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Abstract: The aim of this paper is to characterize the local automorphisms and local deriva-
tions of Ty (R). By using the main result about automorphisms and derivations of T}, (R) and the
skill of matrix computation, it is proved that every local automorphism of T, (R) is an automor-
phism and that each local derivation of T5, (R) is a derivation, which extend the main result about
automorphisms and derivations of T}, (R).
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1 Introduction

Recently, many scholars paid attention to the significant work has been done in studying
the local maps. Larson [1] initially considered local maps in his examination of reflexivity
and interpolation for subspaces of B(H), where H is a Hilbert space. The notion of lo-
cal derivations (resp., local automorphisms) was introduced independently by Larson and
Sourour [2] and Kadison [3] (resp., Larson and Sourour [2]). Recall that a linear map § from
an algebra A into itself is called a local derivation (resp., local automorphism) if for every
a € A, there exists a derivation (resp., an automorphism) ¢, of A, depending on a, such that
0(a) = 04(a). If every local derivation (resp., local automorphism) of an algebra is a deriva-
tion (resp., an automorphism), then we can say that the derivations (resp., automorphisms)
of those structures are, in a certain sense, completely determined by their local actions.

Local derivations, local automorphisms and other local maps have been studied in a

variety of contexts. Larson and Sourour [2] showed that every local derivation (resp., every
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surjective linear local automorphism) on B(H), the algebra of all bounded linear operators on
a Banach space H, is a derivation (an automorphism). Zhao, Yao and Wang [4] proved that
every local Jordan derivation (resp., local Jordan automorphism) of upper triangular matrix
algebra is an inner derivation (resp., a Jordan automorphism). Other work on the description
of the local derivations or local automorphisms on operator algebras can be found in [5-7]. In
those articles all local derivations or local automorphisms are actually global derivations or
automorphisms. A nontrivial local derivation on an operator algebra was found by Crist in
[8]. Crist [9] showed that any linear local automorphism of a finite dimensional CSL algebra
A is either an automorphism or can be factored as an automorphism and the transpose of a

self-adjoint summand of A.

The algebra T,,(R) of all upper triangular matrices over a commutative ring R is an
interesting topic for many researchers. Significant research has been done in studying various
linear maps of T,,(R). In 1990, Kezlan [10] showed that every R-algebra automorphism of
T, (R) is inner. Cao [11] and Wang and You [12] gave a description of the Lie automorphisms
of T,,(R). Tang, Cao and Zhang [13] determined all Jordan isomorphisms of T,,(R). Wang
and Yu [14] determined the derivations of any Lie subalgebra of the general linear Lie algebra
containing 7}, (R). In this paper, we regard T, (R) as a Lie algebra and we shall study the
local automorphisms and local derivations of T,,(R).

Let R be a commutative ring with identity, R* the group of invertible elements of R. In
the following of this paper, we use T,,(R) (resp., D,(R)) denote the Lie algebra of all upper
triangular (resp., diagonal) n by n matrices over R, T)*(R) the set of all invertible elements
in T,,(R). We denote by n the subalgebra of T, (R) consisting of all strictly upper triangular
matrices. Let e be the identity matrix of T),(R), e; ; the matrix with 1 at the position (3, j)
and zero elsewhere for 1 < 4,5 < n. For z € T,,(R), denote by z' the transpose of x. Let

Sk = { ( 0 > eT,(R) |z € Tn_k(R)},k: = 1,2,--- ,n — 1. Obviously, each Sj is a
x

subalgebra of T,,(R).

2 Local Automorphisms

Cao [11] and Wang and You [12] gave an explicit description of the automorphisms
of T,,(R), respectively. For convenience of the proof of the main result in this section, we
give another description of the automorphisms of 7,,(R) by the following lemma. Before
giving the lemma, let us introduce some standard automorphisms of 7),(R) as follows. In

this section, 2 is an unit in R.
(A) Inner automorphisms

Let a € T (R), the map 0, : z — aza™" for all z € T,,(R) is an automorphism of T,,(R),

which is called an inner automorphism.

(B) Central automorphisms
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Regarding R as an abelian Lie algebra. Let
F ={f € Homg(T,(R),R) | 1+ f(e) € R*}.

For f € F, we define a map ny : * — z + f(z)e for all x € T,,(R). It can be checked that
n¢ is an automorphism of 7T),(R), which is called a central automorphism. Since ns(n) =
n, f(y) =0 for any y € n.

