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Abstract: In this paper, we research the problem of computing the Gelfand-Kirillov dimen-
sion of quantized enveloping algebra of type D4 by using the method of computing the Gelfand-
Kirillov dimension given in [1] and the Grobner-Shirshov basis for quantized enveloping algebra of
type D4 given in [2]. The main result we get is that the Gelfand-Kirillov dimension of quantized
enveloping algebra of type D4 is 28. We hope this result will provide some ideas to compute the
Gelfand-Kirillov dimension of quantized enveloping algebra of type Ds,.
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1 Introduction

In contrast with the commutative case, for non-commutative algebras the classical Krull
dimension is usually not a very useful tool, because it is defined by using chains of prime
ideals. For finitely generated k-algebras R, the Gelfand-Kirillov dimension is far better
invariant and coincides with the Krull dimension in the commutative case. The Gelfand-
Kirillov dimension measures the asymptotic rate of growth of algebras and provides impor-
tant structural information, so this invariant has become one of the standard tools in the
study of finitely generated infinite dimensional algebras. But in general, the Gelfand-Kirillov
dimension is extremely hard to compute.

In [1], the authors gave a detailed discussion of the Gelfand-Kirillov dimension of finitely
generated k-algebras and modules over them, and also introduced an algorithm to compute
the Gelfand-Kirillov dimension of several classical and non-classical examples (in the context
of enveloping algebras and quantum groups).

In this paper by using the method in [1] and the Grébner-Shirshov basis given in [2], we
compute the Gelfand-Kirillov dimension GKdim(U, (D)) of the quantized enveloping algebra
U,(Dy). We hope that this work might become a first step of computing the Gelfand-Kirillov

dimension of quantized enveloping algebra of type D,,.
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2 Some Preliminaries

In this section, we recall the notion of the Gelfand-Kirillov dimension of an algebra from
[3].

Let k be a field and A a finitely generated k-algebra. A finite dimensional k-vector space
V' contained in A and containing 1 is said to be a generating subspace of A if it generates
A as a k-algebra. For any positive integer n, denote by V™ the set of all elements of A of
the form > vy -+ - vy, where vy, -+ ,v, € V. In particular, V? = k and V! = V. Obviously,
{V"™},>0 determines a filtration on A.

Definition 2.1 The growth function or Hilbert function HFy of A relative to V is
defined on N by putting

HFy(n) = dimg (V")

for all positive integer n.

A function f : N — R is said to be positive if it only takes positive values. We say
a positive function f is eventually monotone increasing if there exists a positive integer ng
such that f(n) < f(n+ 1) for all n > ng. It is clear that the growth function HFy above is
eventually monotone increasing.

Lemma 2.2 Let f : N — R be a monotone increasing function and denote by D(f) the
set of all € R for which there exists some positive integer ny and some ¢ € R (depending
on z) such that f(n) < cn® for all n > ng. Then

infD(f) = limsuplog,, f(n),

where log, denote the logarithm with base n and if D(f) = ), then we put infD(f) = oo.

Definition 2.3 If f : N — R is an eventually increasing function, then we put
d(f) =infD(f) = limsuplog, f(n) € [0, cx].

We will call d(f) the degree of growth of f. The following proposition tells us that the
degree of growth of Hilbert function H Fy does not depend on the choices of the generating
subspace V.

Proposition 2.4 Let A be a finitely generated k-algebra. Assume V and V' to be
generating subspaces of A. Then d(HFy) = d(HF,).

Now the following definition makes sense:

Definition 2.5 Let A be a finitely generated k-algebra, say with finite dimensional
generating subspace V. The Gelfand-Kirillov dimension of A is then defined as

GKdim(A) = d(HFy).

Now we recall the definition of the Gelfand-Kirillov dimension of a left A-module.
Let A be a finitely generated k-algebra and M a finitely generated left A-module. A
generating subspace of M is just a finite dimensional k-subspace U of M such that RU = M.
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Definition 2.6 Let A be a finitely generated k-algebra with generating subspace V
and M a finitely generated left A-module with generating subspaces U. Then the growth
function or Hilbert function H Fy,y of M relative to V and U is defined by

HFV’U(TL) = dlmk(an)

for all positive integer n.

