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Abstract: The holomorphic mappings F' between equidimensional Cartan-Hartogs domains
are considered. If a Cartan-Hartogs domain QF " () is not the unit ball, then there is a function X
on Q8" (1) such that any holomorphic automorphism of Q7" (1) leaves the function X on Q7" (1)
invariant. By direct calculations, we obtain that if a holomorphic mapping F' between equidimen-
sional Cartan-Hartogs domains leaves the functions X invariant, then F' must be a biholomorphism.
As a consequence of our result, if a Cartan-Hartogs domain Q" (11) is not the unit ball, then, for
any holomorphic self-mapping F on Q7" (1), we have that F is a holomorphic automorphism of
QF™ (1) if and only if F leaves the function X on QF" (1) invariant.
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1 Introduction

The Cartan-Hartogs domains are defined as a class of Hartogs type domains over irre-
ducible bounded symmetric domains. For an irreducible bounded symmetric domain  C C?
in its Harish-Chandra realization, a positive integer number m and a positive real number
u, the Cartan-Hartogs domain Q8" (1) is defined by

Q" (n) = {(z,w) € Ax C™ CCx C™: |w|* < Na(z,2)"}, (1.1)

where || - || is standard Hermitian norm in C™. Note Q x {0} € Q" (u) and bQ x {0} C
bQB" (1) (where bD denotes the boundary of the domain D). Obviously, each Cartan-
Hartogs domain is a bounded complete circular domain.

Let Q be an irreducible bounded symmetric domain in C?. Let Aut(Q2%" (1)) be the
holomorphic automorphism group of Q8" (). Let the family G(Q5" (1)) (C Aut(QE" (1))
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be exactly the set of all mappings @ (see [16]):

(1.2)

(z,w) = (s@(z), U(w)]w)

Na(z, Z)*

for (z,w) € Q" (), where ¢ € Aut(Q), U is a unitary transformation of C™, and z, =
©~1(0). Then G(Q2F" (1)) is a subgroup of Aut(Q5™ (1)) (see [1], Proposition 2.1). Obviously,
as indicated in [16], every element of G(QF" (1)) preserves the set Q x {0} (C Q5" (1)) and
G(QP" (1)) is transitive on Q x {0} (C Q8" (u)).

The Cartan-Hartogs domain Q7" (1) is homogeneous if and only if 2 is the unit ball
in C? and p = 1 (see [1], Lemma 3.1), that is, QF" (1) must be the unit ball in this case.
Therefore, with the exception of the unit ball which is obviously homogeneous, each Cartan-
Hartogs domain Q7" () is a nonhomogeneous bounded domain. For the general reference
of Cartan-Hartogs domains, see [1, 5-9, 11, 15-17], and references therein.

In 2012, by using the ball characterization theorem about noncompact automorphism
groups (i.e., the Wong-Rosay theorem), Ahn-Byun-Park [1] proved the following theorem for
irreducible bounded symmetric domains §2 of classical types.

Theorem 1.1 (see [1]) Let © be an irreducible bounded symmetric domain. If the
Cartan-Hartogs domain QP (i) is not the unit ball, then Aut(Q"(u)) coincides with
G(QP" (1)) (see (1.2) for the definition).

Remark Let the Cartan-Hartogs domain Q™ (1) be the unit ball. Since every element
of G(QB" (1)) preserves the set Q x {0} (C Q8" (1)) and the unit ball is homogeneous, we
have G(QP" (1)) S Aut(QP" (1)) in this case.

In 2006, Wang-Yin-Zhang-Roos [16] proved the following result.

Theorem 1.2 (see [16]) Let Q8" (1) be a Cartan-Hartogs domain. Let X : Q8" (u) —
[0,1) be the function defined by

(1.3)

If F is an automorphisms of Q7" (1) with X (F(z,w)) = X(z,w) on Q8" (u), then F €
G(QP" ().

In this paper, we prove the following conclusion.

