Vol. 36 ( 2016)
No. 5 J. of Math. (PRC)

EQUIVALENCE BETWEEN TIME AND NORM
OPTIMAL CONTROL PROBLEMS OF THE HEAT
EQUATION WITH POINTWISE CONTROL

CONSTRAINTS

CHENG Xiao-hong
(School of Mathematics and Statistics, Wuhan University, Wuhan 430072, C’hma)

Abstract: In this paper, we study the problem of the equivalence of the heat equation
with pointwise control constraints. By making use of the uniqueness of time optimal control,
controllability properties and the characterization of norm optimal controls through variational
methods, we establish the equivalence between time and norm optimal control problems of the heat
equation with pointwise control constraints, and extend the results in the related literature.
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1 Introduction

There are the following two distinct versions of time optimal control problems [1]:

(i) to reach the target set at a fixed time while delaying initiation of active control as
late as possible;

(ii) immediate activation of the control to reach the target set in the shortest time.

In this paper, we shall establish the equivalence between the above two versions of time
optimal control problems for an internally controlled heat equation with pointwise control
constraints, and their corresponding norm optimal control problems. Let €2 be a bounded
domain in RY, N > 1, with a sufficiently smooth boundary 9. Let w be an open subset of
Q and Cy(Q) = {y € C(Q) : y = 0 on IQ }. We formulate time optimal control problems
and corresponding norm optimal control problems considered in this paper as follows.

For the first version of time optimal control problems studied in this paper, let T > 0
be fixed. Consider the controlled heat equation

aty - Ay = X(r,T)xwlW in (07 T) X Qa

y=0 on (0,7T) x 09, (1.1)
y(0,z) = yi(x) in Q,
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where x(r7)xw is characteristic function of the set (7,7) x w, 0 < 7 < T, y; € Cp(N) is a
given function, and u(¢,x) is a control function taken from the set of functions as follows

Uy ={u:(0,T) x Q — R mesaurable; |u(t,x)| < M for almost all (¢,z) € (0,T) x Q},

here M is a positive constant. It is well-known that for each u € L>((0,T) x2), equation(1.1)
has a unique solution, denoted by y(t,z;y1, X(r,r)xwt) in C([0,T]; Co(£2)). In what follows,
we write Qr, Y 5., QYp, Q% for the product sets (0,7) x Q, (0,T) x 99, (1,T) x w and
(0,T) x w, respectively. We shall omit variables ¢ and z for functions of (¢,2) and omit the
variable z for functions of z, if there is no risk of causing confusion. Now, we are prepared

to state the first version of time optimal control problems under consideration
(Pr) sup{7 : [|[y(T’ ;y1, X@= . w)lloo) < 1,7 € [0,T),u € Unr}.

Without loss of generality, we assume that |ly(7T,-;91,0)|/c,) > 1. We call
(M) = sup{r : ||y(T, ';yl,XnyTu)HCO(Q) <1,7€[0,T),u €Uy}

the optimal time for problem (Py/) and u}, € Uy the associated time-optimal control (or
optimal control for simplicity) with corresponding state y(t, z; y1, XQf*(M%TU*]‘\/[)v solution of
(1.1), satisfying ||y(T, -; y1, XQ:J*(M)VT’U,}FW)HCO(Q) < 1. We call a control u € Uy, an admissible
control for problem (Pyy), if there exists some 7 € [0, ') such that [[y(T, ; y1, x@« . wllcy ) <
1. Since the value of the control in Q7\Q¥  has no effect on the control system (1.1), we
consistently assign the control to have the value 0 in QT\Q;J’T.

Let 7 € [0,T) be fixed. The norm optimal control problem corresponding to (P) reads
as follows

(Pr) min{||ul| 2= (@r) 1 u € L™(Qr) satistying [ly(T, s y1, X ) llco@) < 1}
We denote N% (7) = min(Py,.).