Proposition 2.7 Let A be a finitely generated k-algebra and M a finitely generated
left A-module. Assume V and V' to be generating subspaces of A and U and U’ to be
generating subspaces of M. Then d(HFy,y) = d(HFy ).

So the following definition makes sense:

Definition 2.8 Let A be a finitely generated k-algebra and M a finitely generated left
A-module. Assume V and U to be generating subspaces of A and M, respectively. The
Gelfand-Kirillov dimension of M is then defined as

Let N be the set of nonnegative integers and n a positive integer.

Definition 2.9 An admissible order on (N,+) is a total order < with following two
properties:

(1) 0 < « for every 0 # o € N™;

(2) a+~vy < B+~ forall a,fp,v€N" with a < 3.

Definition 2.10 Let w = (wq, - ,w,) € N*. The weighted total degree with respect

to w of the element o = (a3, -+, a,) € N" is the dot product

n
lafw = (w,a) = sz‘ai-
i=1

The w-weighted degree lexicographical order <, on N" with ¢; < 5 < --+ < g, is defined

by letting
lal, < [l
az,08 or
lale = |8l and @ =4e; B,
where €1, - , &, is the standard bases of N” and =,., is the lexicographical ordering.
Let A be an associative k-algebra generated by z1,- - ,x, and =< an admissible order on

N™ (see [1] for the definition). An element of the form x{* - -- 2% in A is called standard term

and denoted by X®, where a = (ay, - ,a,) € N*. If an element f € A can be expressed
uniquely as
f = anXa7
aeN

then we define
exp(f) = max{a € N"|c,, # 0}.
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Definition 2.11 A PBW algebra A over a field k is an associated algebra generated by

finitely many elements x4, - - - ,x, subject to the relations
Q = {zjz; = qjixiz; +pj} (1<i<j<n),

where each pj;; is a finite k-linear combination of standard terms X® = z7'---x0", with
a = (a1, - ,a,) € N* and where each gj; is a non-zero scalar in k. The algebra is required
to satisfy the following two conditions:

(1) there is an admissible order < on N such that exp(p;;) < €; +¢; for every 1 <i <
j < n, where ¢;, €; are the standard bases vectors in N”;

(2) the standard terms X with a € N™ forms a basis of A as a k-vector space.

This PBW k-algebra A is also denoted as A = k{z1, - z,;Q,=<}. By Corollary 1.7
of Chapter 3 in [1], we also denote A as A = k{z1, -+ x,;Q, =<,}, for some vector w with

strictly positive components. For any subset N C A, we define
Exp(N) = {exp(f)|f € N}.
Definition 2.12 Let o = (aq,- -+ ,a,) € N". The support of « is the set
supp(a) = {i € {1,2,--- ,n}|a; # 0},

then it is clear that supp(a) = 0 if and only if o = 0.
For any monoideal (see [1] for the definition) E of N, we define

V(E)={c C{1,2,--- ,n}| for any « € FE, o Nsupp(«) # 0}.
Definition 2.13 The dimension of a monoideal E is defined as
n, if B =9,
dim(E) = { o, if B = N,
n — min{card(c); ¢ € V(E)}, if E is proper,

where card(o) is the number of elements of o.

The key result for us in [1] is the following:

Theorem 2.14 Let R = k{xy, -+ x,;Q, <, } be a PBW k-algebra. Let N C R™ be a
left R-submodule of R™ and R™/N. Then

GKdim(M) = dim(Exp(N)).
3 Gelfand-Kirillov Dimension of Quantized Enveloping Algebra of Type
Dy

In this section we compute the Gelfand-Kirillov dimension of quantized enveloping al-

gebra U,(Dy4). We choose following orientation for Dy:
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Then the corresponding Cartan matrix A is

2 -1 -1 -1

-1

A 2 0 0
-1 0 2 0
-1 0 0 2

Let ¢ be a nonzero element of k£ so that is not a root of unity. The quantized enveloping
algebra U,(D,) is a free k-algebra with generators {E;, K;*' Fj|1 <i,j < 4} subject to the
relations