Theorem 1.3 Let 4, be two equidimensional irreducible bounded symmetric do-
mains. Define

(2vw) € Q8 (1)), Ka(zsw) = I (2 w) € 0™ (o)

I
Xl(zaw) - NQQ(Z,E)#z

o NQl (Z?E)/th
for Cartan-Hartogs domains Q8™ (1), Q5™ (us), respectively. Let U C QF" (141) be a neigh-
borhood of the origin in Q8™ (1;). Suppose that F': U — QF" (us) is a holomorphic map-
ping with X,(F(z,w)) = Xi1(z,w) on U. Then there exists a holomorphic automorphism
® € G(QF" (u2)) such that ® o F is the restriction on U of the standard linear isomorphism

Dy (z,w) = (A(2),U(w)), (1.4)
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where A : C? — C? is a complex linear isomorphism of C? with A(Q;) = Qs, and U is a
unitary transformation of C™.

Theorem 1.3 obviously implies the following corollaries.

Corollary 1.4 Let Q%" (1) be a Cartan-Hartogs domain. Let X : Q%" (u) — [0,1)
be the function defined by (1.3). If F is a holomorphic self-mapping of Q7" (u), then
F € G(QB" (u)) if and only if X (F(z,w)) = X(z,w) on Q8" (u).

Combining Theorem 1.1 and Corollary 1.4, we immediately have the following result.

Corollary 1.5 Let Q8" (1) be a Cartan-Hartogs domain. Let X : Q8" (u) — [0,1)
be the function defined by (1.3). Assume that Q" (u) is not the unit ball. If F is a
holomorphic self-mapping of Q" (), then F € Aut(Q”" (u)) if and only if X(F(z,w)) =
X(z,w) on Q8" (p).

The paper is organized as follows. In next section, we collect basic material about
classical domains, and we will prove two lemmas which are necessary for the proof of Theorem
1.3. Finally Section 3 is dedicated to the proof of Theorem 1.3.

2 Preliminaries

Let Q be an irreducible bounded symmetric domain in C? with the rank r in its Harish-
Chandra realization. The space of holomorphic polynomials on C? can be decomposed into
irreducible subspaces under the action of the isotropy group of the bounded symmetric
domain Q in C%. Let K be the connected component of the identity in the Lie group of the
(complex linear) automorphisms of €2 leaving 0 fixed. Under the action f — fok (k € K)
of K, the space P of holomorphic polynomials on C? admits the Peter-Weyl decomposition
(see Th. 2.1 in [3] for references)

P =D Pun: (2.1)

where the summation is taken over all partitions m := (my,ma, - ,m,) of nonnegative
integers such that m; > my > --- > m, > 0, and the spaces P, are K-invariant and

irreducible. For each m, we have Py C Pjy|, where Pjy, is the space of homogeneous

holomorphic polynomials on C? of degree |m|(:= Y m;) (Obviously, Pjy, is a K-invariant
j=1

subspace of P). Let

(LL9dm(z,7))"
d!

(9) = [ Sl (22)

be an inner product on the space P, where m(z,z) := — %‘ = 2007" (where Cgq
is a positive definite Hermite matrix, see (2.10) for the details). For every partition m, let
K (2,%Z) be the reproducing kernel of Py, with respect to (2.2). Since Py (C Pim|) is of
finite demension, by definition Ky,(-,-) is homogeneous holomorphic polynomials on C¢ x C4
of bidegrees (|m/, |m]).

Let © be an irreducible bounded symmetric domainin C? with rank = in its Harish-

Chandra realization. Then there exists the Jordan triple product on C? associated with the
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Bergman kernel of 2 and the space C? endowed with the triple product is a simple Hermitian
positive Jordan triple system (e.g., see Appendix A in [16]). Let ey, es, -+, e, € C? be a
frame for C?. Then each z € C? has the spectral decomposition (see Th. VI. 2.3 and Def.
VI. 2.2 in [4], p. 512-513, and Def. VI. 2.3 and Prop. VI. 2.6 in [4], p. 515-516)

z=Fk(z)  (M(2)er + Aa(2)ea + - -+ Ao (2)er), (2.3)

where k(2) € K, A\i(2) > Aa(2) >

- > A\(2) > 0. The spectral norm of z is defined by
12l = A (2). (2.0

Then we have (see Def. VI.4.1 and Prop. VI.4.2 of [4], p. 524)

Q={zeC: ||l < 1}.

