)/(1—7r)* = 0; u(r)/(1—r)" is increasing on [4, 1) and TliI{lﬁ u(r)/(1—r)" = oo, then
u is called a normal weight function (see [1]). For such normal weights, one can consider the
following examples (see [2])

u(r) = (1 —rH)* ac(0,00),

u(r) = (1 —r?)*{log2(1 — ) }%, a € (0,1), Be [

2

1 log 2, O]
and
o —
2
For 0 < p < 0o and the normal weight function u, the Bergman-type space AL on D is
defined by

u(r) = (1 —rH)*{logloge*(1 —r*)~'}, a € (0,1), 7€ [ L log 2,0].

a;= {1 e H@) 11 = [ 176 TR AR < oo,
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When 1 < p < 0o, AP is a Banach space with the norm |- ||. When 0 < p < 1, it is a Fréchet

space with the translation invariant metric

d(f,9) = If — gl

For this space and some operators, see, e.g., [2] and [3].
For 0 < 8 < o0, the weighted Bloch space Bg consists of all f € H(D) such that

Sgg(l = 21 (2)] < 0.

It is a Banach space under the norm
171, = 1£(O)]+ sup(1 = )12
Similar to the weighted Bloch space, the weighted Zygmund space Z3 is defined by
25 = { € HD) s sup(1 = || ()] < o0},
The norm on this space is
1fllz, = [£(0)] + [f'(0)] +sup(l — =)7L (2)],

and under this norm it is a Banach space. There are a lot of papers to study weighted Bloch
spaces, weighted Zygmund spaces and operators between weighted Bloch spaces or weighted
Zygmund spaces and some other analytic function spaces. We refer the readers to see, e.g.,
[4-8] and the references therein.

Let ¢ be an analytic self-map of D and g € H(D). The Volterra composition operator
Jsq on H(D) is

Joof(2) = / (Fo@)(€)(go ) (€)de, = €D.

In the beginning, people studied this operator for the case ¢(z) = z (see [1, 9-12]). For this
case, it is called the integral operator or the Volterra operator. People pay a lot of attention
to this operator on analytic function spaces, due to it’s relation with other branches of
complex analysis such as, Bekollé-Bonami weights, univalent functions, Littlewood-Paley
type formula, conformal invariance spaces and Carleson measures (see [1, 9, 10, 13-15]).
Recently, Li characterized the bounded and compact Volterra composition operators between
weighted Bergman spaces and Bloch type spaces in [16]. Wolf characterized the bounded
and compact Volterra composition operators between weighted Bergman spaces and weighted
Bloch type spaces in [17]. The present author studied the bounded and compact Volterra
composition operators from Bergman-type spaces to Bloch-type spaces and obtained an
asymptotic expression of the essential norm in [2].
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Let n be a nonnegative integer, ¢ an analytic self-map of D and g € H(ID). We define

a generalized Volterra composition operator Jgg on H(D) by
T01G) = [ e e@ e ) (©de
0

where f(©) = f. It is easy to see that this operator is a generalization of the Volterra compo-
sition operator. A natural problem is how to provide a function theoretic characterization
of ¢ and g when they induce the bounded and compact operator between analytic function
spaces in the unit disk. In this paper, we consider this problem for operator Jf,tlg) from
Bergman-type spaces to weighted Zygmund spaces and weighted Bloch spaces. We obtain
the following Theorems 3.1, 3.3.

Throughout this paper, constants are denoted by C, they are positive and may differ
from one occurrence to the other. The notation a =< b means that there is a positive constant
C such that a/C < b < Ca.

2 Prerequisites

First, we have the following lemma. Since the proof is standard, it is omitted (see
Proposition 3.11 in [13]).

Lemma 2.1 Suppose that ¢ is an analytic self-map of D, g € H(D), Y = Bs or Zg,
and the operator Jfﬁ; : AP — Y is bounded, then the operator Jéfg : AP — Y is compact if
and only if for bounded sequence {f;} in A2 such that f; — 0 uniformly on every compact

subset of D as j — o0, it follows that
; M) £l —
Jim |55 filly = 0.

For the cases of j = 0 and j = 1, the next lemma was proved in [4]. For the general
positive integer 7, it can be proved similarly, and it is omitted here.

Lemma 2.2 For j € Ny, there is a positive constant C' independent of f € AP such
that for every z € D the following inequality holds

17 .
u(|2]) (1 — |2[2)7 7

P <C
The next Lemma 2.3 can be found in [4].
Lemma 2.3 Suppose that w € D, then for ¢ > 0 the function

(L~ [wl)!
)+

fuwi(z) =

u(lwl)(1 - w=

belongs to AP and || fu.]| < 1.

