Vol. 86 (2016 ) J. of Math. (PRC)

ON COMLETE SHRINKING RICCI-HARMONIC
SOLITONS

YANG Fei, ZHANG Liang-di
(School of Mathematics and Physics, China University of Geosciences, Wuhan 430063, China)

Abstract: In this paper, we study the geometry of shrinking Ricci-harmonic solitons. By
utilizing the method of Manola, Gabriele and Carlo [4] under the Ricci soliton, we prove the result
that every compact shrinking Ricci-harmonic soliton is a gradient one, which extends the result in
the case of Ricci solition. Moreover, by utilizing the method of Zhang [14], we prove a more precise
volume growth estimate than that of at most Euclidean growth for the complete non-compact
gradient shrinking Ricci-harmonic soliton, which extends the result of Zhang [14] in the case of
Ricci solition.
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1 Introduction

Let (M™, g) be a complete smooth Riemannian manifold, the metric g is called a Ricci-

harmonic soliton if there exists a vector field X and a constant A, such that
1
Rij —aV¢V;é + §»CX9 = Agij
Tg¢ = VX¢7

where ¢ : (M™,g) — (N™,h) is a map between the Remannian manifolds (M™,g) and

(1.1)

(N™, h), Rcis the Ricci curvature of (M, g), 7,¢ = traceVd¢ and « is a nonnegative constant.
We call the Ricci-harmonic soliton (1.1) a shrinking, steady, expanding Ricci-harmonic
soliton if A > 0, A =0, or A < 0. If X is a gradient of some function f, then Lxg = V2f, we
call the Ricci-harmonic soliton a gradient Ricci-harmonic soliton with potential function f.
Similar to the Ricci soliton, the Ricci-harmonic soliton is a self-similar solution to the

Ricci-harmonic flow,

%t (1.2)
aqs = Tg¢7
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Perelman [9] proved the result that every compact Ricci soliton is a gradient one.
Manola, Gabriele and Carlo [4] gave another proof by Perelman’s work [10] and previous oth-
ers, see Hamilton [6] (dimension 2) and Ivey [7] (dimension 3). Aquino, Barros and Ribeiro
[1] showed that the potential function in the compact Ricci soliton equals to the Hodge-de
Rham potential. Miiller [8] proved the result that a shrinking Ricci-harmonic breather is
a gradient soliton. Yang and Shen [13] obtained a monotone volume formula for a general
geometric flow by utilizing Perelman’s method under the Ricci flow.

Cao and Zhou [2] proved that a complete noncompact gradient shrinking Ricci soliton
has at most Euclidean volume growth by estimating the bounds for the potential function.
Zhang [14] proved a more precise estimate, Vol(B(o0,7)) < C(R + 1)"~2° when the scalar
curvature is bounded below by a positive constant d. Yang and Shen [12] found that the
complete noncompact gradient shrinking Ricci-harmonic soliton still has at most Euclidean
volume growth by proving R — «a|V¢|? is nonnegative and estimating the bounds of the
potential function f.

In Section 2, we prove the result that every compact shrinking Ricci-harmonic soliton
is a gradient one. The method is inspired by Manola, Gabriele and Carlo’s work [4] and
different from that in [8]. In Section 3, we extend Zhang’s work [14] to the case of complete
noncompact Ricci-harmonic soliton.

Our main theorems in this paper are below.

Theorem 1.1 Every compact shrinking Ricci-harmonic soliton is a gradient one.

Theorem 1.2 Let (M"™,g) be the complete noncompact shrinking gradient Ricci-
harmonic soliton structure (3.1), if there exists a nonnegative constant § such that R —

a|V¢|? > 6, then there is a constant C' < +oo depending only on g and x( such that
Vol(B,, (1)) < C(r +1)""% (1.3)

for all r > ro, where B, (r) is a geodesic ball with radius r and rg is a positive constant.
Remark 1.1 The condition R — a|V¢|? > ¢ added in Theorem 1.3 is reasonable for
Yang and Shen [12] proved R — a|V¢|* > 0.