Therefore, we have 1 > A\(2) > Aa(2) > -+ > A\.(2) > 0 for any 2z € Q.
The generic minimal polynomial of C? (see Prop. VI. 2.6 and its proof in [4], p. 515-517)

m(t,z1,%2) =t —my (21,22t 4+ (1) my (21, Z2)

satisfies

m(t,z,z) H(t — A(2)),
where my (-,-), - -+, m,(-,-) on C¢ x C% are homogeneous holomorphic polynomials of, respec-
tively, bidegrees (1,1), ---, (r,7), 2 = k(2) - (A1(2)e1 + Aa(2)ea + - - - + A (2)e,.) is the spectral

decomposition of z. The generic norm Ng is defined by
NQ<Zla72) = m(1,21,72).

Then

T

No(z,2) = [J(1 = X(2)). (2.5)

j=1

Note that, by definition, Nq(,-) is a holomorphic polynomials on C? x C?. The generic norm
Nq is related to the kernels Ky, by the formula (see Th. 3.8 in [3])

a(z1,22)” Z(s m(21,22) (s € C, 21,25 € Q), (2.6)

where the series converges uniformly and absolutely on compact subsets of  x 2, and (8)m

denotes the generalized Pochhammer symbol

r

($)m ::H(s—j21a>mi, (x)k:IW:x(x—i—l) ------ (x +k—1). (2.7)

Jj=1
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By using logarithmic expansion, (2.5) implies the formula
B 00 1 T
InNo(2,2) =) - D> X z) (ze Q). (2.8)
k=1 j=1

Using the spectral decomposition of z in (2.3), Ky, can be rewritten as (see Lemma 3.2
in [3], p. 235 for references)

<
<

Km(z,f):Km(Z)\?(z)ej,E) e=Y e)

Let
ety t) = > tity,et, (1<k<T)

1<i1 <2< - <ip <1

be elementary symmetric polynomials. For a partition m = (1¥12*2 ... %) where k; is the

number of parts of m that are equal to i for i > 1. We define

T

ki k
em = | |611622 ooek2,

j=1

Then the set {em : |m| = n} is a basis of a space consist of all symmetric polynomials of

degree n in variables t,ts, -+ ,t,., n € N (see [13] page 21). Thus, there exist constants ¢y,
such that .

th - Z cmem(tla e )tr)

7j=1 |m|=k
for k> 1,k € N.

For z = k- (A (2)er +A2(2)ea+- - -+ A (2)e,), coefficients my (2, Z) of the generic minimal
polynomial m(t, z,Z) may be written as
my(2,7) = > XN, (2) - N (2) = en(Mi(2), A%(2), -+ AT(2)) (L < K < ).
1<i1<te< - <ip <1
Therefore

r

Z/\?k(z) = Z (2, 2)mb (2, %) - - - m¥r (2,7).
J=1 m=(1k12k2...pkr)

T .
Im|= 3 jk;=Fk
=1

This means that there exist constants c,s such that

Z)\?k(z): Z Cap?®Z’, (2.9)
j=1

lal=|B|=k

d d
where a = (a1, 0, ,q), 0 € NJ1 <0 <d, |a] = > oy and 2* = [] 2.
i=1 i=1
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Let z = k- (M (2)er + A2(2)ea + -+ - + A\.(2)e,) be the spectral decomposition of z. For
give t > 0, the spectral decomposition of tz is tz = k- (tA1(2)e; + tAa(2)ea + - - - + tA(2)e,).
From (2.5) and (2.6), we obtain

T

Nq(tz,tz) = H(l — X (2) =117 i/\?(z) +--

j=1

and

Nﬂ(t'z75) = Z(—l)me(tZ,E) = Z(_l)mtzllem(z7E) =1- tzK(l,O,m,O)(z?E) + e
(Note the r-tuples m in (2.1) with [m| = 1 if and only if m = (1,0, --- ,0)). Since K1 ,9,... (-, -)
is homogeneous holomorphic polynomials on C¢ x C¢ of bidegrees (1,1), then

D X(2) = Ko, .0)(2,2) = 2Co7, (2.10)
j=1

where Cq, is a Hermite matrix. Since K1 ....,0)(2,Z) > 0 and K(1,0,....0)(2,2) = 0iff 2 =0
by the definition, we get that Cg is a positive definite Hermite matrix.

