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INTERPOLATING SEQUENCES IN @ SPACES
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Abstract: In this paper, we investigate the interpolating question in Qx spaces. Using some
skills of complex analysis and harmonic analysis, we obtain a necessary and sufficient condition for
a sequence {z,} in the unit disc to be an interpolating sequence for the analytic function space
Qr N H*, which extends part of results in @, spaces.

Keywords: Qg spaces; K-Carleson measure; interpolation

2010 MR Subject Classification: 30HO05; 30D45; 30H25

Document code: A Article ID: 0255-7797(2016)03-0511-08

1 Introduction

Throughout this paper, the unit disc is denoted by ID. The M&bius transformation of D
is defined by

a—z
a = 5 c D.
#a(2) 1-az”

Definition 1.1 Let K : [0,00) — [0,00) be a right-continuous and nondecreasing

function. An analytic function f on the unit disc is said to belongs to the space Qf if

2 _ / 2
11 =5 [ 1P (tos

where dA(z) is the Euclidean area element on D so that A(D) = 1.
Equipped with the norm |f(0)| + || f|lgx, the space Qk is Banach. We know that the
space Qk is Mdbius invariant in the sense that || f o vallox = || fllox for any a € D. See [5]

> dA(z) < oo, (1.1)

and [6] for a general theory of @k spaces. By [5] we know that @k spaces are contained in
the Bloch space. Recall that an analytic function f on the unit disc is said to belong to the
Bloch space, denoted by B, if

| £1ls = sup(1 — |z|*)|f'(2)| < .
zeD

The Hardy space H* consists of all analytic f on the unit disk D for which sup |f(z)| < oc.
z€D

A sequence {z,} C D is called an interpolating sequence for Qx N H* if each bounded
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sequence {w,} of complex numbers there exists f € Qx N H> such that f(z,) = w, for all
n.
In this paper the weight function K satisfies

: 1
/ K (log > dr < 0.
0 T

Otherwise, the space Qx only contains constant functions. By Theorem 2.1 in [5] we may
assume that K is defined on [0,1] and extend its domain to [0, 00) by setting K (t) = K(1)
for t > 1.

We need the following two conditions on K:

/OO 240) ds < oo (1.2)

52

and

/1 wKT@ds < 00, (1.3)

where

pr(s) = S K(st)/K(t).

For a subarc I C 9D, let # be the midpoint of I and denote the Carleson box

I
S(I):{ZGD:1—|I|<z|<1,|9—argz|<|2}

for [I| <1 and S(I) =D for |I| > 1.

Definition 1.2 A positive measure dy is said to be a K-Carleson measure on ID provided

il = sup / K (1 |‘I|'Z') du(z) < o, (1.4)

ICD

The interpolation problems for different analytic function spaces were discussed in many
paper (see [2, 3, 10, 13, 14]). A well-known result of Carleson (see [3]) asserts that {z,} is
an interpolating sequence for H> if and only if du = > ., is a Carleson measure and {z,}

is separated, that is
Zn — Zm

inf —
1—Z,2m

m#n

=45>0. (1.5)

In this paper, we study the interpolation problem in the analytic function space Qg N
He°. The main result is the following:

Theorem 1.1 Let K satisfy conditions (1.2) and (1.3). Then {z,} is an interpolating
sequence for Qg (VH> if and only if {z,} is separted and du = >4, is a K-Carleson

measure.

In addition, we say that f < g (for two functions f and g) if there exists a constant
C' (independent of f and g) such that f(t) < Cg(t),t > 0. We say f = g (that is, f is
comparable with g) whenever f < g < f.
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2 Some Auxiliary Lemma

We give some auxiliary lemmas that will be needed in the proof of the main result.

Lemma 2.1 If conditions (1.2) and (1.3) hold, then the weight K has the following
proposition:

(1) K(t)/t° is non-decreasing for some ¢ > 0.

(2) K(t)/t? is non-increasing for some 0 < p < 1.