Using the function f, ;, we have
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Lemma 2.4 Suppose that w € D, then for each fixed j € {1,2,--- ,n} there exist

constants ¢y, ¢a, -+ , ¢, such that the function

n

f(Z) - Z Cif«p(w),n—2+i(z)

satisfying
@ (p(w)) = C (w)j —— and f®(p(w)) =0 2.1

for each k € {1,2,--- ,n} \ {j}, where C is a constant related to j.

Proof For a fixed w € D and arbitrary constants dy, ds, - - , d,,, define the function

n

d;
1= g e

=1 ;

To finish the proof, we only need to show that there exist constants di, ds, --- , d,, such
that f satisfying assertion (2.1). By calculating f*) for each k € {1,---,n}, we obtain the
following linear system

\ j=1i=0

<

If we can show that the determinant of this linear system is different from zero, the problem
will be solved. Applying Lemma 2.3 in [18] with a = n + 1/p > 0, we see that it is different
from zero. Let ¢; =d;/(n —2+ i+ %), and then proof is end.

The following lemma is also a folklore.

Lemma 2.5 H™ C AP. In particular, every polynomial function belongs to A?P.

3 Main Results

We first give the conditions for J&; : AP — Zj3 to be a bounded operator.
Theorem 3.1 Suppose that ¢ is an analytic self-map of D and g € H(D), then the

operator JS?; : AP — Zj3 is bounded if and only if the following conditions are satisfied

. 1528
) Mo = sup u(ltP(z)\)Eif:tﬁl(:)\Q)nﬂJr% 9" (DIl ()7 < oos
.. _1x]2)8
(i) M = sup — )‘()1(1 ‘I‘W() T |9 (P(2)¢(2) + 9" (p(2)¢ (2)%] < oo
z u z — z P
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Moreover, if the operator Jgtg) : AP — Z3 is bounded, then
||Jg,lg)||Aﬁ—>z[3,0 = My + My,

where Z50 = {f € Z35: f(0) = 0} is the closed subspace of Zg3.
Proof First suppose that the operator Jgfg : AP — Zj3 is bounded. Take the function
f(z) = 2"/n!. Then from Lemma 2.5 it follows that f € A?. Since the operator J&) : A2 —

Zg is bounded, we have
lg o ellz, = 1750 f NIz < CIISI,

that is

sup(1 — [2*)|(g 0 )" (2)| < CIIZL 1. (3.1)

z€D

Considering f(z) = z"*!/(n + 1)!, by the boundedness of the operator J&) : AP — Z5 we
have

Slelg(l — 2Pl (0(2)¢'(2)* + (2)(g 0 )" () < NIy fllz, < CIIEYN. (3:2)

From (3.1), (3.2) and the fact |¢(z)] < 1 on D, it follows that

sup(L— [Pl (eI () = sup(1 ~ )]~ o(2)(g 0 )" (2)

+4'(0(2))¢'(2)* + p(2)(g 0 9)"(2)

< sup(l - 121)7|(g 0 )" (2)]
+sup(1 - 1217)% |9’ ((2))¢' (2)* + (2) (g 0 )" (2)]
< o). (33)

For w € D, taking the function f in Lemma 2.4, we know that there exist constants ¢y,

Cay *++ , Cpa1 SUch that
n+1
F(2) =) eifotwm-14i(2)
j=1
satisfying
—n+1
Fr D plw) = € A

u(lp(w))(1 = lp(w)[2)" e
and f®(p(w)) = 0 for each k € {1,2,---,n}. Then by the boundedness of the operator
JE& AP — Z5 we get

(1= [w]*)?lg' (p(w))]l@" (w) | (w)["*

I D= T Dl - ety

< CIgyl,
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i.e., we have

(= =Pl NP @I _ o
=eb u(|§0(2’)‘)(1 — |¢(Z>|2)n+1+% = o

So for 6 € (0,1),

L= ELg DI ¢ -y (3.4
{z10(2)1>5} u(|p(2)) (1 — |<P(Z)|2)”+l+% = @.g

and by (3.3),

(1= 122l (DIl () _
ez u(lp()) (1 - [p(2) ) 7

Csup(1 - o) ld (eIl (2)*

< I, (3.5)
where the first constant
C— 1
m _ g2ynt1+i’
min u(r)(1l — d2) Z

0<r<s

From (3.4) and (3.5), assertion (i) follows.

Once again choose the function f in Lemma 2.4 which satisfies

M) (p(w)) = C p(w) i
T ) = N = @)

and f®(p(w)) = 0 for each k € {1,2,--- ,n — 1,n + 1}. Then by the similar method, we

can prove that assertion (ii) is true, and the proof is omitted here.