Lemma 2.1 Let Q; and €, be two irreducible bounded symmetric domains in C¢
in their Harish-Chandra realization. Suppose that ¢ : ; — €25 is a holomorphic mapping
such that

No, (2,7) = No, (6(2), 6(2))" (2 € ), (2.11)

where ;1 > 0. Then ¢ is a biholomorphic mapping of Q; onto Q5 with ¢(0) = 0 and p = 1.
Therefore, ¢ must be a complex linear automorphism of C? with ¢(Q;) = Q.

Proof Let z = (21,22, ,24), w = ¢(2) = (w1(2),w2(z), - ,wq(z)). Assume that
K;, v; and V; are the Bergman kernel, the genus and the volume of Q; (1 < < 2).

Combining N(z,z) = 0 iff z = 0 and (2.11), we obtain ¢(0) = 0.

Using (2.11), we have

62lnNQ 82IHNQ — —t
(3] =) (G e T
< 02;0%; 1<ij<d Ow; 0w, \<ij<d
where
Owy  Owy | Owg
021 021 0z1
se=| '
Owy Owa L. Owg
8Zd azd 3zd
Since K; = Ng,* /V;, we get
0’ln K, 9?InNg, 0*InkK, 9% 1n Ng,

02,07V 0n0% | owow;, | owow;
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. 2
Since (8 In Ky

8% 1n Ko
52107 and <

— are positive definite Hermite matrices, we ob-
8wi8wj ?

)1§i,j§d
9% In N,
) and ( 5 r_lai?>
1<i,j<d et J1<ij<d
Therefore ¢'(z) is an invertible matrix for any z € €.

)1Si,j§d
9%1In Ng,
6zi07j

tain that ( are negative definite Hermite matrices.

Now we show that ¢ is a proper holomorphic mapping between §2; and §2,. In fact, if
there exists a sequence {p;} in ; such that p; — py € b, (b2 stand for the boundary of
in C%) and ¢; = ¢(p;) — qo € Q2. Then (2.11) implies

Nﬂl (p07ZTO) = NQQ(QO?%)#'

This is a contradiction with Ng, (po,Do) = 0, 0 < Nq,(q0,G0) < 1. Therefore, ¢ must be a
proper holomorphic mapping between ; and €2,.

Since the irreducible bounded symmetric domains §2; is simply connected, we have that
¢ is a biholomorphic mapping between ; and 5. Since ¢(0) = 0, from the Cartan’s
theorem, ¢ is a complex linear automorphism of C? with ¢(£2;) = Q.

Finally, we show that 4 = 1. Since ¢ is a holomorphically isomorphism of €; onto
Q,, we have ©; and €2, have the same genus v(:= 71 = 7). Let ¢(z) = zA (2 € C9) is the
complex linear automorphism of C? with ¢(2;) = Q5 (where A is an invertible d x d matrix).
Then we have

Vo = |det A*Vy, Ki(z,%2) = |det A|?Ky(zA, zA).

Thus, from K;(z,2) = No,(2,2)77/V; (1 <i<2), we get
Na,(2,2) = Nq,(2A,zA) (2 € ).

Since Ng, (z,2) (z € ©1) takes any number in (0, 1], we have p = 1 by (2.11). This proves
Lemma 2.1.

Lemma 2.2 Let o = (o, - ,0a4) and 8 = (81, , Bm) be tuples of non-negative
integers. For z € C?%, w € C™, set

Py(z) = ) da2”, (2.12)

la|=N

Qn(zw)= Y eqpz®w”, (2.13)

lal+18|=N
lal=1,[8]=1

Ry(z,w) = Z fapz®w?, (2.14)

le|+[B|=N
lea|=21,]8[>1

Sor(2,2) = E gagzafﬁ, (2.15)
lo| =k
181=k

where N > 1, k > 1, d, and e,s are d-dimensional row vectors, f,3 are m-dimensional row
vectors, and g, are complex numbers. Assume that A is an invertible matrix of order d, B
is an invertible matrix of order m, and (-,-) denotes the standard Hermitian inner product
on C¥ (k=m or d).
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(i) If
2Re(wB, Ry(z,w)) =0 (2.16)
and
2Re(wB, R3(z,w)) + || Ra(z,w)||* + [|w|*S2(2,2) = 0, (2.17)
then
Ry(z,w) =0, R3(z,w) =0, S2(2,2) =0. (2.18)

