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Abstract: In this paper, the asymptotically hemi-pseudocontractive mapping is studied in
Banach space. By using the modified Ishikawa iterative scheme with errors, some sufficient and
necessary conditions on the strong convergence for approximation of fixed points of the uniformly
L-Lipschitzian asymptotically hemi-pseudocontractive mapping are obtained, which extend and
improve some corresponding results.
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1 Introduction and Preliminaries

Throughout this work, we assume that F is a real Banach space, E* is the dual space

of E and J : E — 2F" is the normalized duality mapping defined by

J(@) ={f e B": (. [) = |=l[llF I W1l = ll=l[}, Ve e E,

where (-,-) denotes duality pairing between F and E*. A single-valued normalized duality
mapping is denoted by j.

Let C be a nonempty subset of £ and T': C' — C' be a mapping. We denote the set of
fixed points of T' by F(T), i.e., F(T) ={z € C : Tz = z}.

Definition 1.1 (1) (see [1]) T is said to be pseudocontractive, if for all z,y € C, there
exists j(z —y) € J(x — y) such that (Tx — Ty, j(z —y)) < ||z — yl>.

(2) (see [2]) T is said to be uniformly L-Lipshitzian if there exists L > 0 such that

[T"z = T"y|| < Lijx -y
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for all x,y € C' and n > 1.
(3) (see [3]) T is said to be asymptotically pseudocontractive if there exists a sequence
{kn} C [1,00) with lim k, =1, for any x,y € C, there exists j(x — y) € J(x — y) such that

(T"x =Ty, j(x —y)) < kallz =y, n>1

Recently, Guo Weiping and Guo Qi [4] introduced a new mapping as follows:

Definition 1.2 T is said to be asymptotically hemi-pseudocontractive if F(T') # () and
there exists a sequence {k,} C [1,00) with lim, . k, = 1 such that, for any z € C and
p € F(T), there exists j(z — p) € J(x — p) such that

(T"z —p,j(x—p)) <knllz—p|*, n>1

Remark 1.1 It is easy to see that if T is an asymptotically pseudocontractive mapping
with F(T) # (), then T is an asymptotically hemi-pseudocontractive mapping. Conversely,
Guo Weiping and Guo Qi [4] give an example to show that the converse is not true in general.

Let C be a nonempty convex subset of E with C+C C C'and T : C' — C be a mapping.
For any given z; € C, the sequence {z,} defined by

{ Tni1 = (1 — ap)zn + 0 T™yp + U, (1.1)

Yn = (1 - ﬂn)xn + ﬂnTnfL'n + Un, Vn > 17

where {a,}, {8,} are two real sequences in [0, 1] and {u,}, {v,} are two bounded sequences
in C.

Letting 3, = 0, v, = 0, ¥Yn > 1 in (1.1), then the sequence {z,} defined by (1.1) is
reduced to the following iterative scheme:

Tpy1 = (1 — ap)x, + @, T x, +u,, Yn>1. (1.2)

For any z € C' and a set K in E, we denote the distance between z and K by d(z, K) =
inf lz =yl

Recently, Tang et al. [5] proved some sufficient and necessary conditions for strong
convergence of Lipschitzian pseudoncontractive mappings in Banach spaces.

In this work, we give a new method and prove some sufficient and necessary conditions
for the strong convergence of the iterations sequences (1.1) and (1.2) to a fixed point of
asymptotically hemi-pseudocontractive in Banach spaces.

Lemma 1.1 (see [6]) Let X be a Banach space and z,y € X. Then |z| < ||z + ry|| for
all 7 > 0 if and only if there exists j(x) € J(x) such that (y,j(z)) > 0.

Lemma 1.2 (see [7]) Let {a,}, {\.}, {o,} be three nonnegative sequences satisfying
the following inequality:

a1 < (1+ A\p)ap + 0,,Yn > n,,

o0 o0
where n is some nonnegative integer, > A, < oo and Y 0, < co. Then lim a,, exists. In
=1 n=1 n=eo

particular, if liminf a,, = 0, then lim a;: 0.

n—oo n—oo
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2 Main Results

First, we prove the following lemmas.

Lemma 2.1 Let C' be a nonempty subset of a Banach space F and T : C — C
be an asymptotically hemi-pseudocontractive mapping with the sequence {k,} C [1,00),
lim k, = 1. Then

| = pll < [lo = p+r[(knd = T")x — (koI —T")pl]| (2.1)

forallz € C,pe F(T), r >0 and n > 1, where I is identity mapping.
Proof Since T is an asymptotically hemi-pseudocontractive mapping with the sequence
{kn}, for all z € C and p € F(T), there exists j(z —p) € J(z — p), such that

(T"x —p,j(x —p)) < kallz = pl* = kpz = p,jlz —p))n > 1,
and so
((kod =T")x — (knd —T")p, j(z — p)) 2 0.
Therefore, (2.1) holds by Lemma 1.1. This completes the proof.