For the second version of time optimal control problems studied in this paper, we con-

sider the following controlled heat equation

0y — Ay = xo(x)v  in (0,4+00) X £,
y=20 on (0,400) x 09, (1.2)
y(0,2) = y2(2) in €,
where y, € Cy(Q2) is a given function, and v(t, z) is a control function taken from the set of
functions as follows:

Vu ={v:(0,+00) x @ — R measurable; |v(t,z)| < M for almost all (t,z) € (0,400) x Q},

here M is a positive constant. For each v € L*((0, +00) x £2), we denote the unique solution
of (1.2) by y(t, z;y2,v). Now, we state the second version of time optimal control problems

under consideration

(ﬁ]W) lnf{T : Hy(T7 '33/27U)||Co(ﬂ) < 17T € (07+OO)7U € VM}
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Without loss of generality, we assume that [|y2(-)||c,@) > 1. We call
(M) = inf{T : |[y(T, ;y2,v)||co) £ 1, T € (0,400),v € Vs }

the optimal (minimal) time for problem (ﬁM) and v;, € Vi the associated time-optimal
control (or optimal control for simplicity) with corresponding state y(t, z;y2,v},), solution
of (1.2), satisfying [|y(T* (M), ;y2,03/)|lco) < 1. We call a control v € V), an admissible
control for problem (ﬁM), if there exists some 7' > 0 such that ||y(T’, -;y2,v)| o) < 1. The
value of the control in ((0,+00) x Q) \ Q% has no effect on the control system (1.2), and
therefore we consistently assign the control to have the value 0 in ((0,+00) x ) \ Q4.

The norm optimal control problem corresponding to (]BM) reads as follows

(Prmr) min{ |[v]|Le(q,) : v € L>(Qr) satistfying ||y(T, 5 y2,v)|lco) < 1}

We denote N2 (T) = min(Pppr).

To the best of our knowledge, there are few works about equivalence between time and
norm optimal control problems for parabolic equations, see [2, 3]. In [2], the equivalence of
time optimal control and the norm optimal control was established for abstract equations in
Banach spaces. The main differences between [2] and our paper are as follows

(i) The time optimal control problem in [2] is of the second version, while we consider
two versions of time optimal control problems.

(ii) The methods for the study of the equivalence between time and norm optimal
control problems are different. In [2], necessary and sufficient conditions for both time
and norm optimal controls were obtained, using the argument of separation of target sets
from attainable sets. Since those sufficient and necessary conditions have the same form,
the equivalence between time and norm optimal controls follows. In our paper, we derive
the equivalence directly by making use of the uniqueness of time optimal control, the well
known controllability properties and the characterization of norm optimal controls through
variational methods as in [4].

(iii) The paper [2] developed an abstract theory whose applications are limited to the
case where the control is distributed in the whole domain which corresponds to the case of
w = § in our study. In our paper, w is an arbitrarily open subset of 2. The idea of our
paper utilizes the approach from [3]. However, there are some main differences between [3]
and our paper

(i) The time optimal control problem in [3] was of the second version, while we consider
two versions of time optimal control problems.

(ii) The procedure for the study of the equivalence between time and norm optimal
control problem is different. We start by researching the optimal norm as a function of time,
i.e., the functions N7 (-) and N2 (-). While in [3], they began with study of the optimal time
as a function of control bound.

(iii) In our paper, the control constraint is in pointwise form and the target set is a

closed ball in C(€2), while in [3], the control constraint is in integral form and the target set
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was a closed ball in L?(Q) or 0. Recently, in [5], the equivalence of optimal target control
problems, optimal time control problems and optimal norm control problems were discussed
for the heat equation with internal controls.

The main results of this paper are as follows.

Theorem 1.1 Let 7 € [0,7). Then 7 = 7*(N%(7)). Furthermore, (P, ) has a
unique solution and this solution is also the optimal control to (Py= (r)). Conversely, for
each M € [NX (0),+00), the optimal control to (Py) is also the solution to (P,Z:,L(M)).