(ii) Suppos that N =2k + 1, kK > 2 and

1
2Re(wB, Ry (z,w)) + 2u||w|*Re(zA, Py _2(2) + Qn_a(2,w)) + %HwHQS%(z,E) =0, (2.19)
where ||w||? = (w,w) := Y w;w;. Then
j=1

Py _2(2) =0, Qn_2(z,w) =0, Ry(z,w) =0, Sox(z,2) =0. (2.20)
(ii) Let N = 2k (k > 2). If
2Re(wB, Ry (z,w)) + 2u||w|*Re(zA, Py _2(2) + Qn_a(2,w)) =0, (2.21)

then
Py 2(2) =0, Qn_2(z,w) =0, Ry(z,w) =0. (2.22)

Proof We only prove (2.20) here (the proof of (2.18) and (2.22) are the same as that
of (2.20)).

m d
Let wB = ) gjw;, zA = > n;zj, where {e; : 1 < j <m} and {n; : 1 < j < d} are
i=1 i=1

bases of C™ and C¢, respectively. Since

2Re{(wB, Ry(z,w)) = Z Z {(sj,faﬁ>wj2aﬁﬁ + <fag,€j>@zaw5},

1<j<m la|+8]=N
la>1,|8]>1

= |[wl*Re(2A4, Px_s(2) + Qv -2(2,w))

= Jol® >0 9 D ((mda)zZ* + (day1y)2°7)

1<j<d | |a|=N-2

+ D (0 ean)zZ W + (eapsmy)2"w’F) o

|l +]Bl=N—-2
| >1,181>1

Jwl|*Sor(2,2) = le\Qg Gap2®Z,
la|=Fk
|Bl=k
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and sets {2%,2% : 1 < |a| < N — 1}, {2;2%,Z;2% : 1 < j < d,|a] = N -2}, {227, 7,2 : 1 <
j<d,1<|al] <N-3}and {2°2° : |a| = | 3| = k(> 1)} are pairwise disjoint, (2.19) implies
YD <eifap>w@ =0 (1< ol <N 1), (2.23)

1<j<m 1<|B|=N—|a
<nj,de >=0 (1<j<d,|af=N-2), (2.24)
Y <meas>w =0 (1<j<d1<[a]<N-3), (2.25)

1<|61=N—2—]al

gop =0 (la| =k, |8] = k). (2.26)

Therefore, (2.23) implies
<é&jfap>=0 (1<j<mla|+|8]=Nlaf =16 =1).
Since {e; : 1 < j < m} is a basis of C™, we have
fap =0 (la[+ 18] =N, o] = 1,[8| = 1),
by (2.14), we get
Ry (z,w) = 0.

Similarly, from (2.24), (2.25) and (2.26), we have Py_5(2) =0, Qn_2(z,w) =0, Sox(2,2) =
0. This proves Lemma 2.2.

3 Proof of Theorem 1.3

Proof We divide our proof into four steps.
(i) Let F(z,w) = (Fi(z,w), Fa(z,w)). Then, from X5 0 F = X; on U, we have

[ F2(z, w)|” _ l?
Nﬂz(Fl(va)vFl(Z7w))#2 NQl(Z’Z)Hl
Thus we have F5(z,0) =0, (2,0) € U, and so F'(0,0) = (ug,0)(€ Q2 x {0}). Therefore, there
exists ® € G(QE8" (uy)) with ® o F(0,0) = (0,0) (Note ® leaves the function Xy on Q8™ (us)

invariant). Let H : = ® o F. Then

((z,w) € U).

H: U -0 (o)

is a holomorphic mapping with X, (H (z,w)) = X;(z,w) on U and H(0,0) = (0,0).
Write H(0,w) in the following form
H(0,w) = (h(w), ha(w)) = (wV + Y fi(w),wl + ) g;(w))(€ 5" (n2)), (0,w) € U,
j=>2 ji>2
where all components of f;(w) and g;(w) are homogeneous polynomials of degree j (j > 2).
For (0,w) € U (i.e., w € B™), there exists a positive number J,, such that (0,tw) € U,
Vt € [0, 0y]. By X2 0 H(0,tw) = X;(0,tw), we have

= ||lw]|? (Nm (th + Y Hfi(w), twV + thfj(w)>> .