Conversely, suppose that assertions (i) and (ii) hold. For f € AP, by Lemma 2.2 we
have

175 £l 2, |(f7 0 0)(0)(go @) (0)] + sup(l — |Zl2)5‘ [(f™ o) (go w)’}'(Z)‘

OIS+ sup( = =) | (02 (0" (22D (2)° 9/ (22" ()
HFD ()9 (026 (2)°

(1 - |2)?

C 1+ su 1
111+ s e = o))
su (1= =) "(o(z "(z 3. 3.6

O N ey IO .

IN

IN

9'((2))¢"(2) + ¢" (0(2))¢ (2)*

From assertions (i), (ii) and (3.6), it follows that Jéﬁ}} : AP — Zj3 is bounded. From the
above inequalities, we also obtain the asymptotic expression ||J$2 lan—z,, < Mo + M.

The following result can be similarly proved.
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Theorem 3.2 Suppose that ¢ is an analytic self-map of D and g € H(D), then the
operator Jffg : AP — B is bounded if and only if
1— 22"
My i=sup—— ) < oo
=D u([p(2))(1 = le(2) )" 7
Moreover, if the operator J&) : AP — Bg.o is bounded, then ||J&)
Bso = {f € Bg: f(0) =0} is the closed subspace of Bg.
We begin to estimate the essential norm of the generalized Voterra composition oper-

|Aﬁ—>8@10 = Mg, where

ators. Let us recall the definition of the essential norm of the bounded linear operators.
Suppose that X and Y are Banach spaces and T : X — Y is a bounded linear operator,

then the essential norm of the operator T : X — Y is defined by
IT||ex—y =inf{|T — K| : K € K},

where I denotes the set of all compact linear operators from X to Y. By the definition, it is
clear that the bounded linear operator 7': X — Y is compact if and only if |7 x—y = 0.

Theorem 3.3 Suppose that ¢ is an analytic self-map of D, g € H(D) and Jé?_,; P AP —
Zg is bounded, then

J) oar .z, =limsu (1_ |zj|2)ﬁ . / % " Z) + " 2 /Zj 2
1785 le 2, = Tim sup AP = Lo s |9 (0(20))¢" (1) + 9" (0 ()¢ (25)?]
(1= 1z[*)°

| 2

lim su
R e = o))

where the sequence {z,} satisfies |p(z;)] — 17 as j — oo.

)

P |9 ((2;))||¢' (25)

Proof Suppose that {z;} is a sequence in D such that |p(z;)] — 17 as j — oo.
For each ¢(z;), taking f; the function in the proof of Theorem 3.1, we have seen that
max;ey || f;]| < C, and it is obvious that f; — 0 uniformly on compacta of D as j — oo.
Hence for every compact operator K : A? — Z3, we have ||K f;|| — 0 as j — oo. Thus it
follows that

1787 = K|l = sup [I(J&") — K) |z,

Ifll=1
> limsup H( ©.9 )fJHZ;a
j—o0 155l
(n)
> tim sup 10 illzs = 1K Sz,
j—o0 155
(1= [%*)°

> C'limsup
i=oo uf]p(z))(1 = le(z5)]?)

By taking the infimum in (3.7) over the set of all compact operators K : A? — Z;, we obtain

1 — |2:]2)8
1T e ar—z, = € lim sup (1= Jz[)
o wlez)) A — o))

vl ACCNITACH] (3.7)

T 9 eI )P (38)
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Using the similar method, we also have

1 (1_|Zj|2)ﬁ / / 2
e, Az, > C" " limsu T Z; Z; zi)%|.
172 e mawp g 9 (e )+ o )

Combing these inequalities, we have got

Ttz —z, 20 (tmsup —— B0 )0+ (o) (5
P ullo D~ () B
(1 — 12"

+ lim sup

D = ke PN ET).

Now suppose that {r;} is a positive sequence which increasingly converges to 1. For
every r;, we define the operator by

I f(z) = /Oz<f<"> orj0)(€)(go ) (£)dE, = €D.