(3) K(2t) =~ K(t) for any 0 < t < oc.

The above result can be found in [6].

Remark 2.2 If conditions (1.2) and (1.3) hold, then the space Qk is a subset of D,
for some 0 < p < 1 by Lemma 2.1, where the space D,, consists of all analytic function f on
D such that

/f (1 |2f?)PdA(z) < co.

Lemma 2.3 Let K satisfy conditions (1.2) and (1.3). There is a constant C (indepen-
dent of w) such that

(1= |2 C
< > .
A= 2B — e A(z) b>2 (2.1)

T (= wP)P (L = fw]?)

for any given w € D and ¢ > 0.

Proof In our proof we borrowed a technique from [15]. Without loss of generality, we
may assume Im(w) = 0. Set a = 1 — w, then « belongs to (0,1). We divide the unit disk
into S; |J S2 | S3, where

Si={2:0<1—|2] <, |argz| < a/2},
So={z:a<1l—|z|<1,|argz| < a/2},

and
S;={z:0<1—|z] <1,|argz| > a/2}.
Then
(1—|2]?)2 “ tadt
dA <
leu—pmu—wwﬂ () 5 o Roeria—aye
tadt
<
= K)o+ t(1 — o)1+
and
(1—|z|) ! tadt
dA <
/32 RO P - S 2 | K@i ayp
<

tadt
K(t)(a +t(1 — )1+’
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On the other hand,

(1 |2
o, KO )1 —wapra 40)

= 2/1 Ktzt) </<: (o +t(1 — oz));w%- Sin2(9/2)]bgq> “

< tedt
~ ) K@) (ot (1 — o))

< tidt tidt
- Kt)(a+t(l—a)) bitg T K(t)(a+t(1l —a))b-1+a’

By Lemma 2.1, K(t)/t? is non-increasing for some 0 < p < 1. This gives

tat < dt
K(t)(a+t(l —a))b-tta  — a) t(1— a))b_1+q
- a-p
< (a)ab—uq—p /0 gt
1
K(a)ab=2"

Applying Lemma 2.1 again we obtain that K (t)/t¢ is non-decreasing for some small enough
¢ > 0. Note that ¢ < p and b > 2. Then we have

tadt _oe [ ta=edt
Kt)(a+t(l—a))b-tte = K(a) [, (a+t(1l—a))b-1ta

< af odt
= K(a) J, trite
< 1
~ K(a)ab—?
The above estimates give
(1—1z | ) (1— IZ\ )
dA
/K(l— 2 = wapra Z/ K= @)1 —mapra A
tidt
< dt
~ / K a+t(1— ))b—ita * K(t)(a+1t(1 —a))b-ite

K(a)ab—2 )ab 2"

Hence (2.1) holds.
Remark 2.4 If K(t) =t*,0 < s <1 and p > 0, Lemma 2.3 gives the result

/(1—|z|2)q_sdA(Z)§C b> 2.

» L= (T =Py

This case wsa proved in [18].
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n

Given finitely many complex numbers wy, - - - , w,,, consider the 2" possible sumes > +w;
j=1
obtained as the plus-mius signs vary in the 2" possible ways. For p > 0, denote by

n p

Z: :I:wj

Jj=1

over the 2" choices of sign. The follow-

p
> the average value of

j=1

ing Lemma is called Khinchin’s inequality (see [7]).

Lemma 2.5 If 0 < ¢ < oo, then
q n q/2
J<e () 22)
j=1

]E (
where C, is a constant that does not depend on n.

i :twj
j=1

3 Interpolating Theorem

In this section we will prove Theorem 1.1.
Proof of Theorem 1.1 By Lemma 2.1, we know that )k is a subset of D, for some
0 < p < 1. By the reproducing formula of Rochberg and Wu (see [12] or p.75, [18]), we have

1) = £(0) + / F/(w)B(zw)(1 — [w])dA(w), = €D, (3.1)
where
1—(1—zw)itr

Bz w) = gy

We now assume that {z,} is an interpolating sequence for Qx N H>. Then for efcj ) = +1,5 =
1,---,2" k=1,---,n, there are f; € Qg N H* such that f;(zx) = eg),k‘ =1,---,n and

1fillzree + [ fillox < 1.