Theorem 1.2 T = T*(N%(T)), VT € (0, Ty], where Ty = inf{T : ||y(T, -; y2, 0)[|cy () <
1,7 > 0}. Furthermore, (]Ban) has a unique solution and this solution, when it is ex-
tended over RT by taking zero value over (T, +00), is also the optimal control to (13~;O(T)).
Conversely, for each M € [0,400), the optimal control to (ﬁM), when it is restricted over
(0, T*(M)), is also the solution to (ﬁan*(M)).

It should be pointed out that in [6], by establishing the connections between (Pp)
and (P,;;(M)), (Py) and (?an*(M)), as well as strict monotonicity of N (-) and NZ (-),
necessary and sufficient conditions for optimal time and optimal control of (Py) and (Py)
were obtained in [6]. However, the equivalence between time and norm optimal control
problems is not proved.

The rest of this paper is organized as follows. In Section 2 and Section 3, we shall give

the proofs of Theorem 1.1 and Theorem 1.2, respectively.

2 Equivalence between (Py) and (P],,)

In this section, we shall prove Theorem 1.1. To this end, we first cite the following
lemmas (see [6]).

Lemma 2.1 (i) Assume that 7*(M) is the optimal time for (Pys). Then (Py,) has a
unique solution, denoted by uj,. Moreover, [u},(¢,z)| = M for almost all (¢,z) € Q. 5/ 7

(ii) Problem (P ) has at least one solution. The function N (-) : [0,7T") — (0, +00) is

strictly increasing, continuous and lim (NZ (7)) = +oc.
T—T—

(iii) Assume that 7*(M) is the optimal time for (Pys). Then (P,;;(M)) has a unique
solution and this solution is the optimal control for (Py).

Now, we give some properties about the function 7*(-).

Lemma2.2 7%(-): [NX(0),+o0) — [0,T) is strictly increasing, continuous, 7*(NZ% (0)) =
0and  lim ™(M)=T.

ProoJfr'OOThe proof is split into five steps.

Step 1 7*(NZ%(0)) =0.

It suffices to show that if there exists a control u with |[u|lp=(g,) < NZ(0) such that
19(T, 591, X2 ,w)llc@) < 1 for a certain 7 € [0,T), then 7 = 0. By contradiction, 7 > 0.

Then on one hand, by (ii) in Lemma 2.1, we have that

NZ(0) < NZ (7). (2.1)
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On the other hand, by the definition of N (7), we get that N2 (7) < |Ju|| g (). This
together with (2.1) implies that N (0) < |[ul|z(q.) < N&(0), which leads to a contradiction
and completes the proof.

Step 2 7%(-) : [N%(0),+00) — [0,T) is strictly increasing.

Let My > M, > NZ(0). Let uj,, be the optimal control to (Pas,). Then

[, |z (@r) < Mz < My and [[y(T, 5 y1, XQz. ., p W)l co) < 1. (2.2)

Hence uj,, € Uy,. By the optimality of 7°(M;) to problem (P, ), we see that 7*(M;) >
7*(My). Next we show that the above inequality is strict. By contradiction, we would have
that 7*(M;) = 7%(M>). Then

1Y (T 5915 XQ2. oy, 2 ) o) = 1W(T 591, Xae, ) Ui loo) <1,

which, combined with the fact that uy,, € Uy, , indicates that u},, is the optimal control to
(Par, ). Hence, by (i) in Lemma 2.1, we get that ||u}, ||z~@.) = Mi. This contradicts with
the first inequality in (2.2).

Step 3 7*(:) : [N%(0),+00) — [0,T) is right continuous.

Let M* € [N%(0),+0o0) be fixed. By Step 2, we infer that zv}ifz{}[* 7*(M) exists. We claim
that this limit is equal to 7*(M™*). If not, there would exist a sequence M,, | M* such that

lim 7%(M,,) = 7"(M"*) + ¢ for some ¢ € (0,7 — 7" (M™)). (2.3)

n—oo

Write u}, for the optimal control to (Py,). Then by (i) in Lemma 2.1, we have
luds, [l (@r) = Mn — M".

