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Abstract: In this paper, we study a two-point boundary value problem of fractional differen-
tial equations with the p-Laplacian operator. By using a fixed-point theorem on cones, we establish
eigenvalue intervals of the problem, which generalizes the conclusions in the case of integer-order
boundary value problems.
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1 Introduction

Fractional calculus [1-2] developed since 17th century. In recent years, fractional dif-
ferential equations have been of great interest. Both fractional differential equations and
differential equations with the p-Laplacian operator are widely applied in different fields.
For details, see [3-10] and references therein.

Goodrich [8] considered a class of fractional boundary value problems of the form

{ =D y(t) = ft,y(t), 0<t<1,
y(0) =0, [Dg,y(1)],_, =0,

where 0 <i<n—2,1<a<n-—2,v>3satisfyingn —1 < v <n,n is a given integer, and
Dg,, Dg, is the Riemann-Liouville fractional derivative. The author obtained the Green’s
function of this problem and proved that the Green’s function satisfied a Harnack-like in-
equality. By using a fixed point theorem due to Krasnoselskii, the author established the
existence results for at least one positive solution of the problem.

Yang, Zhang and Liu [9] studied the fractional boundary value problem

Dgult) + f (t,u(t), Do, u(t)) =0, t € (0,1),
uP(0)=0,0<i<n—2,[Dj,ul)],_ =01<5<n-2
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where f € C([0,1] x Rt x R,R"),0 < 8 < 1,n—1< a < n,n > 3is a given integer,
and Dg, , DO’B . D§, is the Riemann-Liouville fractional derivative. By means of a fixed point
theorem in a cone, the author obtained the existence results for at least one positive solution.

There were many papers [5, 6] studying eigenvalue problems for boundary value prob-
lems of integer-order differential equations. But there are few papers discussing eigenvalue
problems of fractional boundary value problems with the p-Laplacian operator. Motivated by
these works, we study the the higher-order two-point boundary value problem of fractional

order differential equations with the p-Laplacian operator

{ [op (DG u(®))] + Ma(t) flu(t) =0, 0<t<1, w1)

u(0) =0(i =0,1,--- ,N —2), Dy u(1) =0,

where @, (s) = [s[P7?s,p > 1, %—i—% =lLa>2,A>0,1<g<N-2 heC((0,1),[0,400)),
f € C([0,+00), [0, +00)), N is the smallest integer greater than or equal to o, Dg,, Dy, is

the Riemann-Liouville fractional derivative.

2 Preliminaries

For the convenience of the reader, we list the necessary definitions from fractional cal-
culus theory here.

Definition 2.1 [7] The Riemann-Liouville fractional integral of order o > 0 of a function
t
u: (0,00) — R is given by Ig, u(t) = F(la)/ (t — 8)* 'u(s)ds, provided the right-hand side
0
is pointwise defined on (0, 00).

Definition 2.2 [7] The Riemann-Liouville fractional derivative of order a > 0 of a

continuous function « : (0,00) — R is given by

0= 157 (&) [ iy

where n = [a] 4 1, provided the right-hand side is pointwise defined on (0, c0).
Lemma 2.1 [7] Assume that v € C'(0,1) () L(0,1) with a fractional derivative of order
« > 0 that belongs to C'(0,1) () L(0,1). Then

I8, Dg u(t) = ut) + et '+ ot 2+ opt™ N

for some ¢; € R (i = 1,2,--- ,N), where N is the smallest integer greater than or equal to

a.
Lemma 2.2 [8] Given y € C[0,1]. The problem

[0y (D5 u(®)] +y(t)=0, 0<t <1,
u(i)(()) =0(i=0,1,---,N — 2),Dg+u(1) -0
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1 s
is equivalent to u(t) = / G(t, s)pq </ y(r)dr) ds, where
0 0

a—1 _ a—0B—-1 _ _ a—1
1 —s) = (t—s) C0<s<t<l,
(0%
G5 = { aagy _ gyt (2.2)
0<t<s<1.
I'(«) P Ust=Es

Lemma 2.3 [8] The function G(t,s) in (2.2) satisfies
(1) G(t,s) >0, t,s € (0,1);
(2) max G(t,s) < G(1,8)(s € (0,1));

l)a—ﬁ—l

) uin Glt.5) > 0G(1L9)(s € (0.1), where 0 <50 min { G, (1) <

N =

The f;llgwing theorem is fundamental in the proofs of our main results.