(C) Graph automorphisms

Set r = ey, +ex 1+ +eyp_12+e,1. It is clear that r2 =eand r* =r. Let T be the set
of all idempotents in R. For e € T, it is easy to check that the map w, : x — ez — (1 —¢)ra'r
is an automorphism of 7,,(R). We call w. a graph automorphism.

Lemma 2.1 (the main theorem of [11] and [12]) Let ¢ be an automorphism of T;,(R).
Then there exist an inner automorphism 6,, a graph automorphism w. and a central auto-
morphism 7y of T, (R) such that ¢ = 6,w.ns for n > 3; ¢ = 0,ny when n = 2; ¢p) = n; for
n=1.

The following lemma is obvious.

Lemma 2.2 Let 6 be an inner automorphism of 7,,(R). Then 6(FE) = 6(F)? for every
idempotent E in T,,(R).

We will prove our main result in this section via the following lemmas.

Lemma 2.3 Let ¢ be a local automorphism of T,,(R) (n > 3). If ¢(e11) = e11, then
we may find an inner automorphism 6 = H?ZQ 0y, and a central automorphism 7; such that
77;19_1@(6,»1-) =e;fori=1,2---,n.

Proof For e;; € T,,(R), since ¢ is a local automorphism, there exists an automorphism
©e,:» depending on e;;, such that ¢(e;) = @, (e;). By Lemma 2.1, we know there exist
g; €Y, fi € Fand a; € T)(R) such that

p(eii) = e, (€ii) = o, we,ny, (€id). (2.1)
In the following, we first prove that e; =1 for i = 2,3,--- ;n in (2.1).
From (2.1) we get
p(ern +ei) = e + @(ew)
= €11 + Ei€ii + (251 — 1)f1(€“)€ — (1 — Ei>en+1—i,n,+1—i mod n. (22)
On the other hand, we have ¢(e11 + €;) = Qes1e:, (€11 + €4), Where e, .., IS an auto-

morphism depending on e1; + €;;. By Lemma 2.1, we have ¢, 4, = 6, /w_n, for some
a, € T*(R), ¢, € YT and fi' € F, so
e +e;) = eaiwggnfi’(en + ;)
= 5;(611 + 6“') + (28; — 1)f; (611 + 6“‘)6 — (1 — 5;)(enn + en+1—i,n+1—i) mod n. (23)
From (2.2) and (2.3), we have ¢; = ¢, = 1 for i = 2,3, - ,n. That is to say

w(ei) = 04,m5,(€5),1=2,3,--- ,n. (2.4)
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Next we use induction to prove that there exists an inner automorphism 6 such that
0 Yp(ey) = ey + files)e fori=2,--- n, and 0~ 1p(e;1) = ;1. Let i =2 in (2.2) and (2.3),
we have

fa(ea2) = fé(en + e92).

So

p(enn + ex) = O, np (€11 + €22) = 0,1 (€11 + €22) + fo(exn)e. (2.5)

On the other hand, by (2.4) we have

e +ex) = e+ p(exr) = er1 + 04,(e22) + faleaz)e. (2.6)

(2.5) and (2.6) imply that 9a;(€11 +e93) = €11+ 04, (e22). The idempotence of e1; + e shows
that the image of it under ¢ is also idempotent. So 6,,(e22) € S;. Suppose as = (az(?))nm.

Let by = (bg))nm, where b2 = a7, bg) = ag) for2 <i<j<mn,and bg) =0for2<j<n.

Then 0y, (e22) = 0,,(ea2). So
0, 0 (e22) = €25 + falesn)e and  6; p(err) = ens.

Denote Gb_;cp by 1.

By induction we assume that there are 0,,,j = 3,4, -+ ,k — 1 such that
k—1
(H ebj)_l%(eu) =en
j=3
and (H;:; 9bj)_1<,01(6ii) = €ii+fi(€n‘)€7 where f; € F,i=2,3,--- ,k—1. Denote (H;:; Hbj)_1§01
by pr_2. By (2.4), we know there exist some u € T*(R) and f; € F such that
Yr—2(err) = Oulexk + frlerr)e) = Oulerr) + fr(ewr)e.
So
Yr—2(e11 + -+ ex—1,k-1 + €xr)

= e+ Fep16-1+ (falexw) + -+ frlew))e + Oulerr) (2.7)
= en+-+epr + (falean) + -+ fr(egr))e mod n. (2.8)

