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Abstract: In this paper, we study multiplicity of solutions for the quasilinear elliptic prob-
lem in a bounded domain with smooth boundary. By using variational and perturbed methods
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symmetric case.
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1 Introduction

In this paper, we discuss multiplicity of solutions for the following boundary value

problem
—div(a(|Vu|)Vu) = f(z,u), x€Q, (1.1)
u=0, x € 01, '
and
—div(a(|Vu|)Vu) = f(z,u) + eg(z,u), = €, (12)
u =0, x € 012, '
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where Q C R" is a bounded domain with smooth boundary 9. The function a is such that

p: R — R defined by
a([t))t, t#0,
t =
p(t) {07 t=0,

which is an increasing homeomorphism from R onto itself and the continuous function
f(z,t) € C(Q x R, R) satisfies f(z,0) = 0, x € Q and odd in t. g € C(Q x R,R) and
€ is a parameter.

As we all know, when a(t) = [t|P~2, problem (1.1) is the well known p-Laplacian equa-
tion. There is a large number of papers on the existence of solutions for p-Laplacian equation.
But problem (1.1) possesses more complicated nonlinearities, for example, it is inhomoge-
neous, and has important physical background, e.g.,

(a) nonlinear elasticity: P(t) = (1+¢*)7" — 1,y > &;

(b) plasticity: P(t) = t*(log(1 +1))?, a > 1% B> 0;

(c) generalized Newtonian fluids: P(¢) = / s (sinh's) ds, 0 <a <1, 3> 0.

So in the discussions, some special techni(zlues will be needed, and problem (1.1) is
studied in an Orlicz-Sobolev space and received considerable attention in recent years, see,
for instance, papers [1-9]. Motivated by their results, the aim of this paper is to state
some multiplicity results under more general assumptions for the nonlinearity f(z,t) in the
symmetric case and the case that the breaking of symmetry g(z,t).

The paper is organized as follows: in Section 2, we present some preliminary knowledge
on the Orlicz-Sobolev spaces and give the main results. In Section 3, we will give the proof
for symmetric case (1.1) by symmetric mountain pass theorem, and in Section 4, with the
method used in [13], we give the proof for perturbed problem (1.2).

2 Preliminaries

Obviously, our problems allow a nonhomogeneous function p in the differential operator.
To deal with this situation, we introduce an Orlicz-Sobolev space setting as follows.
Let

P(t):/o p(s)ds, ﬁ(t):/o p~Y(s)ds,t € R,

then P and P are complementary N-functions (see [10]), which define the Orlicz spaces
LY := L¥(Q) and LY := LP(Q), respectively.

Throughout this paper, we assume the following condition on P:

() tp(t)
1 = inf <ph:= .
(p)1<p 150 P(t) — p S,EIO) P(t) < e

Under the condition (p), the Orlicz space L coincides with the set (equivalence classes)

of measurable functions u : 2 — R such that

/ P(|u|)dz < 400
Q
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and is equipped with the (luxemburg) norm, i.e.,

lu|p :=inf{k >0: / P(|—Z’

Q

)dx < 1}.

We will denote by W1¥(Q) the corresponding Orlicz-Sobolev space with the norm
lullwrr @) = ulp + [Vulp

and define W, " (Q) as the closure of C5° in WP (Q). In this paper, we will use the following

equivalent norm on Wy'"'(2):

[lul| ;== inf{k > 0: / P(%)dw < 1}
Q

Now we introduce the Orlicz-Sobolev conjugate P, of P, which is given by

t 1
PNt = / P g,
0

TN

where we suppose that

. [Tp(r) [T
lim v dT < +o0, lim v dT = +oo0.
=0 J, TN t—oo [1 T7N

Let p, := glg tg((tt)) = sug tg((tt)). Throughout this paper, we assume that p™ < p;. Now
t>

we will make the following assumptions on f(x,t).
(f«) There exists an odd increasing homeomorphism A from R to R, and nonnegative

constants c1, co such that

f(2,8)| < e1 + esh([t]),VE € R,Vz € Q,
. H()
1

1~ P, (kt)

=0,k >0, (2.1)

where

Let ,
H(t) := /O h(s)ds,

then we can obtain complementary N-functions which define corresponding Orlicz spaces L7
and L7,

Similar to condition (p), we also assume the following condition on H:
th(t)

O th(D)
h)l < h™ :=inf <ht.= B .
(R)1 < S0 H(t) = W) < T
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Lemma 2.1 [10] Under condition (p), the spaces L (), Wy'"' () and WP (Q) are
separable and reflexive Banach spaces.