Hence there exist a subsequence of {n}>° ,, still denoted by itself, and @ € L*(Qr), such
that
uyy, — U weakly star in L>(Qr) (2.4)

and
]| oo (ry < M™. (2.5)

It follows from (2.3) and (2.4) that
XwaMn),Tu*Mn = XQ%. (30,50 1 Weakly star in L>(Qr). (2.6)

Then by (2.6), LP-estimate for parabolic equation and embedding theorem (see Theorem
1.14 of Chapter 1 in [7] and Theorem 1.4.1 in [8]), we infer that there exists a subsequence
of {n}22,, still denoted by itself, such that

ly(, '§y1aXQf*(Mm)TU?\4n) —y( '§2117XQ‘:*(M*)M,T@||C(QT) — 0,

which, together with the fact that ||y(T,-; y1, XQ% apm) Ui ) oo < 1, indicates

19(T 5 91 XQ2. ey s r Wl o) < 1.
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Hence by (2.5) and the above inequality, we get 7*(M*) + § < 7*(M*). This leads to a
contradiction.

Step 4 7*(-) : [N%(0),+00) — [0,T) is left continuous.

Let M* € (N%(0),+00) be fixed and M,, T M*. It suffices to show that

lim 7°(M,,) = 7 (M"). (2.7)
Consider the following equation
Oiz — Az = XQ%, arey s ve gy U in (0,7*(M*)) x £,
z(t,x) =0 on (0,7*(M*)) x 99, (2.8)

2(0,z) = (1 — M,M* Yy, (z) in Q.
Here 4, € (0,7*(M*)) will be determined later. It is obvious that (2.8) can be rewritten as

Oz — Az =0 in (0,75(M*) —6,) x €,
z1(tx) =0 on (0,7*(M*) = §,) x O, (2.9)
2(0,2) = (1 = M, M* )y (z) in Q

and
Orza — Nzy = XU in (7%(M*) = 0y, 75 (M*)) x €,
z(t,z) =0 on (7*(M*) —d,,7*(M*)) x 8Q,  (2.10)
22(7_*(M*) - 57“.%) = 21(7'*<M*) — (5n,$) in €,

where

z1(t,), te€l0,7(M*)—byn),
z(t,-) = 16 0,7 (M7) = 0) (2.11)
2o(t,-), t e[ (M") = bn, 7 (M")].
It follows from Theorem 3.1 in [9] and (2.8)—(2.11) that there exists a control, denoted by
Un, such that the solution of (2.8) corresponding to w,, denoted by z,, satisfies
z2n (T (M™),-) = 0. (2.12)
Moreover,
|| Lo (0,7 (M*)—8,)x2) = O (2.13)
and
[t Lo (o (M=) (¢ S €TETHED o (75(MF) — 6, ]| 20
< e (+6n+0.) 12 (0, Mz (2.14)
< ecz(1+6;1)(1 _ MnM*fl),

where ¢; and ¢y are positive constants independent of n.
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Write u},. for the optimal control to (Py+) and y*(t,z) = y(t,x;ylaXQf*<M*> LU )
Then by (2.8) and (2.12), we have that

at(zn + MnM*_ly*) — A(Zn + MnM*_ly*) — XQL:*(Al*)—Sn,T*(M*>un ln QT*(I\/I*)7
(2n + M, M*~y*)(t,x) =0 on X -y, (2:15)
(2n + M, M*~1y*)(0,2) = y1(x) in Q
and
(zn + MnM*_ly*)(T*(M*), )= MnM*_ly*(T*(M*), . (2.16)
Denote
"y i 0, *(M* X Q,
TR i (0,7*(M)) (2.17)
M, M* iy, in [75(M*),T) x Q.