On the other hand, since ¢, _5 is a local automorphism, there exists an automorphism
Y = 0wan,, where t € T (R), a € T and o € F, depending on eq1 + - - - + egx, such that

r—alenn +--+ew) = VYlew + -+ ewr)
= a(€11 +"'+ekk)+ (2&— 1)0(611 +"'+€kk>€
— (1 — Oé)(@nn + e+ 6n+17k,n+17k> mod n. (29)
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By (2.8) and (2.9) we get
Yp—z2(enn + - Few) = Olenn +--+ewr) + (faleaz) + -+ fulew))e.  (2.10)

From (27) and (2.10), we have et(ell + -+ ekk) =en1+ -t erp_1k-1+ Hu(ekk). Since
€11 + - - - + ey is idempotent, then by Lemma 2.2, we get

le1n + -+ ep—1k-1+ eu(ekkﬂ2 =en + -+ ep_1 k-1 + Oulerr),

which means that 0, (exr) € Sk—1. Suppose u = (U;;)nxn. Let by = (bgﬁ))nm, where bgf) =
Wiy 1= 1,2, k= L0 =y for k<i<j<n, and bt =0fort=1,2-,k-11t<
s < n. By calculating, we have 0y, (exx) = 0. (exr). So

91;19014:72(611) = e,

9;9190;@_2(6“) = €4 =+ fl(e“)e fOI' 7= 2, e 7k.

When k = n, let § = H;LZQ 0, .

J

Then 6~ 'p(e11) = e11, and 07 p(ey) = ey + fi(ei)e for
=2, ,Mm.

Let f be an R—linear map satisfying f(e11) = 0, f(en) = fi(ey) for i = 2,---/n
and f(e;;) = 0for 1 < i < j <n. Then f €Homg(T,(R),R). It is easy to check that
1+ f(e) € R*. Thus f € F and n;IG_lgo(e”-) =e; fori=1,2,--- n.

Lemma 2.4 Let ¢ be a local automorphism of T,,(R) satisfying ¢(e;;) = e;; for i =
1,2,---,n. Then p(e;;) = a;je;j, where 1 <i < j <n and a;; € R*.

Proof For 1 <i < j < n, there exists an automorphism ., ;.,, which agree with ¢
at e;; +e;;. By Lemma 2.1, we know there exist 8;; € T, 7;; € F and u;; € T} (R) such that

Peiitei; — Huijwﬁijn‘rij' So

ples + eij) = Ouywp, Ny, (i1 + €45)
= ﬂije“- + (2,81']' — ]-)Tij<eii + 6@‘)6 — (]. — /Bij)en—i-l—i,n—i-l—i mod n. (211)

On the other hand,

o(esi + €i5) = e;i + p(e;5) = e;; mod n. (2.12)
So fB;; =1 and 7;(es; + €;;) = 0 follow from (2.11) and (2.12). Thus

eii +¢(ei) = ples +e55) = 9%-(6“' +e;;).
Similarly, there exists some h;; € 1,5 (R) such that

eji +pleig) = wlej; +eij) = On,, (e + ).

Since e;; +e;; and e;; + e;; are idempotents, by Lemma 2.2, we know that the image of them
under ¢ are also idempotent, which imply that ¢(e;;) = a;je;; for some a;; € R. Clearly,
771 € R*.
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Lemma 2.5 Let ¢ be a local automorphism of T, (R) satisfying ¢(e;;) = ey for i =
1,2,--- ,n. Then there exists an inner automorphism 6, such that 040(e; ;1) = €;:41 for
1=1,2,---,n—1,and O4p(es;) = e;; fori =1,2,---  n.

Proof By Lemma 2.4, we have p(e;41) = @;i+1€5541 With a; ;41 € R*. Let

d = diag(1, a3y, (a12a23) ", (a12G23 * Qp1,0) ).

Then 9;1@(61"2‘+1> =e€;,41 fori=1,2,--- ,n—1, and 9;14,0(%) =e¢;fori=1,2,--- n.
Lemma 2.6 Let ¢ be a local automorphism of T},(R). If p(e;;) = ey fori =1,2,--- | n,
and p(e;i41) = €441 for i =1,2,--- ,n — 1, then for any e; ;11 € T,,(R), we have
sﬁ(ei,iJrk) = € itk-
Proof We will prove this lemma by induction on k (k > 2). When k = 2, since ¢ is a

local automorphism, we have

_ (2
O(€iit1 + €itt,it2 + €iiva + €ix1,it1) = @ (€iit1 + €it1,it2 + €iit2 + €ix1,i11),

where (;SZ(-Q) is an automorphism corresponding to e; ;41 4€;41,i+2+€; 42 +€i11,i+1. By Lemma
2.1, we know there exist 7> € T, 0!* € F and 2!* € T7(R) such that ¢\* = 0,@w @1,e.
5 : i oy