Since JSZ : AP — Zj3 is bounded, by Theorem 3.1 one can check that the operator JT(?V)%Q :
AP — Zj5 is bounded. Since |r;(z)| < r; < 1, by Lemma 2.1, the operator Jr(ﬁz’g AP — Zj
is also compact. Since ‘gogo Hf(" op(0) — f™ orjgo(O)‘ — 0 as j — oo, we omit this part

in the calculating ||J%) — JT(M, gl|. Hence we have

178 — a8l = sup, 18 = I8 ) fllz,
= sup sup(l—|z] D2 orie)(2)(g 0 9) (2) = (F™ 0 @)(2)(g 0 9)'(2))]
= s sup(1= o)1) (2 (=) + S (2D g 0 9" 2

— D (0(2))¢'(2)°d (0(2)) = [ (0(2))(g 0 0)"(2)

S wp sup(l= |z|2>ﬂ|g'<so<z>>\|so’<z>|2|f("+”<so<z>> =i f D (ryp(2)|
+ sup sup(l = [2f")"l(g © )" ()| £ (p(2)) = £ ()]

< sup sup(l— oIy (P(II¥'( >|2|f<"+1><so<z>> — D (r(2))]
+(1—7ry) sup sup(1 - 12*)°1g’ (cp(z))\|¢(Z)I2|f(”“)(7’j<p(»2>>l
+ sup sup(1 = [s%)’[(g 0 ¢) (|7 p(2)) = 7 ry0()

< swp sup (1= )19 (p(IIY I}f("“ (2)) = £ (150(2))|

s sup (1= o)l (eI P (o) = 1 r0(2)
(1—|22)°
C(1 —1;)su
O PO = )

v AC OO
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foswp swp (1— (52790 @) ()| £ (0(2)) = FP(rs0(2))]
IfI=1 ()<
fosup sup (1= [2P)l(g 0 9) (| £ (0(2) — £ rsi0(2)|
IflI=1|e(2)]>d
< sp (=PI EICEE s s [F(e(=) = F ()|
[e(2)]<6 [[£II=1 |p(2)|<6
O sup (1= J2P)" e ) )P
oot w(r P (D — P22 Py
O sup Sl i L RO THTORNE
ootos w(lp(2)) (L= [p()2) 13
1O~ ) sup (1= J2F)” e ) )P
oD uln @) (1= Plp(R)R)
flgoglz, swp sup |9 (p(2) — FP(r0())]
I fII=1]e(2)|<d
O sup Q=120 ) o()el (2)? + g2 (2)
wotos w(lp(2)) (L= ()2
(1_|Z|2) 17 / 2 / "
R = ey ¢ AW IS0

We consider I](.") = H?”hlpl\ ?u)II)<6 | f™(p(2)) = f™M(rjo(2))]. By using the mean value
=1e(2)|<
theorem, the subharmonicity of f and Lemma 2.2, we have

1—7;
I < sup sup (1—r;)e(2)| sup [f"V(2)] < C :
LT I= e <6 ’ 121<8 Jin u(r)(1 - g2ttty

(3.10)

By (3.10), we obtain that Ij(n) — 0 as j — oo. Using the same method, we also have that

I;"JFD — 0 as j — oco0. Let j — oo in (3.9), by the above discussions and the boundedness of

J& L AP — Zj, we obtain

J(n Tn) < 920 (1_|Z‘ ) . " 5 (5 2+ / 5 "y
[ "l < S AN = @B 19" (0(2))¢(2)* + g’ (0(2))¢" (2)|
120 sup Sl 0 S TSR
le(2)1>5 u(lp(2))(1 — |p(2)[2)" >

as j — o0o. Since \|JSE,73||€,A5%ZB < g5 — JT(_:L&,gH, we end the proof.

By Theorem 3.3, we obtain the characterization of the compact operator JS}; AP — Z5.
Corollary 3.4 Suppose that ¢ is an analytic self-map of D, g € H(D) and Jgfg) : AP —

Z3 is bounded, then J(Xlg) : AP — Zg is compact if and only if the following conditions are
satisfied

i lim (1-]z[%)” g (0(2) 0" (2) + ¢ (0(2))¢' (2 2| =,
) lo(2)|—1- u(|sa<z)|)<1—|sa<z)|2>"+5} (P 2( bl
(i)  lim (A% -9/ (0(2))]|¢' ()| = 0.

()| =1~ u(lp(x))(1—lp()[2)" 1P
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Similar to the proof of Theorem 3.3, we can also prove the next result.

Theorem 3.5 Suppose that ¢ is an analytic self-map of D, g € H(D) and Jé?_g AP —

Bgs is bounded, then

1—12:12)7
||']L,(o7,lg)||e,Aﬁ~>BB = lim sup ( |2;1%)
i=oo u(lo(z)]) (1 = [e(z)?)

where the sequence {z,} satisfies |p(z;)] — 17 as j — oo.

e CACCI TRl

So we have
Corollary 3.6 Suppose that ¢ is an analytic self-map of D, g € H(D) and Jgf_g : AP —

u

B is bounded, then ijg : AP — B is compact if and only if
(1—12)°

lim g (o(z ()] = 0.
W e AGEN G
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