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the Rayleigh-Ritz inequality, we obtain universal inequalities for lower order eigenvalues of these
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1 Introduction

In recent years, there are some researches on eigenvalue estimates for quadratic polyno-

mial operator of Laplacian:

2, _ _ :
{Au pAu+ qu=Au in §, (1.1)

ulon = %bﬂ =0,

where 2 is a bounded domain in an n-dimensional complete Riemannian manifold M, v
denotes the outwards unit normal vector field of 92, the constants p,q > 0, A(= —divV) is
the Laplacian and A? is the biharmonic operator on M. In 2011, Sun and Qi [3] obtained
universal eigenvalue inequalities of problem (1.1),

k k

Z(AM M) < % Z(Akﬂ — i) ((RHo)? + (2n + 4)E; +np) ((nHo)? + 4E;)

where Hj is a constant which only depends on the mean curvature of M and

E; = %(—p + VP2 + 4N —q)).

For other related results, one can see [2, 4, 5, 7, 8].
Let (M",(,)) be an n(> 2)-dimensional complete Riemannian manifold isometrically

immersed in the Euclidean space RY by ¥, Q is a bounded domain in M™. In this paper, we
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are interested in extrinsic upper bounds for the lower order eigenvalues of following operator
defined on €
{ A%y — divAVu + au = du in Q, (12)

ulpg = s =0,

where A is a positive definite symmetric (1,1)-tensor on M™, the eigenvalues of A on Q
are bounded below by a positive constant b, tr(A)|g < ¢ (i.e., A can also be viewed as a
smooth symmetric and positive defined section of the bundle of all endomorphisms of T'(M"),
A(= divV) is the Laplacian, V is the gradient operator on M and a is a nonnegative constant.

It is well known that problem (1.2) has a real and discrete spectrum
0< A <A< A< — Hoo,

where each eigenvalue is repeated according to its multiplicity. Our results are stated as
follows.

Theorem 1.1 Let (M",(,)) be an n(> 2)-dimensional complete Riemannian manifold
isometrically immersed in the Euclidean space RY by ¥, Q is a bounded domain in M". A
is a positive definite symmetric (1,1)-tensor on M"™. Assume that the eigenvalues of A on
Q are bounded below by a positive constant b (that is, A\(A)|q > b) and that tr(A)|q < c.
Then for the eigenvalues of problem (1.2),

Z(/\‘”l — M) < \/(n2 sup |H|? 4+ (n+2)B + c) <n2 sup |H|? + 2B>, (1.3)
Q Q

a=1

where B = —b+ /b? +4(\; — a) and H is the mean curvature vector of the immersion V.

2 Proof of Theorem 1.1

First, we give the following lemma.
Lemma 2.1 Let A; be the i-th eigenvalue of problem (1.2) and w; the orthonormal

eigenfunction corresponding to \; (i.e./ u;u; = &;;). For any function m,, € C?() satisfy-
Q
ing

/TTLQU1UBZO for =2, ,q, (2.1)
Q
we have for any positive constant 9,

O = A% [ Vi

Q
)
§§ <|u1Ama +2(Vmq, Vuy)||? — 2/ |V [2u Auy +/ uf(Vma,AVma>> (2.2)
Q Q

1
+ %HulAma + 2(Vma, Vu)||?,

where [|f|[* = [, f*.
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Proof We consider the function T, = mqou; — uy / mauf. Then, it is easy to check
Q

that T, |sq = 0 and
/ Touy = 0. (2.3)
Q

/Taul:() forl=1,--- a. (2.4)
Q

Hence

It follows from the Rayleigh-Ritz inequality(or min-max principle) that
Aas1|[Tall? < / T,[A? — divAV + a]T,. (2.5)
Q
By virtue of (2.3), a direct calculation yields

Mat1 || Tal 2 </TQ[A2—diVAV+a]Ta:/TQ[AQ—divAV—i-a](maul)
Q )

:/ Tolur A%mg + 2AmaAuy + 2A(Vmy, Vuy)
Q

+ 2(Vmg, VAuy) + 2(Vuy, VAmM,)

+ myA%u; — madivAVuy + amyuy — uydivAVm,, — 2(Vmyg, AVuy)) (2.6)
:/ Tou1 A%mg + 2Amg Auy + 2A(Vmy, Vg )
Q

+ 2(Vmqa, VAuy) + 2(Vuy, VAM,)
— uydivAVm, — 2(Vma, AVui)] + M || Ta .