©(€iit1 + €it1it2 + €iit2 + €it1,i41)

= ’yi(z)eiﬂ,iﬂ —(1- 7§2))en_i,n_i + (27§2) - 1)U£2)(ei+17i+1)e mod n.  (2.13)

On the other hand, by Lemma 2.4, we have

©(€iit1 + €ix1,i12 + €iit2 + €it1,i41)

€iit1 + €it1i42 T €irlit1 T Qiit2€ii42 = €iq1,441 Mod n. (2.14)

From (2.13) and (2.14), we have v'*) = 1 and 052)(ei+17i+1) =0. So

e (€iit1 + €ig1,it2 + €iit2 + €i41,i+1) = €1i41 + €it1,it2 + €it1,i+1 T Qi i42€i 542

The idempotence of €; ;11 + €i+1,i+2 + €ii+2 + €i4+1,i+1 and Lemma 2.2 impliy that a; ;42 = 1.
So 90(61‘.”2) = €4.i4+2-

By induction we assume that ©(€;;4m) = €iitm for m = 2,--- [k — 1. For e€; ;41 +
€it1,i+k + €i itk T €iy141, similar to the case k = 2, we can get that there exists some
xz(-k) € T (R) such that

ezoc) (€541 + €it1itk + €iitk + €it1i41) = €iit1 + €itlitk + €it1it1 + Qi itk€iith-
k3

Also by the idempotence of e; ;11 + €;41,i+k + €54k + €i+1,i+1 and Lemma 2.2, we can prove
that a;;+x = 1. That is to say @(€;i+x) = €ii+k for any e; ;1 € T,,(R).



1048 Journal of Mathematics Vol. 35

Theorem 2.1 Let R be a commutative ring with identity 1 and unit 2, T,,(R) the
Lie algebra consisting of all upper triangular n x n matrices over R. Then every local
automorphism ¢ of T,,(R) is an automorphism.

Proof Let ¢ be a local automorphism of T,,(R). When n > 3, for e;; € T,(R),
by the definition of ¢, there exists an automorphism ¢.,,, depending on e;;, such that
w(e11) = e, (€11). So go;llap(eu) = eq1. Obviously, (p;llnp is also a local automorphism of
T,.(R). By Lemmas 2.3, 2.5 and 2.6, there are 17]?1,0’1 and 0" such that

0, 07 0 o p(ey) = ey for 1 <i < j <,

which mean that ¢ = ¢, 0n04. So ¢ is an automorphism.

When n = 1, suppose that (1) = a, then for any = € T3(R) = R we have p(z) =
z¢(1) = za = ny(z), where f : R — R,z +— (a — 1)z is an R—linear map from R to R. So
® is an automorphism.

When n = 2, similar to the case n > 3, there is an automorphism ¢, ,, depending on ey,
such that goe_lllcp(eu) = eq1. Denote g08_111<p by 1. Clearly, ¢, is also a local automorphism of
T5(R), by Lemma 2.1, there exist an inner automorphism 6,, and a central automorphism

7y,, corresponding to ess, such that 1 (eg2) = Oa,7yp, (€22) = 0o, (€22) + fo(e22)e. So
@1(611 + 622) = €11 + 9a2 (622) =+ f2(€22)6 =e+ f2(€22)€ mod n. (215)

On the other hand, there exist an inner automorphism 6,, and a central automorphism 7,,,

depending on ej; + eaq, such that

©1 (611 + 622) = 9b27792 (611 + 622) =e+ 92(6)6. (2.16)

From (2.15) and (2.16), we get 0,,(e22) = e22. Now we have p1(e11) = eq; and @q(eqn) =
eaa + fa(eaz). Let f be an R—linear map satisfying f(ei1) = 0, f(ea2) = fa(eas), it is easy to
check that f € F and n;lgol(eii) =ey fori=1,2.

Denote 17;1901 by 2. Since @ is a local automorphism, by Lemma 2.1, we have
wa(e12) = 0,(e12) = aea, where 6, is an inner automorphism depending on e;5 and a € R*.
Let z =diag(1,a™"), then 6 @s(e;;) = e;5,1 < i < j < 2, which mean 6 'n; ¢ o = 1,
that is ¢ = @.,,7¢0.. So ¢ is an automorphism.