K= {KK,-KK, KK "' -1, K,'K; -1, ;K" — ¢7%%i K,*' B},
K Fy— qFhas F K
K2—K~2
T = {EiFj_FjEi_éijqzdl-ijmi N

i—

1—ai; 1—ay, —ai;—v L4 i
St= { ZO (=1)° T BT TUEEY A Gt =

v= t

1—a;j 1— ;i 1—ai—v . . ;
S = {X (W [ U ETTRE 4 .= g

v= t

forall 1 <i,5 <4 and

L pm—1ti_gi—m—1
m [[ —F5— (form>n>0),
n K3
«

1 (for n =0 or n =m).

Let U)(Dy), Uf(Dy4) and U, (Dy) be the subalgebras of Uy(D,) generated by (K1 <
i <4}, {E;|1 <i <4} and {F;|1 <i < 4}, respectively. Then we have following triangular
decomposition of U, (D,):

Uy(Dy) 2 U (D) @ UJ(Dy) ® Uy (Dy).
Let

X = {E17E127E137E147E217E227 E237 E247 E317E27E37E47 K17K27K37K47
K1_17K2_17K3_17K4_17F17F127F137F145F217F227F237F245F317F27F35F4}7

then the set X is also a generating set of U,(D,), where

E17 E127 E137 E147 E217 E227 E237 E247 E311 E27 E37 E4
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are the modified images of isomorphism classes of indecomposable representations of the type
D, under canonical isomorphism of Ringel between the corresponding Ringel-Hall algebra

H(D,)and the positive part of quantized enveloping algebra U (D), and
Fi, Fia, Fiz, F1g, For, Foo, Fog, Fog, 1, Fo, F3, F)y
are the images of the
Ey, Eng, Ens, By, Eor, Eao, Eag, Eay, B3y, Ea, B, By
under the convolution automorphism of quantized enveloping algebra U, (Dy) (for details see
[2]).

We define an ordering

F1<F12<F13<F14<F21<F22<F23<F24<F31<F2<F3<F4<Kf1
< Ky'<K'<K'<K <Ky<K3s<K,<FE <FEjy<E3<FEy<Ey
< Fyy < FEo3 < Foy < E31 < By < B3 < Ey

on the set X. The set S of following skew-commutator relations are compute in [2]:

EpnnEij = EijEmn, ((m,n)(i,7)) € Ch
EynEij = VEjjEmy, ((m,n)(i,5)) € Co UC3UCCy,
EonEij = v 'Ei;Epp + Ern, ((m,n)(i,5)) € Cs,
EnnEij = v 'EjjEpy + Eoy, ((m,n)(1, 7)) € Cs,
EonmEij = v EEpn + Epa, ((m,n)(i,5)) € Cr,
EpnEij = EijEpn + (0 — v 1) Ey,. Esy, ((m,n)(i,5)) € Cs,
EnnEij = EjEpy + (v—v ) E; By, ((m,n)(i, 7)) € Co,
EynEij = VEjjEm, + (v — 24+ v ?)EnEi3Ey, ((m,n)(i, 7)) € Cio,
EwnEij =v 'EjEpn+ (v —20"1FEy + (1 — v ?)E12F
+(1 — v ?)E13Es3 + (1 — v 2)E14Fay, ((m,n)(i, 7)) € Ci,
FonFij = FijFon, ((m,n)(i,7)) € C1
FonFij = vF;;Fon, ((m,n)(i,7)) € Co UC3U Oy,
FonFiy = _1Fiijn + Fip, ((m,n)(i, 7)) € Cs,
FonFj = v FFpp + Fop, ((m,n)(1, 7)) € Cs,
FonEFij = v LE;; iFmn + Fo, ((m,n)(i,j)) € Cr,
FonFij = FijFpp + (v — v 1) Fy Py, ((m,n)(i,5)) € Cs,
FonFyj = FijFpp + (v — 07 Fip Fi, ((m,n)(1,)) € Cy,
FonFyj = UFjFpn + (U — 24 07 2)FoFi3Fy, ((m,n)(i,7)) € Cho,
FonFij = v FFpp 4 (v — 2071 Foy + (1 — v™2) FiaFyy