2 The Compact Case

Lemma 2.1 (Log Sobolev inequality, see [3]) Let (M™,g) be a compact Rieman-

nian manifold. For any a > 0, there exists a constant C'(a, g) such that if ¢ > 0 satisfies

/ ©*dVol = 1, then
M

/ ©?log pdVol < a/ |Vp|?dVol + C(a, g). (2.1)
M M

Lemma 2.2 Let (M",g) be a compact Riemannian manifold, ' : M — R be a smooth
function and A be a positive constant, then there exists a smooth function f : M — R satisfies
the equation

F+2Af —|Vf|* 4+ 2\f = Const.. (2.2)
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Proof Define a functional W

Wi(g, f) = / (F+20f — |V +2)f)e ldVol
M

and
u(g) = inf{W(g, f) : f € C=(M) with / e fdVol =1}.
M
Let w = e‘é, we have
/ w?dVol =1
M
and
Wig, f) = / (F+|Vf2+2xfle fdVol
M

= / [(F — 4\ logw)w? + 4|Vw|?|dV ol
M
= H(g,w).

Since F' is bounded below on M and from Log Sobolev inequality (Lemma 2.1), there
exist a constant C' < +00 such that

1
/w2logde01§/ |Vw|? + C.
M AJm

Then the positive minimizer w; realizing u(g) is the lowest positive eigenvalue of the nonlinear
operator

O(w) == —4Aw + (F — 4\ logw)w = p(g)w.

Choose w such that H(g,w) < Cp, then / w?dVol = 1, and there exists a positive
M
constant Cy with
Cy > H(g,w) > 2/ |Vw|?dV ol — Cs.
M
Hence any minimizing sequence for H (g, -) is bounded in W2(M). We get a minimizer
w; € WH2(M) and w; is a weak solution to

—4Aw + (F — 4\ logw)w = p(g)w.

By elliptic regularity theory (see Gilbarg and Trudinger [5]), we have w; € C*™. It’s
easy to verify that w; > 0. Then there exists a smooth function f; = —2logw; realizing
w(g), ie.,

F20fi = VAP +2)fi = ulg)

for A > 0.

Proof of Theorem 1.1 Considering the compact shrinking Ricci-harmonic soliton
1
Rij —aVipV;o + §£X9 = Aijs
Te® = Vxo.

(2.3)
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From Lemma 2.2, there exists a smooth function f : M — R satisfying
R — a|V¢]* +2Af — |[Vf|* +2\f = Const.,

we have

Vil2(Rij — aVipV ;6 + ViV, f — Agij)e 7]
=(ViR —2aV,; V¢V ;6 — 2aV,;67,¢ + 2AV, f)e ™!
— 2V, f(Rij — aV¢V ¢+ ViV, f — Agij)e”!
=(ViR — aV,|Ve|* — 2aV¢V,;6 X7 + 2V, Af +2R;;V;f)e !
— 2RV, f = 2aVi¢V;0V, f + Vi|V [P = 2XV, f)e™!
=Vi(R— a|Ve|* +2Af — |[VfI* +2Xfe ! +2aV,¢pV,;6(V;f — XP)e !
=2aV,¢V;p(V,f — X7)e /.

As V, X7 + V; X' = =2R;; + 2aV,;¢V ;¢ + 2)g;; and a > 0, we have

VZ[(V]f — XJ)(R” — aVingVj(;S + Vz-ij — )\gij)e*f]
:(VZVJf — VZXJ)(R” — Oévz¢vj¢ + VZij — )\gij)e_f + 205‘Vfox¢|2€_f
1 . )
25(2V1V3f — VZX] — V]Xl)(R” — aV1¢VJ¢ + VlVJf - )\gij)e_f + 20£|va_)(¢‘26_]€

:|R” - aVngngb + VZVJf - )\gij|2€_f + 20(|va,)(¢|2€_]€
>0.

Denote |R;j — aV;V;6 + V.V, f — Agij|’e ™ + 2a|Vy;_x¢|?e~/ by Q, we conclude that
0<Q=div[(V;f — X')(Rij — aV,V;¢ + V.V, f — Agij)e ). (2.4)

Integrating @, we have Q = 0 by Stokes’s theorem and the compactness of M™. This
implies compact shrinking Ricci-harmonic soliton (2.3) is a gradient Ricci-harmonic soliton
with X = V f.

Similar to the proof of Theorem 1.1, we have the direct corollary.

Corollary 2.1 Every compact steady Ricci-harmonic soliton is a gradient one.

Proposition 2.1 For the compact shrinking Ricci-harmonic soliton (2.3), the potential
function f equals a Hodge-de Rham potential up to a constant.