3 Local Derivation

In [14], Wang and Yu characterized the derivations of T, (R) by the following lemma.
Before giving this lemma, we first introduce two standard derivations of T, (R).

(A) Inner derivations

Let t € T,,(R) , then ad t : z — [t,x],x € T,,(R) is a derivation of T,,(R), which is called
an inner derivation of T, (R) induced by t.

(B) Central derivations

We denote by Hom(D,,(R), R) the set of all R-module homomorphisms from D, (R)
to R. For any ¢ €Hom(D,(R),R), 0 may be extended to a derivation 7, of T, (R) by:



No. 5 Local automorphisms and local derivations of upper triangular matrix lie algebra - - - 1049

No(d + x) = o(d)e for all d € D,(R),z € n. 7, is called a central derivation of T,,(R)
induced by o.

Lemma 3.1 (the theorem of [14]) Let R be a commutative ring with identity. Then

(1) every derivation of T,,(R) can be uniquely written as the sum of an inner derivation
and a central derivation when n > 2.

(2) every derivation of T}, (R) is a central derivation when n = 1.

In order to achieve our goal, we also need other lemmas.

Lemma 3.2 Let ¢ be a local derivation of T,,(R),n > 2. If §(e1;) = 0, then there exist
an inner derivation ad m = Z;;Qad m; and a central derivation 7, such that (6 —ad m —
Ne)(ei) =0fori=1,2,--- n.

Proof By the definition of § and Lemma 3.1, there exists a derivation d.,, = ad t3+17,,,
corresponding to ess, such that

d(e11 + ex2) = d(e11) + 0(e22) = 0+ ey, (€22) = ad ta(e22) + 02(e22)e. (3.1)

On the other hand, there is a derivation 6e,, 1e,,=ad S2 + 74,, depending on e;; + eaq, such
that

0(e11 + €22) = ey tesn (€11 + €22) = ad Sa(e11 + e22) + aa(er1 + exn)e. (3.2)
_ (+(2) (2 _ _ (2)
Suppose ty = (t;;" )nxn, from (3.1) and (3.2), we have t;; = 0. Let my = (m;;’ )nxn, Where

mg) = tg-) for 2 <7< j<mn,and mg) =0for 1 <j <n. Then (§ —ad my)(e11) = 0 and
(6 — ad my)(e22) = o2(eaz)e. Denote 6 — ad mgy by 0;.

By induction we assume that there are ad m;,j = 3,4, -+ ,k — 1 such that
k—1 k—1
(51 — Zad mj)((Zn) =0 and (51 — Zad mj)(e“) = Ui(eii)e,
j=3 j=3

where o; €Hom (D, (R), R),i =2,--- ,k—1. Denote §; — ij ad m; by 0,_o. It is obvious

j:
that dx_2 is also a local derivation. By Lemma 3.1, there exist an inner derivation ad ¢, and

a central derivation 7, , depending on ey, such that

Op—2(e11 +ea2 + - + exr)
= og(ex)e+ -+ op_1(ex—1x-1)e+ ad ty(exs) + +or(exr)e. (3.3)

On the other hand, since d;_5 is a local derivation, we have

Op—2(e11 +ean+ -+ epr)
= ad Sk(eu + e+ -+ ekk) + ak<€11 + e+ -+ ekk)ev (34)

where s;, € T,,(R) and o €Hom (D, (R), R), depending on e1; + ez + - -+ + exx. Suppose
tr = (t%) 5. By (3.3) and (3.4), we have t;l,? =0for1<j<k-—1 Let my= (mgf))nxn,

ij
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Wheremz(-f) :tgf) for k <1< j <n, andmgl,f) =0forl1 <s<k—-—1,s <t <n. Then
(0k_2 —ad my)(e11) = 0 and (0;_2 — ad my)(ey) = g;(e;)e for 2 <i < k.

When k =n, let m = ) m;. Then

j=2
(0 —ad m)(e11) =0, and (6 —ad m)(e;;) = oi(ei;)e for i =2,3,--- ,n.

Let o be an R—linear map from D, (R) to R, and define o(e11) = 0,0(ey;) = o4(e;;) for
i=2,3,--+,n. Then 0 €Hom (D, (R),R) and (6§ —ad m —n,)(e;) =0fori=1,2,--- ,n.

Lemma 3.3 Let 0 be a local derivation of T,,(R) satisfying d(e;;) =0 fori=1,2,--- n.
Then 0(e;;) = a;;e;; for some a;; € Rand 1 <i<j<n.