Lemma 2.4 [6] Let P be a cone in a Banach space X. Assume {2y, {25 are open subsets
of X with0€ Q; € Qy € Q. If F: P — P is completely continuous such that either

(1) [|[Full < |Jul|,Yu € PO, ||Ful| > ||ull,Yu € P[0, or

(2) [[Full = [[ull,Vu € P10, [[Full < |ull,Yu € P()0%s,.
Then F has a fixed point in P (ﬁg\Ql) )

3 Main Result

Let E = C([0,1], R). Then FE is a Banach space with the norm ||u|| = Jnax |u(t)|. Define

the cone P C E by P = {u € E:u(t) >0(t€[0,1]), min u(t) > fy0||u||} . For any u € P,
1

1
3 <t<

1 s
define F\ : P — E,(F u)(t) = /\/ G(t, s)pq </ h(r)f(u(r))dr) ds. For each u € P, we
0 0
get

> o [ G, / Sh(f)f(u(r))dr) ds > 0] Fyul),

F\P C P. Standard arguments show that F) : P — P is completely continuous. u is a
positive solution of (1.1) if and only if u € P is a fixed point of F).
For convenience, we denote
va(f(W) o @q(f(u))

Fy = lim sup———,F, = lim supM,foz lim inf —————+=,
u—0+ U u—+00 U u—0+ u

plfw) o

1 s

foo = lim inf =22 —/ G(1,3)p, </ h(r)dr) ds, Cy
u—Foo u 0 0

1 s

= 73/ G(1,5)p, </ h(r)dr) ds.

3 0

2



776 Journal of Mathematics Vol. 35

Theorem 3.1 If f,,Cy > FyC; holds, then for each A € (f lc ) F Cl) (1.1) has at
least one positive solution. Here we impose f =0if foo = +o0 and 5 = +ooif Fy = 0.
Proof For ) € Fen 02, Focl) let e >0 be such that 75) < /\ < m There

exists r; > 0 such that f(u) < ¢, [(Fo+¢)ul, for 0 <u <ry. If u e P with |ju|| =ry,

| Fyull < )\/0 G(1,s)p, {/OS h(r)ep [(Fo + €) u(r)] dr} ds
< Ay (Fp+e) /1 G(1,s)p, (/S h(r)dr) ds = Ary (Fo+¢)Cy <1y = ||ul.

If we choose @y = {u € E : |Ju|| < ri}, then ||Fyul| < [Jull, for u € P()9€;. Let 5 > 0 be
such that f(u) > ¢, [(foo —€) u], for u > r5. If w € P with |Ju]| =7y = max{2r1, %},

LUEFTS / Gl ( | h(r)f(u(r))dr) ds

> o [ G, { / By [(fe — ) (1) dr} ds

2

Afoo — ) 73IUII/ G(1,5)pq </0 h(r)dr> ds = A(foo — ) Calull = |[ul].

If we choose Qy = {u € E : ||u]| < ro}, then ||Frul| > [Ju||, for w € P[)99Q:. By Lemma 2.4,
F) has a fixed point u € P (ﬁg\Ql) with r; < ||ul] < ry. The proof is completed.

-

v

Theorem 3.2 If f,Cy > F,.C, holds, then for each A € ( 1C ,F C ) (1.1) has at
least one positive solution. Here we impose f =0if fo = tooand =5 = +o0if Fiy = 0.
Proof ForAe( G2 O c le‘c<€>0besuchthautf)c<)\<m There

exists 71 > 0 such that f(u) > ¢, [(fo —€)u] for 0 < u < ry. If u € P with |ul| = r1, then
similar to the proof of Theorem 3.1, we can obtain that || Fyul| > ||u]|.