+(1 — v ?)Fi3Fy3 + (1 — v %) Fi4Fay, ((m,n)(4, 7)) € Cu,
K K;=K;K, K,K;' =1, K 'K, =1,
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where

C1 ={((m,n)(3,5)) |m=1i€{1,2,3}, n € {3,4}, j € {2,3} and n > j},

Co = {((m,n)(1,7)) [m=1€{1,2,3}, n€{2,3,4}, j =1},

Cs ={((m,n)(i,7)) |m=3,i=1,n=7j€{2,3,4}},

Cy={((m,n)(i,7)) |me{2,3},i=m—1,ne{1,2,3,4}, j € {2,3,4} and n # j},

Cs ={((m,n)(i,7)) |m=3,i=1,n 6{2 3,4}, j =1},

Cs ={((m,n)(i,7)) |m=3,i=1,n,j 6{2 3,4} and n # j},

Cr ={((m,n)(i,7)) [m €{2,3}, i=m—1,n=j€{23,4}},

Cs ={((m,n)(i,5)) |m=3,i=1,n=1, 5 €{2,3,4}},

Co ={((m,n)(i,7)) [me{2,3}, i=m—1,ne{2,3,4}, j =1},

Cio =A{((m,n)(7,7)) [me{2,3}, i=m—1,n=j=1},

Cu ={((m,n)(%,7)) Im=3,i=n=j=1}

where i = 1,2,3,4;j = 1,2,3,4. We set E, = Eyy, By = Fsy, B3 = E33, B4 = Fs,, and
v? = ¢. The main result in [2] says that the set S is minimal Grobner-Shirshov basis (see
[4] for the definition ) of quantized enveloping algebra U,(D4) with respect to the above
ordering.

In order to prove that U,(Dy) is a quotient of a PBW algebra and hence we are able to

compute its Gelfand-Kirillov dimension, we need following additional relations

E, K =¢"'K*'E,,
E, K = K*E,

E, K =¢TKE,
B, K = ¢ K By,
Ein KX = ¢F KX By,
Ein K = B KH B,
E21K1il = QHK#EM;
En K = KHEy

Eym Ky = K™ Eop,
E2me7Ll1 = qilK,jﬁlEzm
E2mK7jlEl = qﬂKfflEmn
E31K1il = qilKlﬂEsl;
Elefl = qﬂK,jflEsl
K F, = ¢t F,K*!
KiF, = F,K!
KiF, = ¢7?F, K1

KlilFlm = q$1F1mK1i1
Krzs,lFlm = q$1F1mK7:751
Krzs,lFln = qilFan;El

Klﬂle = qu1F21K1i1;
KF'Fy = Fn K2

(m=1,n¢e{2,3,4} or m € {2,3,4},n = 1);
(m,n € {2,3,4}, m # n);
(m=nec{l,2,3,4});

(m € {2,3,4});

(m € {2,3,4});

(m,n € {2,3,4},m # n);

(n €{2,3,4});

(m € {2,3,4});

(m € {2,3,4});

(m,n € {2,3,4},m # n);

(n € {2,3,4});
(m=1,n¢€{2,3,4} or m € {2,3,4},n = 1);
(m,n € {2,3,4}, m # n);
(m=nec{l,2,3,4});
(m €{2,3,4});
(m €{2,3,4});
(m,n € {2,3,4},m # n);

(n€{2,3,4});
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I(lilFbm:-F21TLI(1il <m€{2?374})7
K Fop = ¢F' Fop K31 (m €{2,3,4});
KE'Fy, = ¢F P K (m,n € {2,3,4},m # n);

Klﬂan = qilFlefd;

KE Py = ¢F Py KE (n €{2,3,4});
E,.F,=F,E,, (m,n € {1,2,3,4},m # n);
EpFy = Fr B, +% 3 (m € {1,2,3,4});
EyFip = Fip By + =2 ,IF K+ 1S F, K (m € {2,3,4});
E, . Fi, = Fi.E, (m,n € {2,3,4},m # n);
EpFip = FipEp + 42 5F1Km4q2q_ql FK,} (m € {2,3,4});
BynFy = FL By, + qq %KlEm + q(f_qfa K 'E, (m € {2,3,4});
B, F,=F,FE, (m,n € {2,3,4},m # n);
EipnFy = Fp By + ql— i g mEr L g—1K LBy (m € {2,3,4});
E\Fy,, = Fy, By + = 5‘12+QF F,K,