Jj=2 Jj=2

wU + thflgj(w)

Jj=2
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Take t — 07, we get

[wU]* = [|wlf?,

that is, U is a unitary matrix of order m.

From

ha(w)])? = [Jw||? (NQ2 (hl(w),m»w L(0,w) € U, (3.1)

we get

[h2(w)]] < flwl, (0, w) € U.

For ¢ € C™,|[C|| = 1, there exists a positive number 7 such that (0, A() € U for all
|A] < n¢. We define

gA) =< ha(AQ), CU >, [A] < me.
Then ¢(0) = 0,¢'(0) =1 and |g(\)| < |A| for [A] < 7.
Let
N(/\) [ @’ O < |>\| S 7]()
FA=Y 0, A=0.

Then g is a holomorphic map on {\ € C: |[A\| < ¢}, and by ||ho(w)|| < |lw]], (0,w) € U, we
have |g(A)| < 1. Since g(0) = 1, according to maximum modulus principle, it follows that
g =1, thus g(A) = A, [A] <7, that is

< AT (N), CU >=1,0 < || < ne.

Using [|h2(A)|| < A and ||CU|| = 1, we get hao(A() = AU, |A| < 1. Thus ho(w) =
wU, (0,w) € U.
Owing to (3.1), we get

No, (m(w),m) = 1,(0,w) € U,

that is, hi(w) =0, (0,w) € U.
Let H(z,w) = (Hy(z,w), Hy(z,w)). Then we have

H(0,0) = (0,0), Hx(z,0) =0, H;(0,w) =0, Hy(0,w) =wU,(2,0) € U, (0,w) € U,
where U is a unitary matrix of order m. This means

Hy(z,w) =2A+ > (Pi(2) + Q;(z,w)), Ha(z,w) =wU+ Y _ Rj(z,w),(z,w) € U,

Jj=2 Jj=2

where P;,(Q); and R; are homogeneous polynomials of degree j, which are given by (2.12),
(2.13) and (2.14) respectively.
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(ii) For (z,w) € U with w # 0, there exists a positive number 0, ,, such that (tw,tw) €
U for all t € 0,6, ,,]. Since Xy 0 H(tz,tw) = X;(tz, tw) (Vt € [0,0.,4,)), it follows

2

H HJTHU)U + m 2j22 /" R;(2, w)

o (32)
N, (24 + 125 0(Py () + Q2 0)), 124+ 5,0, U (B (2) + Q52 w)) )
- No, (tz, tz)m '
By (2.8) we obtain
In No, (tzA + th(Pj( +Q;(z,w)), tzA + Zw (2) +Q;(z, w))>
<ZA2 ZAJFZ” H(Pi(2) + Q4(z, w)))+0(1)>, (3.3)

In Ng, (tz,tZ) (Z )\2 ) ) (3.4)

where r; and ry are the ranks of €2, and €, z € €; has the spectral decomposition z =
k(z) - (M(2)er + Aa(z)ex + -+ + A(2)e,) and u € Qo has the spectral decomposition u =
E(u)- (A1 ()& +Ag(u)éa+- - -+A,(u)é,) (Note \;(tz) = tA;(2) for t > 0 here). By substituting
(3.3) and (3.4) into (3.2), for ¢ € [0, 6, ], we have

2

[[w]|?

In (l + 2Re < wU, Ry(z, w) > + 2Re < wU, R3(z, w) >

t
[Jw]?
2

HIRs (e 0P o +o<t2>)

= (;@Z/ﬂ zA—l—ZtJ YP(2) + Qi(z,w )_“12)‘?(2)+0(1)>' (3.5)

j>2

Dividing the two sides of the equation (3.5) by ¢? and taking t — 07, we get

2Re < wU, Ra(z,w) >= 0,
2Re < wU, Ry(z,w) > +||Ra(z,w)||* + |w][*S2(2,7) = 0,

where
T2 T1

Son(2,2) 1= 2 Y AF(zA) — i Y NH(2), (3.6)

j=1 j=1
in view of (2.9), there exist constants g, such that

S2k Z Z Z Jap? zﬁ
la|=|B=k
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By Lemma 2.2 and (2.10), we have
Ry(z,w) =0, R3(z,w) =0, S2(2,%z) =0, IUQACQQZt = 111Cq, . (3.7)

Since Cq, and Cq, are positive definite Hermite matrices and ugACmZt = 11Cq,, we get
that A is an invertible matrix of order d.