Replaced f by f; o ¢, in (3.1) we have
fj © c)Oa(z) = fj o 90@(0) + /(f] o @a)/(w)B(Zaw)(l - |w‘2)pdA<w)
D
Let z = pu(2),k =1,2,--- ,n. Then

fi(z) = fj 0 0a(0) + /D(fj © @) (W) B(pa(2x), w)(1 = [w]*)*dA(w),

and we have

n n

SR - lpa(z)?) =Y 6 fi(z) K (1= lpalz)]?)

k=1 k=1

= fi(@) Y K1 = lpa(z)]?)
k=1

+3 DR = fpu(a)P) / (F; 0 0a) () B(ga(zi) w)(1 — [w]?)PdA(w)
= A+_B.
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We now compute the expectation of both side of the equality. Observe that by (2.2) with

q = 1, we have

" 1/2 n 1/2
EM&(XWm—wwm%ﬁ 5(2%uw%mwﬂ .

k=1

There exists a constant C such that

1-(1- @i(zk)@)”p

<C. (3.2)

sup
a,z,,webh

Applying the Cauthy-Schwarz inequality, (2.1), (2.2) with ¢ = 2 and (3.2) we have

§ o\ 1/2
1 Blpa(zi), w)(1 — |w]?)P
E(B) < 0 0a) (w ——dA(w
®) < (Z}A” PR uan) ()>
) 1/2
. B(pa(zr), w) (1 — Jw?)?
< Sl;p 1 fllox ;/}D (K(l ~Jealz) BT /K1 = |w|2)> dA(w)
§ 1/2
o (2)12)? (1 = |w]*)**dA(w)
< (; (K(1—=lga(z1)?)) /D 11— o (2O K (1 — |w|2)>
. 1/2
S (Z K(1- |<Pa(2k)|2)> :
k=1

The estimates involving E(A) and E(B) indicate that du = > d,, is a K-Carleson measure
by Corollary 3.1 in [6]. Since {z,} is an interpolating sequence sequence for H>°, then {z,}
is separated.
We need the following result to prove sufficiency, which dues to Earl (see [7]).
Lemma 3.1 Let {z,} be a sequence in the unit disc such that (1.5) holds. Then there
is a constant C' such that whenever {a,} € [*°, there exists f € H> such that

fzp)=an, n=1,2,-- (3.3)
and such that
116 = (suplanl ) B,

where B(z) is a Blaschke product. The zeros &, of B(z) satisfy |p¢, (2,,)] < /3 and {¢;} is
separated.

For any given {a,} € [, by Lemma 3.1 there exists a function f € H> such that
(3.3) holds. We now show that du(z) = > d¢, is a K-Carleson measure. For any a € D, by
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Lemma 1.4 in [7], we have

NP A CA IR S

1= |a(zn)l> = 1= |@alzn 1+ 0 (€)@, (€0)]
/3 + |p., (&) _ 1—6/3
z 1= 1+ 0., (&.)]/3 S 1+5/3<1 ~ &)l
> LB o).

2(1+0/3)

Note that K(t) ~ K(2t) and du =4, is a K-Carleson measure. Then we have

ZK 1= [pa&)?) S DK (1= |pa(za)) <
n=1

This shows that du(z) = >_ 9., is a K-Carleson measure by Corollary 3.1 in [6]. So we have
f € Qk by Theorem 5.1 in [6]. The proof is completed.
If we choose K (t) =t7,0 < p < 1, then the space Q is just a @, space. Note that the
conditions (1.2) and (1.3) hold. This gives the following result which appeared in [10].
Corollary 3.2 The sequence {z,} is an interpolating sequence for Q, () H> if and
only if {z,} is separted and dp = Y 4., is a p-Carleson measure.
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