If we choose @ = {u € E: |lul]| <7}, then ||[Fyul| > |jul|, for w € P()0Q;. Let 73 > 0
be such that f(u) < ¢, [(Fs + €) u], for u > r3. We consider two cases:

Case 1 If fis bounded, there exists M > 0 such that f(u) §1 ©p(M)(u € (0,+00)). Let

ry = max{2r;, \MC, }. For u € P with ||u|| = r4, [|[Faul|| < )\M/ G(1,s)p, (/S h(r)dr) ds <
AMCy < ry = ||ul]. Thus ||Fyul| < ||ul|, for v € OF,,. ’ ’
Case 2 If f is unbounded, there exists r5 > max{2ry, r3} such that f(u) < f(rs) for 0 <
u < r5. For uw € P with ||u]| = rs5, ||[Fhul] < Ars (Fs +€) /1 G(1,5)p, (/3 h(r)dr) ds <
— Jlul|. Thus || Fyul| < [[u], for u € OP,.. ’ ’
In both Cases 1 and 2, if we set Qy = {u € E : |Ju]| < ro = max{ry,rs}}, then

| Faull < |lul|, for w € P()082. By Lemma 2.4, F) has a fixed point u € P (52\91) with
r1 < |Jul| < 7. The proof is completed.
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Theorem 3.3 Suppose there exist ro > r; > 0 or ygr; > 12 > 0 such that

T2 . "1
< 2 > oy
Ogiaé)iz f(u> =@ (/\Cl) ”YOT?%E?SH f(U) = @ <)\CQ>
Then (1.1) has at least one positive solution u € P.

The proof of Theorem 3.3 is similar to that of Theorem 3.1, we omit it here.

For the reminder of the paper, we will need condition (H;) sup niin< f(u) > 0. Denote
r>0 Yor<u<r

T r
A1 = su , Ag = inf . -
PO max o, (F() P T 20 Gy min o, (F(w)

Yor<usr

In view of the continuity of f(u) and (H;), we have 0 < A\; < 400,0 < Ay < 400.
Theorem 3.4 Assume (H;) holds. If fo = 400 and fo = +00, then (1.1) has at least
two positive solutions for each A € (0, Aq).

Proof  Define a(r) = g7y @(r) : (0,400) — (0,400) is continuous and
liné a(r) = lirp a(r) = 0. There exists o € (0,400) such that a(ry) = supa(r) = A;. For
rT— T—1T00 r>0
A € (0, A1), there exist ¢1,c2(0 < ¢1 <719 < €2 < +00) with a(ey) = a(ca) = A,

&1 C2

1 < o (s ) (we e s < oy (52 ) (we 0.ca),

On the other hand, for fo = 400 and fo, = 400, there exist dy,d2(0 < d; < ¢1 < rg <

¢y < Yoda < +00) satisfying w > Woicz, for u € (0,d1] U [y0da, +00). Thus

) dy . ds
> _— > — .
%d?glgdl Flu) = ep <)\CQ> ’%d?élfg@ Flu) 2 @ ()\CQ)

By Theorem 3.3, (1.1) has at least two positive solutions for each A € (0, A;). The proof is
completed.

Corollary 3.1 Assume (H;) holds. If fo = 400 or fo, = +00, then (1.1) has at least
one positive solution for each A € (0, A).

Theorem 3.5 Assume (H;) holds. If Fy = 0 and F, = 0, then (1.1) has at least two
positive solutions for each A € (A2, +00).

Proof Define b(r) =

r . : 3
Co . b(r) : (0,4+00) — (0,400) is continuous and

lirr(l) b(r) = lir+n b(r) = +o00. There exists ry € (0,400) such that b(ry) = ir>1£ b(r) = Ag. For
A € (A2, +00), there exist dq,ds(0 < di < ro < do < +00) satisfying b(d;) = b(ds) = A. Thus

> oy (55 ) € b)) 1) > 5, (52 ) (0 € D).

On the other hand, applying the condition F = 0, there exist ¢; (0 < ¢; < ypd;) satis-
fying w < <L, for u € (0,¢1]. Thus ,nax f(u) < ¢, (52-). For Fy =0, there exists
Suxc1

— ACy? ACy

W <+, for u € (e3,+00). Let

c3(cs > da) satisfying = 3G

M = max f(u), co = max{2c3, \C1p,(M)}.

0<u<ecs
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Thus [max flu) < ¢y (,\%) By Theorem 3.3, (1.1) has at least two positive solutions for
SuxcC2

each A € (A2, +00). The proof is completed.
Corollary 3.2 Assume (H;) holds. If Fy = 0 or F, = 0, then (1.1) has at least one

positive solution for each A € (A2, +00).
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