Proof By the Hodge-de Rham decomposition theorem, there exists a divergence-free
vector field Y and a function b on M™, such that

X =Y + Vb, (2.5)

we deduce divX = Ab. By Theorem 1.1, we can find a potential function f to (M, g, X)
satisfying X = Vf, then divX = Af.
We conclude that f = b+ Const. for A(f —b) =0 and M is compact.
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Remark 2.1 Proposition 2.1 provides another way to find the potential function f to
the generic compact shrinking Ricci-harmonic soliton structure (M™, g, X). Normalizing f,
we can replace f by the Hodge-de Rham potential to vector field X.

3 The Complete Noncompact Case

In this section, we consider the complete noncompact gradient shrinking Ricci-harmonic
soliton .
Rij —aVi¢Vp +V,V; f = 593
Tg¢ = <v¢a Vf>
Lemma 3.1 Let (M"™, g) be the complete noncompact gradient shrinking Ricci-

(3.1)

harmonic soliton structure (3.1), we have the following four equalities
R—a|Ve]2+ Af = g (3.2)
R—a|Vo]? +|Vf> - f=0. (3.3)
Proof Taking trace of the first equation of (3.1), (3.2) is obtained.

Taking covariant derivatives and using the commutation formula for the covariant

derivatives, we have
ViRjr — VR, — a(V;pV;Vp — V0V ,; Vo) + RijiuVif = 0.
Taking the trace on j and k, we have
ViR— VR —aV;pV.V,p + aVpry¢ — RyV,f = 0.
Using the fact that
ViR —-2V,R;; =0,
V,V6V;¢ = %vi(vjquﬁ) = %WWIQ
and ) i
aVid1yd — RuNVif = ViVifV,f = 59uV,f = 5ViIVIF = ),

we obtain $V(R — a|V¢|? + [Vf[> — f) = 0, hence R — a|V¢|* + |Vf|* — f = Const..
Normalizing f by by adding a constant, (3.3) follows.
Lemma 3.2 Let (M™, g) be the complete noncompact shrinking Ricci-harmonic soliton

structure (3.1) and V(r) := / dV and Vg(r) := / R — a|V¢|*dV, we have
{f<r} {r<r}

nV(r) —2rV'(r) = 2Vg(r) — 2V'5(r). (3.4)
Proof Integrating by parts and using eq. (3.2),

") =V - AfdV = v Y ga- VfldA, (3.5
SV Vae) = [ agave [ vpoghaas [ v @69
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which implies

FV(r) = Va(r). (3.6)

By co-Area formula (see [11]), we have

V/(r) = / L a (3.7)

and R |Vf|2
-«
V. (r —/ — = dA. 3.8
=] T (33)

Using (3.3) and combining (3.5), (3.7) and (3.8), we obtain
n
EV(T) —Vr(r)=rV'(r) = Vi(r).

Proof of Theorem 1.2 Calculating directly,

d no2s rV'(r) = 5BV (r)  Vi(r)
R 1 — T2 V = 2 < R 39
2 (log(r= "7V (1)) e SR ] (39)
where the last inequality comes from (3.4) and Vg(r) > 6V(r).
Fixed roy > 0, for any r; > ro, integrating (3.9) by parts on [ro,r;] yields
n—26
r, 2 V(r "
log ;T(ﬁ / Vr(r)
ro ° V(ro) (T)
V() " Vr(r
< n d d
— rV(r) * v (r) r /0 rV2 "
n . n log(V(r )) log(V ro)) ” log(V(r))
< — 7d . 3.10
- 2T0 2 ( 71 ) ro ,,,,2 r ( )

When rq is large enough, by the proof of Theorem 1.1 in Yang and Shen [11], we have
V(r) < Cir" (3.11)

for some positive constant C and for r > ry. Plugging inequality (3.11) into (3.10), we have

n—2%
T
log 7741_ —53 (r1) < 400 (3.12)
ro > V(ro)

for any r; > rg. Moreover, there is a positive constant C5 such that

n—26

V(’/’l) S 027“1 2 (313)

For f(z) < 1(d(zo,x) + 2v/f(20))? (see Proposition 4.1 in [12]), B,,(r) C {f < 1(r +
Cs)?}. We have

Vol(By,(r)) < V(4 (z0,2) + 2/ f(20))?) < C(r +1)"% (3.14)

for some positive constant C depends only on g and x.
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