+2(’§_%FSFI‘/K1_ (m,s,t € {2,3,4},t > s,m #t,m # s);
E.Fy, = F3,E,, + ’;j‘f;f LK, + 1;,1 LKt (myn,t € {2,3,4},m £ t,n # t);
EpFon = Fop By, (m € {2,3,4});
EomFy = F1 By, + W&E E,

+1 %7(1(]2(1 q1 “ha 1K_lE ?‘t (m,s,t € {2,3,4},t > s,m #t,m # s);
By Fy = Fy By + =25 K By + = K By, (m,n,t € {2,3,4},m #t,n #t);
EomFy = FoEop, (m € {2,3,4});
E\F3 = F51E; + %F2F3F4K1

+2q 3 1 2q?2qq 5497 4q” F2F3F4K1 1’
B Py = Fy By + 5 _1F2me +4= CFnKDl (me{2,3,4));
Es Fy = FiE3; + =g 72qq2_22q2+1 = K1E2E3E4

eV BV EVREY Y (o E2E3E4,

E31F - F E31 + Lo —1K E2m 2:11K 1LCQm (m € {27374})
The following relatlons has too many terms and we only need the leading term, so for

convenience, we only write the leading term with their coefficients a; (1 <14 < 24) :

E\F5) = F51Ey 4+ a1 F1oF3F, K, + other terms;
E, Fy1 = F5E,, + ax I, F1; K, + other terms

(m,s,t € {2,3,4},t > s,m #t,m # s);
Eo1 1 = Fi1Es + as K1 E1oE3E, + other terms;
Es F,, = F,,Es1 + a4 K, E1,Eq; + other terms

(m,s,t € {2,3,4},t > s,m # t,m # s);

EinFim = FinEry + asFp K By, + other terms (m € {2, 3,4});
EynFiy = F1, B + agF, K E,, + other terms (m,n € {2,3,4}, m # n);
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E. By = Fo By + a7 F Fy K E,, + other terms
(m,s,t € {2,3,4},t > s,m # t,m # s);
FEi,.Fy, = Fo, Eyy + agF Fy K1 E,, + other terms
(m,n,s,t €{2,3,4},t > s,n #t,n # s,m # n);
Eon B = FipEor, + agF,,, K1 E,E, + other terms
(m,s,t € {2,3,4},t > s,m #t,m # s);
Es F1,, = F1,Es,, + a10F,, K1 E,E; + other terms
(m,n,s, t €{2,3,4},t > s,m # t,m # s,m # n);
EynFo1 = Fo1 By, + a1 FioF3Fy K E,, + other terms (m € {2, 3,4});
Es Fiyy = FiyEoy + a10F,,, K1 E15 E3 Ey + other terms (m € {2,3,4});
EynF31 = F31E1,, + a13Fo F3Fy Ky E,, + other terms (m € {2,3,4});
Es1 Fyy = Fi B3 + a14F,, K1 Es Es Ey + other terms (m € {2, 3,4});
Eon Fo = FopEopy 4+ a15Fs Fy K1 E E, 4 other terms
(m,s,t € {2,3,4},s < t,m # s,m # t);
Eop Fs, = F5, Es,, + a16F, Fi K1 E Ey + other terms
(m,n, s, t,t' € {2,3,4},m #n,m #t,n#t,n#sn#t);
FEo Fo1 = Fo1FBoyy, + a17F 1o F3Fy K E FE; + other terms
(m,s,t € {2,3,4},s < t,m #t,m # s);
By Fy,, = Fy,, Eo + a8 F, Fy K E15 E3E, + other terms
(m,s,t € {2,3,4},s < t,m #t,m # s);
By F3y = F31 By, + a19Fo F3 Fy K E E; + other terms
(m,s,t € {2,3,4},s < t,m #t,m # s);
B3 Fy,, = Fy,, B3 + agF Fy K Fy E3Ey + other terms
(m,s,t € {2,3,4},s < t,m #t,m # s);
Eo1Fo1 = Fo1Eoy + an1 Fo F3 Fy K Es Es Ey + other terms;
FEo1F31 = F31FE5 + a0 Fo F3Fy K1 E15 E3E4 + other terms;
FEs1Fy = Fo1 E31 + ao3 F1o F3F K E3 E3Ey + other terms;
FE31F31 = F31E31 + asy FoFs Fy K Es Es Ey + other terms.
Now, we prove the following one case, and the proofs of other cases are similar. If
m € {2,3,4}, then