Lemma 2.2 [10] Under the condition (f,) and (2.1), the imbedding W, " (Q) < L*(Q)
is compact.

Next we assume

N < p~ <liminf M. (2.2)
t—oo  log(t)

Lemma 2.3 Under condition (2.2), the imbedding W, *(92) < C(Q) is compact.

Proof Using Lemma D.2 in [14], it follows that W, ? () is continuously embedded
in WP (Q). On the other hand, since we assume p~ > N, we deduce that Wy? (Q) is
compactly embedded in C(€2). Thus, we obtain that W,”(Q) is compactly embedded in
C(Q).

Lemma 2.4 [2] Let p(u) = [, P(u)dx, we have

(1) if Julp < 1, then [ufty < p(u) < |uf} ;

(2) if [ulp > 1, then [uft, < p(u) < Juf} ;

(3) if 0 <t < 1, then t?" P(u) < P(tu) < t? P(u);

(4) if £ > 1, then t*" P(u) < P(tu) < t*" P(u).

With all the lemmas mentioned above, we now state our results and make the following
assumptions:

(f1) there exist n > p*, 1 < o < p~, and ay, ay > 0, such that

1
—flz, )t — F(x,t) > —a; — as|t|”
n

for every t € R, a.e. in .
(f2) lllrln inf F(z,t)/[t|"" = oo uniformly a.e. in €.
t|—o0

Theorem 2.1 (Symmetric case) Assume that f(z,t) is odd in ¢, satisfies (f.) (f1)
(f2) and (2.1) with p~ < ™ < p*. Then problem (1.1) possesses infinitely many nontrivial
solutions.

Theorem 2.2 (Non-symmetric case) Assume that f(z,t) is odd in ¢, satisfies (f),
(f1),(f2), (2.1), (2.2) with p~ < h* < p*, g € C(2 x R). Then for any m € N, there exists

€m > 0 such that if |e| < ¢,,, problem (1.2) possesses at least m distinct solutions.

3 Proof for Symmetric Case
In this section, we assume that N > 1 and E = Wy"'(Q), u € E is called a weak

solution of problem (1.1) if

/a(|Vu)VuV¢dx = / flx,u)pdx, Vo € E.
Q Q

Set
I(u):/QP(|Vu|)dx—/F(x,u)da:,VuGE

Q
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and we know that the critical points of I are just the weak solutions of problem (1.1).

Now we state the symmetric mountain pass theorem used in this section.

Lemma 3.1 [11] Let E be an infinite dimensional Banach space and let I € C'(E, R)
be even, satisfy (PS), and I(0) = 0, if £ = V & X, where V is finite dimensional, and I
satisfies

(I;) there are constants p,« > 0 such that I|BBPOX >

(I,) for each finite dimensional subspace E C E, there is an R = R(E) such that I < 0
on E \ B R(E)> then I possesses an unbounded sequence of critical values.

For E a separable and reflexive Banach space, there exist (see [9]) {e,}72; C E and
{e}}ro, C E* such that

1, ifn=m;

and e’ (v) = a,, for v= ae; € B
0, ifn#m n(0) Z

i=1

e;(em) = 5n,m = {

Now we set
V; = {uew; P (Q):e(u)=0,i>j},

X;={ue Wy (Q):e(u)=0,i < j},

7

SO
WP Q) =V, a X;. (3.1)

Lemma 3.2 Given § > 0, there is j € N such that for all v € X, |u|g < 6||ul|.

Proof We prove the lemma by contradiction. Suppose that there exist § > 0 and
u; € X; for every j € N such that |u;|g > 60||u;||. Taking v; = ﬁjﬁ we have |v;|g = 1,
for every j € N and ||v;]| < 3. Hence {v;} C Wy "' () is a bounded sequence, and we may
suppose, without loss of generality, that v; — v in W,'"(Q). Furthermore, ef(v) = 0 for
every n € N since e} (v;) = 0 for all j > n. This shows that v = 0. On the other hand, by
the compactness of embedding W, " (Q) < L (Q), we conclude that |v|; = 1. This proves
the lemma.

Lemma 3.3 Suppose f satisfy (f.), then there exist j € N and p,a > 0, such that
Iop,nx, > a.

Proof Now suppose that ||u|| > 1, from (f,), we know that

I(w) = /QP(|Vu|)dx/F(x,u)dx

Q
> |’ = Cilully - Ca.