Substituting (2.6) into inequality (2.5) and utilizing the Green’s formula, we have

Aas1 — M) Ta|* < / Toui A%mg + 2AmgAuy + 2A(Vmy, V)
Q
+ 2(Vmg, VAuy) 4+ 2(Vuy, VAmM,) — uydivAVm, — 2(Vm,, AVu,)]
< / (maul)[u1A2ma + 2AmyAuy + 2A(Vm,, Vuy)
Q

+ 2(Vmg, VAu) 4+ 2(Vuy, VAmM,)
—uydivAVm, — 2(Vmg,, AVu,)]

- / mauf/ uy [ur A%my + 2AmaAuy + 2A(Vmyg, Vuy) (2.7)
Q Q

+2(Vmy, VAuy) + 2(Vuy, VAm,)
— uydivAVm, — 2(Vmg, AVuy)]

= / (M) [u1 A%my + 2AmgAuy + 2A(Vmg, V)
Q

+ 2(Vmg, VAu) + 2(Vuy, VAmM,)
— uydivAVmg, — 2(Vm,, AVuy)].
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From the divergence theorem, we get
/ 2maur A(NVmg, Vuy)
Q
= 2 / (U1 (Vmg, Vu ) Amg, + ma (Vme, Vu ) Auy + 2(Vme, Vu)?), (2.8)
Q
/ 2mou1(Vme, VA )
Q
= —2/(ma<Vma, Vui)Auy + (Vme, Vimg)ui Aug + meoui AugAm,), (2.9)
Q
/ 2maur (Vug, AVm,)
Q
= /(Ama)gu% +(Vul, Vma ) Amy — maui A%my,. (2.10)
)
Then, putting (2.8)—(2.10) into (2.7), one get
Aot = ATl
< / [uf(Amy)? + 4(Vme, Vui)? — 2(Vm,, Vi, )us Auy
¢ . (2.11)
+ du1 (Vmg, Vur ) Amg — maui(divAVm,,) — §<V(mi), AV (u))]
=||us Amg + 2(Vmy, Vu)||* — 2/ |V |?u Auy + / u? (Vme, AVm,).
Q Q
Utilizing the divergence theorem again, it holds
1 1
2 [ wima(Vima, V) = 5 [ (V(2).908) = - [ ataon?)
@ 2 Ja 2 Ja (2.12)
= —/ uimaAm, — / uf|Vmg|?
Q Q
Hence
/ To(u1Amg +2(Vmg, Vuy))
Q
:/ uimaAmg + 2/ urma(Vme, Vuy)
@ @ (2.13)

1
—Q/mauf(/quma+/u1<meVu1>)
Q 2 Ja )

=-— / u? [Vmg|”.
Q
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By virtue of (2.11), (2.13) and the Cauchy’s inequality, it is not difficult to get

O = 2)¥ [ (T,
Q
=— (Aag1 — \1)? / T (uy Amng 4 2(Vimg, Vuy))
Q

5 1
<5t = MITall® + g llusdma + 2(Vimg, Vun) | (2.14)

5
:§(||u1Amu + 2(Vm, Vuy)||* — 2/ |V [2u Auy +/ u?(Vmg, AVm,))

Q Q
1
+ %HulAma + 2(Vmg, Vu) ||

Now we give the proof of Theorem 1.1:
Proof of Theorem 1.1 Let z!,22,--- 2"V be the standard coordinate functions on
RY. We consider the N x N matrix

D é (daﬁ)7 daf} = / [E(X’UdU/jJ,_l (Oé,ﬂ = 17 . N)
Q

From the orthogonalization of Gram-Schmidt (QR-factorization theorem), we know that D
can be written by R = QD, where ) = (¢a) is an orthogonal N x N matrix and R = (raz)

is an upper triangular matrix. Hence, we have
N N
Tag = anﬁ,dﬁ,g = / anvx'yulugﬂ =0 forg=1,--- ,aa—1.
Q
v=1 ~y=1