ElFlm = El(FmFl — ’UlelFm) = ElFmFl — UﬁlElFlFm
= F,EF — v (R E + 2250 F,

q9—q
— Fu(R B + 55 R B R, — o (S,
— F,FEy — v \F\F,Ey + %@;W _ v—l(%)
= (FmFl - UﬁlFlFm)El + Fqul:qFlwllel - vil(qFMI(lq_,qqi—llFMI(fl)
1 _3
= FinB + S5 P Ky + S K (07 = g7 8),

From the equivalent conditions of Grobner-Shirshov basis, we know that the following

monomials forms a k-basis of Uy(Dy):

n1 n2 n12 ai aq mi ma2 mi2
Fl F12 F4 Kl K4 El E12 E4 )
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where n;, m; € N, and a; € Z.

In order to compute the Gelfand-Kirillov dimension of an algebra, first we had to prove
this algebra is a PBW-algebra. For this, we need find to a vector with strictly positive
components which is an exponent vector of some standard monomial (or equivalently, some
basis element). This fact does not allow us to use the negative exponents (for details see [1]

). So we need to introduce a new algebra generated by

F17F127F137F147F217F227F237F247F317F27F37F47L17L27L37L47K17K27K37K47E17E127
E13)E147E217E225 E23a E24a E317E27E37E4

and subject to the relations obtained from the relations of U,(Dy4) by just replacing the
K; ' in Uy(D,) with L; for i € {1,2,3,4} and exclude the relations K;L; — 1, L;K; — 1

for i € {1,2,3,4}. We denote this algebra by V,(Ds). By direct computation using the

skew-commutator relations between all generators above, we know that the monomials
FM ™ B LMK KM E ™M E ™ By™M2

form a k-basis for V,(D,) with n;,a;,b;,m; € N.

Now, we prove that the algebra V(D) is a PBW algebra. From the definition of the
PBW algebra, we know that we only need to find a weight vector w with strictly positive
components such that satisfies conditions (1) and (2) in Definition 2.11. Condition (2) is

obvious. By [5] we know that we can take the vector w as follows:
W= (wla W2, Ws, * -+ W11, W12, 17 17 17 17 17 17 17 17W17w27w37 T 7w117w12)

and by simple calculation we know that condition (1) is equivalent to satisfies the following

inequalities:

14 2wy < 2we, 14 2wy < 2wz, 14 2w < 2wy,

w3 +wy + 1 <ws +wi, we+wy+1<ws+wi,

wio +wir + 1 <wy+wz, wig+wiz+ 1 <wy+wy

wip +win + 1 <wp+ws, wip+wiz+1 <ws+wy,

wip +wiz + 1 <wp +ws, wio+wiz+ 1 <w +wr,

1+ 2wy + w2 <wy +wy, 1+ 2w+ wi < wy + ws,

1+ 2wy + w2 <ws +ws, 1+ 2wy + wie < ws + ws,

14 2wis + wip < wy + wg, 14 2w + wig < Wy + we,

we + w3 + 1 <ws +wia, wig+ wi +wie + 1 < wsp + we,

I <witw, 1<wp+wp, 1<witwn, 1<w+ws,
wip +1<w +wse, wip+1<w +ws, w41 <w + wy,
wy + 1 <ws +wy, wi+1<wstw, w+1<wy+wo,
wy +1 <wz 4wy, ws+1<ws+wy, wi+l<ws+w,
wy +1 <wg 4wy, wi+1<ws+w, w+1<wr+wpo,