Consequently, considering § > 0 to be chosen posteriorly by Lemma 3.2, we have for all

u € X, and j sufficiently large,

I(u) = [Jul P (1 = Cy6"" Jlul|""777) = Co.
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Now, taking ||u|| = p(d) = <zc<1sh+)ﬁ’ and noting that p(d) — +oo, if § — 0. We can
choose 6 > 0 such that $p? > C5 with p > 1, then I(u) > 0 for every u € X, ||u|| = p, the
proof is complete.

Lemma 3.4 Suppose f satisfy (f3), then for each finite dimensional subspace ECE,
there is an R = R(E) such that I <0 on E \ By

Proof From condition (f;), given L > 0, there is a C' > 0 such that for every ¢t € R,
a.e. T € ),

F(z,t) > L|tP" - C.

Now let E be a finite dimensional subspace, suppose that u € E with [lul| > 1, then

H@—-LPWWW—/F@@W

Q

IN

|mw+—L/hmﬂm+c
Q

(1—CL)|ul”" +cC.

IN

Choose L large enough such that 1 — LC' < 0 then there exists R(E) > 1 such that I(u) <0
for all ||ul| > R(E) and the proof is complete.

Lemma 3.5 Suppose f satisfies (f1), then I satisfies (PS) condition.

Proof We suppose that ||u,|| > 1,

1
M + O(l)Hun” > I(un) - ;I,(Un)un

1 1
= /QP(|Vun|)dx—n/gp(|Vun)Vundx—i-/(nf(x,un)un—F(x,un))dac

Q

Y

s P ay|Q] = Cllunl|”
( —';;)HunH — a1|Q| = Clun ]|

Noting that 1 < o < p~, n > p*, {u,} is bounded. By [9] Lemma 3.1, we know that I
satisfies (PS) condition.

Proof of Theorem 1.1 First, we recall that W, " (Q) = V; @ X, where V; and X; are
defined in (3.1). Invoking Lemma 3.3, we find j € N, and [ satisfies (/1) with X = X;. Now
by Lemma 3.4 I satisfies (I2). Since I(0) = 0 and I is even, we may apply Lemma 3.1 to

conclude that I possesses infinitely many nontrivial critical points. The proof is completed.

4 Proof for Non-Symmetric Case

First of all, let us recall some notions and facts from Degiovanni and Lancelotti [12].
Let E be a Banach space and I € C*(E, R). For b € R := RU {—o0,+00}, set I® = {u €
E|I(u) < b}.

Definition 4.1 [12] Let a, b € R with a < b. The pair (1%, 1%) is said to be trivial, if for
every neighborhood [/, '] of a and [3,3"] of b (¢, ', 3", 3" € R), there exist two closed
subsets A and B such that I* ¢ A c I*", I ¢ B ¢ I?" and A is a strong deformation
retract of B.
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Definition 4.2 [12] A real number ¢ is said to be an essential value of I, if for every
€ > 0, there exist a,b € (¢ — €, ¢ + ¢€) with a < b such that the pair (I°, %) is not trivial.

Lemma 4.1 [12] Let a, b € R with a < b. Let us assume that I has no essential value
in (a,b). Then the pair (I, 1) is trivial.

Lemma 4.2 [12] Let ¢ be an essential value of I. Then for every e > 0 there exists
§ > 0 such that every J € C*(E, R) with sup{|J(u) — I(u)||lu € E} < § admits an essential
value in (¢ — €, ¢+ €).

Lemma 4.3 [12] Let ¢ be an essential value of I. If (PS), holds for I, then c is a critical
value of I.

Proof of Theorem 1.2 Fix a number m € N. For k € N, choose a continuous function
Bre(t) = 1if [t| < k, Bp(t) = 0if [t| > k+ 1 and 0 < B(t) < 1, if k < |t| < k+ 1. Let
gr(z,t) = Be(t)g(z,t) and Gi(z,t) = f(f gr(z,s)ds. For any k € N, choose €;(k) > 0 such
that for all x € Q and t € R,

e1(k)|gr(z,t)] < 1,e1(k)|Gr(z,t)] < 1,e1(k)tgr(x,t) < 1.

For k € N and |e| < ¢1(k), set

I(u)—/QP(|Vu|)d1;—/QF(J;,u)dm,uEWol’P(Q)

and

I (u) = /QP(]VuDd:c — /Q(F(x,u) + €Gp(z, u))dz,u € W (Q).

Then I and I, satisfy (PS). for every real number c. Denote Ej = span{ej, ez, - ,ex}. By

(f2), there exists an increasing sequence of positive numbers { Ry} such that
I(u) <0,Yu € Ey, ||u|]| > Rg.