It follows from (2.15)—(2.17) that

. (2n + MM Hy")(E, ), t€[0,77(MY)),
Y5 Y15 XQ% (yge) g 7 Un) = . (2.18)
Y M’I’LM* y*(t7 ‘)7 t E [T*(M*)7T]'
Take ) v
Oy = (—In ———"—— —1)7". 2.1
= Y (2.19)
This, together with (2.13), (2.14), (2.17) and (2.18), indicates
[t (@r) < M (2.20)
and
||y(T7 ';ylvXQ‘,‘F’*(M*)f&,L,Tan)||C0(Q) = ||M7LM*71y*(Ta ')HCO(Q) <1 (221>

By (2.20) and (2.21), we infer that 7*(M*) — §,, < 7%(M,,), which, combined with the fact
that 7*(M,,) < 7*(M*) and (2.19), implies (2.7).
Step 5 lim 75(M)=T.
M—+oc0

We use a contradiction argument. If not, we could make use of Step 2 to get a sequence
of {M,,}22,, with M,, T +o0, such that

lim 7%(M,) =T — § for some § € (0,7).

Hence
T(M,) < T — ¢ for all n. (2.22)
Consider the following equation:
aty — Ay = XQ;72715 Tu in QT,
y(t,z) =0 on X, (2.23)

y(0,z) = y1(x) in Q.
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It follows from Theorem 3.1 in [9] and the same arguments to get (2.12)—(2.14) that there
exists a control, denoted by us, such that the solution of (2.23) corresponding to wus, denoted
by ys, satisfies

ys(T,-) = 0. (2.24)

Moreover,
llus || Lo ((0,7—2-18)x0) = 0 (2.25)

and

s Lo (r—a-16m)xs) < €0F2OF2D |y (T — 2716, )| L2

< pea(l427 1542671 (2.26)

)||y1(')HL2(Q)a

here c3 is a positive constant. Since M,, T +oo, by (2.25) and (2.26), we can fix such an n
that ||us|| L (@) < M,. This combined with (2.23) and (2.24) implies 7*(M,,) > T — 2719,
which contradicts with (2.22).

Then we give the proof of Theorem 1.1.

Proof We first show that

=7 (NL(r)), Vrelo,T). (2.27)

Let 7 € [0,T) and u be a solution to (P], ). Then

lull (@) = N (1) and [|y(T, s y1, X@= ,W)llco(o) < 1.

By the optimality of 7*(N (7)) to (Pn= (r)), we have that 7 < 7*(NZ (7)). If 7*(NZ (7)) > T,
then by Lemma 2.2, we obtain that there exists M; > N (0) such that

M, < N2 () and 7" (M;) = 7.
Let uj, be the optimal control to (Pa,). By (i) in Lemma 2.1, we have that
[t Lo (@r) = My < N (T) (2.28)

and
1Y(T, 915 Qe uan)leo@ = I19(T, 5915 xae. ) o) leo@) < 1.

The latter indicates ||u} ||(@r) > NZ(7), which contradicts with (2.28). Hence (2.27)
holds.

Next, we notice that by (2.27), (P7, ) is the same as (P =), Then by (iii) in
Lemma 2.1, we deduce that (P],,) has a unique solution and this solution is also the optimal
control to (Py= (7))-

Finally, for each M € [NZ(0),+00), let u}, be the optimal control to (Pps). Then by

(iii) in Lemma 2.1, we have that u*, is the solution to (P, "").

3 Equivalence between (ﬁM) and (P,1)
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In this section, we shall give the proof of Theorem 1.2. For this purpose, we first notice
that Tp < 400 (see Lemma 5.6 in [6]) and cite the following lemmas (see [6]).

Lemma 3.1 (i) Let T*(M) be the optimal time for (]SM) Then (]SM) has a unique
solution, denoted by v},;. Moreover, [vj,(t, )| = M for almost all (¢,z) € Q7. y)-

(ii) For each T' > 0, problem (]Ban) has at least one solution. The function J\~f§o() :
(0, Tp] — [0, +00) is strictly decreasing, continuous, N* (T) = 0 for T > Ty and

lim (N (T)) = +oo.
Jim (NS (T) = +oo

(iii) Let T*(M) be the optimal time for (ISM). Then problem (]San*( M) has a unique
solution. This solution, after being extended to be 0 on [T*(M),+00) x €, is the optimal
control for (]BM)

Now, we give some properties about the function 7% (-).

Lemma 3.2 T*(-) : [0,4+00) — (0,7 is strictly decreasing, continuous, 7*(0) = Tj
and lim T*(M)=0.