(iii) Now we show that for all j > 3, Pj_2(2) =0,Q,_2(2,w) =0, R;(z,w) =0, SQ{%] =
0 by the reduction to absurdity. Let

N := min {j  Pia(2) 0, Qs alzw) 20, By(z,w) # 00r Sy0) # 0} : (3.8)

From (3.7), we know N > 4. Now assume N < 400 here.
Using (3.2), we have

2

1 1 -
—wlU + — Z ' R;(z,w)
Tl Y Tl 2«

N2 (t24+ Do n 5 8 (Pi(2) + Qi(z, ), A+ 5y o 0(P(2) + Qi)

_ = N . (3.9
By (2.8) and (2.10), we get
InN, | tzA + Z 7 (Pj(2) + Qj(z,w)), tzA + Z t(Pj(z) + Q;(z,w))
j=N-2 j>N-2
) [N ! k- T
= 2> AjzA+ ) TN (PIR) + Qu(zw) Z ZA% N
Jj=1 I>N-2
[55] on 2
= —2t"N"'Re < 2ACq,, Px—2(2) + Qn_2(z,w) > — Z ZA% N1 (3.10)
and
[N2_1] t2k 71
In Ny (tz,t2) = — - ZAfk +o(tN ). (3.11)
k=1
Substituting (3.10) and (3.11) into (3.9), we obtain for all ¢ € [0, . ],
N-1
In <1 + 2Re < wU, RN(Z,UJ) > W + O(tN_1)>
w
[Nz—l] 2
= — 2'u2tN*1Re < ZACQZ,PN_Q(Z) + QN_2<Z,U}) > + Z TSQj(Z,E) + O(thl)
j=1

= - {2u2tN*1Re < zACq,, Pn_2(2) + Qn_2(z,w) >
tz[Ngl]

+@52[%](%5) + O(tNl)} : (3.12)

2
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where S5 (2, %) is the same as (3.6).
When N =2k + 1, by (3.12), we have

2Re < wU, Ry(z,w) > +2us||w|*Re < 2zACq,, Pn_2(2)
+Qn_2(z,w) > +%||w||252k(z,2) =0.

By Lemma 2.2, we obtain

Py _2(2) =0, Qn_2(z,w) =0, Rx(z,w) =0, SQ[N_l](z,f) = Sor(2,2) = 0.

2

This is the contradiction with (3.8).
When N = 2k, by (3.12), we get
2Re < wU, Ry (z,w) > +2us||w|*Re < 2ACq,, Py_2(2) + Qn_a(z,w) >= 0,
SQ[¥](z,2) =0.
From Lemma 2.2 we have
Py _2(2) =0,Qn_2(2,w) =0, Ry (z,w) = 0.
This is also the contradiction with (3.8).
(iv) From (i),(ii) and (iii), we get
Do F(z,w) = H(z,w) = (24,wU), Ny (2,2)" = No(zA, zA)"* (2,w) € U

and o

NQ(UO’%)T

F = A), —————

(o) = (e,

Let D := {z € @ : (,w) € U}. Then D is a neighborhood of the origin in ©;. By

T(z,w) := Ny(z, w)% — Ny(zA,wA) is a holomorphic function on Q; x Q; and T(z,w) =0
on D x D, we obtain T'(z,w) =0 on ©; x ©;. Thus

wU) ,(z,w) € U.

N1(27E)H1 = NQ(ZA,Zj)ltz,Z S Ql-

By Lemma 2.1, we have that mapping A : z € Q; — zA € {2, is a biholomorphic
mapping of Q; onto Qs with g1 = pe. So Pg(z,w) := (zA,wU) is a the standard lin-
ear isomorphism of QF" (j11) into QP (uy). Therefore ® o F' is the restriction on U of a
biholomorphic mapping ®.

Let ¢(2) = ¥(2A), 20 = ugA~!, then ¢ is a biholomorphic mapping of {; onto Q2 with
@(z0) = 0, thus

Ni(20,%) %
F(z,w) = <¢(Z)a W

This proves Theorem 1.3.

wU) ,(z,w) € U.
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