N
Taking m, = Y qay2”, thus /maulul =0 forl=2,---,a. Applying Lemma 2.1 to
y=1 Q

N
Ma = Y gay®” and summing on « from 1 to N, we get
y=1

N

D Carr —N)2 / ui|Vima|?
a=1 Q2

N

1)
22 <||U1Ama + 2(Vima, V)| - 2/ [V *us Ay
Q

IN

a=1

N
1
+/ Umea,AVmJ) + 55 Ol Ama + 2(Vine, V)|
o 20 —

IN

N
0
2 Z <||U1Aas“y +2(Va?, Vuy)||? — 2/ V2 |Pu; Auy
r=1 @
L
+/Quf<Vx'y,AVz'y>> + 35 Z Jug Az + 2(Va”, Vuy)||?

=1
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0
< 3 <n2/u%|H|2+(2n+4) |Vu1|2+/u%(trA)>
Q Q Q
1
—|—25/ (n2uf|H|2+4\Vu1|2)
Q
g 2, 2
< 3 n? [ W3H* + (2n +4) ]Vu1| +c
Q
1
+25/ (n2u§|H|2+4\vu1|2), (2.15)
Q
where
N
ZIWIQ =n, D (Ve V)’ = [Vuf?,
y=1
N N
D (Ax")? =0’ HP? ) (Va?, Vu)AxY) =0
~y=1 ~y=1

see [1, Lemma 2.1]. Since

/ Vu, | = / —u1Auy < (/Qu%)%(/ﬂ(Auly); _ (/Q U1A2u1)%

= (/ uy (divAVuy — auy + My ))?
Q

(2.16)
=(—a+ X\ — /<VU1,AW1>)é
Q
< (—a+ M\ — b/ Vg |?)2.
Q
Hence
b+ /b2 + 4\ —a
/ |VU1|2 S ( 1 )
Q 2
Then, we obtain
N
> O A M [ uvmp
am o (2.17)
) 1
<-(n*sup |H* + (n+2)B +c) + —(n*sup |H|* + 2B),
2 Q 26 Q
where B = —b+ /b%> + 4()\; — a) and H is the mean curvature vector of its immersion V.
Minimizing the right hand side of (2.17), one get
N
Z at1 = A1)? / ui| Vme|*
(2.18)

7\/71 sup |H|2 4+ (n+2)B + ¢)(n?sup |H|? + 2B).
Q Q
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N
It is easy to get > |[Vm,|*> =n and [Vm,|[* <1for a =1, -+ ,n, see [6]. Therefore,
a=1
N
> asr = X)F Vi
a=1
N
1
>Z it = AHTmA 4 (= A)F S [V
t=n-+1

1

—Z ot = M) 2 [Vimg[* + (Angr — Ar)2( n—Z\Vma (2.19)

n

=Y Cast = A VMl + gt = )P D (1 = [Vmg[?)

a=1 B=1

From (2.18) and (2.19), we have

D Aasi = M) < \/(n2 sup |H|2 + (n+ 2)B + ¢)(n?sup |[H|? + 2B).
Q Q

a=1

This completes the proof of Theorem 1.1.

Corollary 2.2 Let (M", (,)) be an n(> 2)-dimensional complete Riemannian manifold
isometrically immersed in the Euclidean space R by ¥, Q is a bounded domain in M™. For
the lower order eigenvalues of problem (1.1), where p > 0, it holds that

> O =)t < [oF S A+ (0520~ 20) (P sup [P +20 %) (220
Q Q

a=1

where C' = /p? +4(\; — ¢) and H is the mean curvature vector of its immersion V.
Corollary 2.3 Let Q be a bounded domain in an n(> 2)-dimensional unit sphere
S™(1). For the lower order eigenvalues of problem (1.1), where p > 0, It holds that

n

D s —M)? < V(02 + (n+2)C —2p) (n? +2C — 2p), (2.21)

a=1

where C' = /p? +4(\ — q).

Remark For the unit sphere S"(1), by taking Q@ = S"(1), 9Q = 0, we know that
eigenvalues of problem (1.1) satisfy A\; = ¢ and Ay = --- = \,y;y = n? + pn + ¢. Then
inequality in (2.21) become equality. So inequality (2.21) is sharp.
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