wio +wi +wiz + 1 <wyp +wy, we +wip +wip +1 < wyp + ws,
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we + 1 <wy +wio, wr+1<wyg+wy, wg+1<wy+ wie,

wio + w1 +wiz + 1 <wg 4wz, wio+win +wiz + 1 <wy + ws,

2wy +wir +wiz + 1 <ws + wy, wio+ 2win + w2 + 1 < ws + w,

2wy +wig Fwe + 1 <wz +ws, wi + 2wz +we + 1 < wy + ws,

2wy +wir +wiz + 1 <wz 4 ws, wio+ 2wy +wiz + 1 < wg + ws,

wio + w1 + 2wz + 1 <we +wrz, 2wip + 2w + we + 1 < ws + we,

wio + 2wi1 + 2wz + 1 < we +wg, 2wy + w1 + 2wz + 1 < wr + wy,
2w1g + 2wy + w1 + 1 < wg + wy, 2wig + 2wiy + 2wy + 1 < 2ws,

2w1g + 2wy + 2wie + 1 < 2wy, wig + 2wy + 2wie + we + 1 < ws + wy,
wig +wi1 + 2w + 1 < wy + wg, wig + w11 + Wiz + we + 1 < we + ws,
14 2wq1 4+ 2wie < 2wg, 14 2wig + 2wis < 2wz, 14+ 2wig + 2w < 2wy,
2w + wy1 + 2w +wo + 1 < ws + wy,  wig + 2wy + 2wie + we + 1 < wy + wg.

As an example we prove the first inequality. Since

E\Fi; = FuFE) + Z2 RK, + 2:273F2Kf17

9—q -

we have

oxp(ErFis — FioEr) = exp( =5 Fo K1)

= (0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,),
€10 + E17 = (070701 0,0,0, 0,0,0, 170307 070707 07 17070)07070)070707070307070301 07 )

Since the weight vector w satisfies exp(E1 Fia— Fi2F1), < €10+€17, we get 1+wqg < wy +ws.

By solving these inequalities, we get
w=(1,2,2,2,5,3,3,3,7,1,1,1,1,1,1,1,1,1,1,1,1,2,2,2,5,3,3,3,7,1,1, 1).

And for this w the algebra V,(D,) is a PBW algebra with respect to the ordering =<,,.
Now, we define a map ¢ : V,(Dy) — U,(Dy)

Fi—>Fia Ez_’Eu Kv,_>Kza Li—>K¢_1’ an—>an7 Emn_>Emn7

where ¢ = 1,2,3,4. mn = 12,13,14,21,22,23,24,31. Obviously, ¢ is an epimorphism, and
ker(p) = {K;L; — 1,i = 1,2,3,4}. Since K Ly, KyLs, K3L3, K4L4 are central elements,
that is, V r € V,(D,), we have rK,L; = K;L;r, so I = (K;L; — 1) is a two-sided ideal of
Vy(Dy). It follows that U,(D,) is homomorphic image of the algebra V,(D4). We have

Uy(Dy) = L(]P‘*).

This isomorphism allows us to compute the Gelfand-Kirillov dimension of finitely generated
U,(Dy)-module. Since I is two-sided ideal, so G = {K;L; —1, KoLy —1, K3L3—1, K4Ly—1}

is reduced Grobner-Shirshov basis of I. Thus
Exp(I) =((0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, ) + N32)
u((0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0, ) + N3%)
u((0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0, ) + N32)
u((0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0, ) + N32).
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Set
a; = (0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, ) + N3
az = (0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0, ) + N3
az = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0, ) + N3
ay = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0, ) + N32,

then

supp(ay) = {13,17}, supp(as) = {14,18}, supp(as) = {15,19}, supp(ay) = {16,20}.

Thus we get
min{card(c),c € V(Exp(I))} = 4.

By Definition 2.13, we know

dim(Exp(I)) =32 — 4 = 28.

By Theorem 2.14, we have the main result of this paper.
Thoerem 3.1 GKdim(U,(Dy)) = GKdim(¥222) = dim(Exp(I)) = 28.
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