Let Dy, = {ulu € Ey, ||u|]| < Ri}, and 0Dy, be the boundary of Dy in Ej.

Define a sequence {®;} of sets of functions inductively as
¢, = {h|h € C(D;,E),his odd, and hlgp, = id},
and for k =1,2,---,
@1 = {h|h € C(Dy41, E), his odd,h|op,,, = id,and h|p, € ®y}.
Define for k =1,2---
by, = hiengk max I(h(u)).

It is obvious that by < by < b3 < ---. Define for k=1,2---,

G = {h|h € C(Dy, E),his odd, and h|sp, = id},
I'v ={h(D;\Y)heG;,j >k Y e€Xandy(Y) <j—k}
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and

¢ = inf maxI(u).
BET: ueB

where ¥ is the class of closed symmetric subsets of E and «(Y) is the genus of Y for
Y € . By Rabinowitz [11, Proposition 9.33], ¢, — 00, as k — oo. From the definition
of b, and ¢y, it is clear that by, > ¢, for all k € N. So b, — oo as k — oco. Let A =
{c € R,c is an essential value of I}. Now we prove that A # 0, and supA = +oo. If
this statement was false, then there would exists £k € N such that 0 < by < bgy1 and
[br, +00) N A = ). Choose real numbers ', a, o’ such that

b <o <a<a <bg. (4.1)
Let h € @) be such that max,ep, I(h(u)) < . for k € N, define
D ={ulu=v+teps1,v € Bt >0, |Jul] < Riya},

and let 9D

i1 be the boundary of D7, | in Ej 1. Extend h to be a function hy € C(0D}, ,, E)

h(u)— h(u), u € Dy;
Ul w wedDf, \ Dy

as

Clearly, h; is well defined, continuous and hl(aD;’H) c I*. Extend h; to a function
hy € C(D;’, 1, E) and let 8 = max{I(hy(u))lu € D;,,}. By lemma 4.1, the pair (17>, I*)
is trivial. So there exist closed subsets A and B of F such that I* ¢ A c I*", I? C B,
and there exists a strong deformation interaction n : B x [0,1] — B of B to A. Define

hs € C(D; ., E) as hs(u) = n(hs(u),1) then hy(u) satisfies

I(hs(Df, ) € I, (4.2)
hs is odd on D}, N E, (4.3)
hs =id on OD],, NODj1, (4.4)
hs|p, = h. (4.5)

Define hy € C(Dg41, E) as

ha(u) = hs(u), = D,:“H;
: —hg(—u), (S Dk+1 \Dl—:—i-l'

Then (4.3) implies that hy is odd, (4.4) implies h4|op,,, = id, and (4.5) implies h4|p, € Py.
So hy € ®j4; which is a contradiction, since by (4.1) and (4.2) we have

b1 < max I(ha(u)) = max I(hs(u)) < " < bpir.

k+1 uEDk_'_1

Therefore A # () and sup A = +o0o. Choose a strictly increasing sequence of positive number
{dr} C A, such that d — 400 as k — +oo. By Lemma 4.2 and the definition of I, there
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exists ea(k) € (0,€;(k)) such that if |e] < e2(k), then I, has at least m essential values d.1,
dek2, ++  degm such that

0 < dekl < d€k2 <0 < dekm < dm+l~

According to Lemma 4.3, there are m distinct critical points ue; (3 = 1,2, ,m) of Iy
such that

/iwv%mmx/Xﬂ%mmweGAammmxzmm
Q

Q
and

/ P(|Ver;|) Vuegide = / (f (@, Ueki)Ueki + €9k (T, Uek ) Ueki ) dex.
Q Q

Then there exists a constant C,,, > 0 independent of € and k such that for every k € N,
le| < ea(k) and i =1,2,--- ,m,

/P(VUEMde— / F(x,ue)dr < Cp,
Q

Q

Q Q
Then we have for every k € N, |e| < ex(k), and i =1,2,---m,
gl < Cl, (4.6)

where C/, is a constant independent of € and k and so there exists a constant C]/ independent
of € and k such that for every k € N, |¢| < ez(k) and i =1,2--- ,m,

teril ey < Cl (4.7)

So if k > C” then for any e with |e| < e5(k) the problem possesses m distinct solutions w1,
Uk, * * , Uekm- Lhe proof is complete.

Remark 4.1 In this theorem we assume (2.2) just because we can get (4.7) from (4.6)
by the embedding result such that C! is independent of € and k.
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