M —+o00

Proof We only show that 7%(-) : [0,4+00) — (0,Tp] is left continuous. Proofs of the

remainder are similar as those of [3] or Lemma 2.2. Now, fix M € (0,+00) and M,, T M, we

claim that
lim T*(M,) =T*(M). (3.1)

n—00

For this purpose, write v}, for the optimal control to(ﬁM), and let
yn(t, ) = y(t, @92, M, M ™03,
be the solution to the following equation

Oyn — Ay, = XM, M~0%, in (0,+00) x Q,
Yn(t,z) =0 on (0,400) x 99, (3.2)
Yn(0,7) = ya(x) in Q.

By (1.2), (3.2), LP-estimate for parabolic equation and embedding theorem (see Theorem
1.14 of Chapter in [7] and Theorem 1.4.1 in [8]), we obtain that

[yn (T (M), ) = y(T* (M), 5 y2, V) co () < 1 (M — M),
where ¢; is a positive constant independent of n. From which, we infer that
[y (T (M), ) core) < 1+ (M = M), (3.3)
Consider the following equation

Oz — ANz, =0 in (0,75,) x Q,
zn(t,x) =0 on (0,7),) x 09, (3.4)
20 (0,2) = yo (T*(M),z) in Q,
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where T,, € (0,1) will be determined later. Define

n(T* (M), x in Q,
- 0y = [T 00.2) .
0 in RV\ Q
and let z, satisfy the heat equation 9,2, — Az, = 0 for x € RY, ¢t > 0. Then
Zu(t,z) = / ()~ Fe " 2,(0,8)ds,  V(t,z) € (0, +00) x RN (3.6)
RN
and
|zn(t, 2)| < Zu(t, 2), V(t,x) € (0,T),) x €. (3.7)
It follows from (3.5), (3.6) and (3.7) that
2n (T, )| < / (4nT,)~ ¥ e~ 3,(0, s)ds
RN
= (2%)_%6_%%(0,:1:4— V2T, s)ds
- o (3.8)
= / 2m)"2e” 2 |y (T (M), z + /2T, s)|ds
{s€RN:24++/2T,, s€Q}
< on (" (00), oo | o e Fds,  weeo
{s€RN:x++/2T, seQ}

It is easy to check that there exists a positive constant ¢, independent on n such that
{s e RN : 2+ /2T,s € Q} C B(0,&,T5, ?), YV € Q, (3.9)

here B(O,EQTH_%) denotes a closed ball with center at origin and radius ¢;75, ) By (3.8),
(3.9) and (3.3), we have that

12T, Ylney < [1+ (M — M,)] / oY F s, (3.10)

B(0,62T, ?)

. . N _ls? . . . .
Since the function f(7') = / ,(2m) Te~ 2 ds, is a strictly decreasing, continuous
B(0,6:T2)

function on (0, +00), Tlirf f(T) =0 and Thm+ f(T) = 1, we deduce that there exists
— 400 —0

T, € (0,1), such that

/ Cem) ¥ Fds = L a (- M)

(0,E2T,, %)

From the latter equality and (3.10), we infer that
|20 (Tos )l o) < 1 and T5, | 0. (3.11)
Moreover, it follows from (3.2) and (3.4) that

y(T* (M) + t, 25y, My M~'0%,) = yo (T* (M) + t,2) = 2,(t, ), Y(t,z) € (0,T,) x Q,



No. 5 Equivalence between time and norm optimal control problems of the heat equation with ... 919

which, together with (3.11), implies
[y(T* (M) + T, -5 yo, M M ™03 o) < 1,

from the latter inequality and the fact that ||MnM’1’17}‘V[HLm((O7+OO)XQ) < M, we get T*(M,) <
T*(M) + T,. Since T*(+) is strictly decreasing, we have that

T* (M) < T*(M,) < T*(M) + T,

This combined with the limit in (3.11) indicates (3.1) and completes the proof.
Then by the similar arguments as those in [3] (or Theorem 1.1) and Lemma 3.2, we can

get Theorem 1.2.
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