Proof For e;; +e;;,j # 4, since 0 is a local derivation, from Lemma 3.1 we know there
exist an inner derivation ad w;; and a central derivation 7,,., depending on e; + e;;, such
that

d(€ii + €i5) = (ad ij + 0y, ) (eis + €i5) = ad wij(es + ei5) + i (e + €ij)e. (3.5)
On the other hand, by the definition of § and Lemma 3.1, we have
d(eii + eij) = 0(ew) + d(ei;) = d(e;;) = ad pyj(ei;) € n, (3.6)
where p;; € T,,(R) depending on e;;. By (3.5) and (3.6), we have
ad z;;(e; + e;5) = ad p;;(ei;). (3.7)
Similarly, there exists some y;; € T,,(R) such that
ad yi;(ej; + ei;) = ad pi;(eij)- (3.8)

(3.7) and (3.8) imply that d(e;;) = a;;e;; for some a;; € Rand 1 <i < j < n.

Lemma 3.4 Let § be a local derivation of T,,(R). If §(e;;) =0 for i = 1,2,--- ,n, then
there exists some h € T,,(R) such that (6 —ad h)(e;+1) = 0 for i = 1,2,--- ,n — 1, and
(0 —ad h)(ey) =0fori=1,2,--- ,n.

Proof By Lemma 3.3, we have d(e; i+1) = a@;41€ii+1 for some a; ;41 € R. Let

h = diag(0, —ai2, —(ai2 + ags), -+, —(a12 +ags + -+ + ap_1,2)).

Then (6 —ad h)(e;i41) =0fori=1,2,--- ,n—1,and (6 —ad h)(e;;) =0fori=1,2,--- ,n.
Lemma 3.5 Let § be a local derivation of T),(R) satisfying d(e;;) = 0fori=1,2,--- ,n,
and 0(e;;41) =0 for i =1,2,--- ,n— 1. Then we have d(e; ;1) = 0 for any e; ;1 € T,,(R).
Proof We will prove this lemma by induction on k, k > 2.
When k = 2, for e; ;41 + €i+1,i+2 + €ii+2 + €i+1,i+1, since § is a local derivation, by
Lemma 3.1, there exist an inner derivation ad qu) and a central derivation UNOF depending

On €11 + €i41,i42 + €iit2 + €i41,i41, sSuch that
0(€iit1 + Cit1it2 + €iiro + €it1441)
_ (2)
= ad ¢ (€iit1 + €it1,it2 + €iit2 + €it1,i11)

+X§2) (€iit1 + €it1,it2 + €iit2 + €ig1,it1)eE. (3.9)
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On the other hand, By Lemma 3.3, we have

0(€iit1 + Cit1iva + €iito + €it1i41) = Qi it2€iit2- (3.10)
From (3.9) and (3.10), we have

ad QEZ)(ei,i+1 +€it1it2 + €iito + €ir1it1) = Qiit2€iit2,

this forces that a; ;42 = 0, that is to say d(e; 42) = 0.

By induction we assume that §(e; ;+pm) =0 for m =2,3,--- ,k — 1. For

€iit1 T €ix1 itk + € irk + €i11i41,

similar to the case k = 2, we can get there exists some qz@ € T,,(R) such that
k
ad qz( )(ei,i+1 + €ittitk T €iitk + €it1,i+1) = Qi itk€iith,

which means that a; ;1 = 0. So d(e;;+x) = 0 for any e; ;4 € T,,(R).

By those lemmas, we can prove the following theorem.

Theorem 3.1 Let R be a commutative ring with identity, T, (R) the Lie algebra con-
sisting of all upper triangular n x n matrices over R. Then every local derivation § of T,,(R)
is a derivation.

Proof Let § be a local derivation of T,,(R). When n > 2, for e;; € T,,(R), there exists
a derivation d,,,, depending on ey, such that d(e11) = ey, (e11). So (6 — ey, )(€11) = 0.
Clearly, 6 — d,,,
N, ad m and ad h such that

is also a local derivation of T,,(R). By Lemmas 3.2-3.5, we know there exist

(0 —ad m —n, —ad h)(e;;) =0 for 1 <i < j<n,

which imply that 6 = ad m + 7, + ad h, so J is a derivation.
When n = 1, suppose that §(1) = b, then for any x € T1(R) = R, we have

6(z) = 20(1) = xb = no(z),

where 0 : R — R,z +— bz is an R-linear from R to R. So ¢ is a derivation.
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