Lemma 2.2 Let E be a real Banach space and C' be a nonempty convex subset of
EwithC+C Cc Cand T : C — C be a uniformly L-Lipschitzian asymptotically hemi-
pseudocontractive mapping with the sequence {k,} C [1,00), lim k, = 1. Let {o,}, {B.}
be two real sequences in [0, 1] and {u,}, {v,,} be two bounded srzagf;ences in C. Suppose that

the sequence {z,} is defined by (1.1) satisfying the following conditions:

(1) Z Oé% < o0, Z an/@n < 00;
n=1

n=1

(i) D lunll < o0, 3 |lvall < oo
n=1 n=1

(iii) Y an(kn, —1) < 00.
n=1

Then (1) there exist two sequences {r,},{s,} C [0,00), such that > r, < oo, > s, < 00

n=1 n=1
and

[Zn1 —pll < (1 +rn)l[zn —pll + 50 (2.2)
forallp e F(T) and n > 1.
(2) The limit lim d(x,, F(T)) exists.
Proof (1) Let p € F(T), by (1.1), we have
Tp = Tpy1 + @ Zp — T Y — up
=1+ an)Tpi1 + an(knd —T")xpe1 — (1 + kp)n@nia
+ Ty + oy (T"Tpy1 — T Yn) — un
=1+ an)Tpi1 + an(kpnl —T")xpi1 — (L + kp)an[zn + an(T"yn — @n) + wy)
+ Ty + oy (T"Tpy1 — T™Yn) — un
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=14 an)tpni1 +on(knd —T")xp1 — (1 + kp)apz, + (1+ k:n)ozi(xn —T"y,)
+ @y + an(T"xp1 — T yn) — (1 + kn)ay, + 1uy,
=14 an)tni1 +an(bpnd — T Tpi1 — knapz, + (1 + kn)ai(xn —T"y,)
+ an(T" i1 — T yn) — [(1 + k) + 1uy, (2.3)

and
p= (14 a,)p+ a(knd —T™)p — kna,p. (2.4)
Together with (2.3) and (2.4), we can obtain

Tp —p=(1+4an)(Tpy1 —p) + an[(knj —T")xpg1 — (knd — Tn)p] — knpoan (2, — p)
+(1+ kn)ai(xn —T"yp) + (T xp1 — T yn) — [(1 + kpn) sy, + 1]uy,. (2.5)

Notice that

(L4 an)(@ny1 —p) + an[(kn] = T")zny1 — (knd —T7)p]

— (14 ) [(Tn1 —p) + ﬁ—’g%«knf — T a1 — (kad — T™)p)).

Using Lemma 2.1, we obtain that
”(1 + O‘n)(xn-&-l - p) + an(knl - Tn)(xn-&-l - p)” = (1 + O‘n)||xn+1 - p” (2'6>
It follows from (2.5) and (2.6) that

20 = pll > (1 + an)||@ng1 = pll = knon |z — pll = (14 En)ad |2, — Ty ||
— || T"Tp g1 — T"Yn || — [(1 + Fn) iy + 1|,

This implies that

1+ an)|zn —pll £ (1 + Ekpay) ||z, —pl + (1 + kn)ai”xn =Ty, ||
+ an | T" w1 — T"Yul| + (1 + kn)an + 1w (2.7)

Next, we make the following estimations:

lyn —pll = (X = Bu)(@n — p) + Bu(T"xn — p) + val|
< (L= B)llzn = pll + BullT"2n — pl| + [lvall
< (1= Bu)llzn = pll + LBnllzn — pll + [[vall
< (1= Bn+ LBp)llen — pll + [loall,
|20 = T"yull < 2 — pll + lp — T"yal|
< llzn = pl + Lllyn — 1|
<[+ L1 = Bo + LB)]||n — pll + Llval, (2.8)
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[0 = ynll < Bulln — T @ul + [[vall
< Bullza = pll + Bul Tz — pll + [lonl
< Bu(l + L)llzn — pll + [[vall, (2.9)
[T"%ng1 = T"yu | < Lll@nss — ynl
= Ll|lzn — yn + an(T"yn — zn) + un|
< L||zp — ynll + an LI T"yn — x| + L, |- (2.10)

Substituting (2.8) and (2.9) into (2.10), we have

+ L1+ anL)[[on ] + Llu|l- (2.11)

Substituting (2.8) and (2.11) into (2.7), we have

(14 an)l[zns1 — pll < (1 + know)[lzn — pll + (1 + kn)ea[(1+ L(1 = Bn 4+ LB,)) |20 — pll + Llva ]
+ a, L(1 + o, L)||vn|| + anLl|un|| + [(1 4 kn)an + 1w, |-

By 1+ «,, > 1, this implies that

241 = pll < (1+ (kn = D) lzn = pll + (1 + kn)el[(1+ L(1 = Bn + LBa))llzn — pll + L{jva|l]
+ aplanl + an LP(1 = B, + LBy) + 8o L(1 + L)) ||z, — p
+ a, L(1 + a, L)||vn|| + anL||un|| + [(1 + En)n + 1], ||
=14 (kp — Doy + (1 4+ k) (1 + L(1 = B + LBy))a2 + 2 L(1 + L(1 — 3, + LB,))
+ anBuL(1 + L)]|| — pll + L[(1 + k)2 + an(1 + o L)]||vn]
+[1+ 1+ kn)ay, + an L] ||u,||
= (1+ry)llzn — pll + $n,

where
rn = (kn—Dan+ (1 +ky) 1+ L= By + LB,))os
+a2L(1+ L(1 — B, + LB,)) + B, L(1 + L),
Sn = L[(1+kn)a2 + an(l+ anD)][lval + [1 + (14 kn)otm + anL]||unl,

and Y r, < oo, > s, < oo by conditions (i)—(iii). This completes the proof of (1).
n=1 n=1

(2) Taking the infimum over all p € F(T') on both sides in (2.2), we get
d(@n i1, F(T)) < (L+rn)d(@n, F(T)) + sp-

It follows from Lemma 1.2 that the limit lim d(z,, F(T)) exists.

n—oo
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Theorem 2.1 Let E be a real Banach space and C be a nonempty closed convex
subset of £ with C' +C C C' and T : C — C be a uniformly L-Lipschitzian asymptotically
hemi-pseudocontractive mapping with the sequence k, C [1,00), lim k, = 1. Let {«a,},
{Bn} be two real sequences in [0, 1] and {u,}, {v,} be two bounded gejliloences in C. Suppose

that the sequence {z,} is defined by (1.1) satisfying the following conditions:
i) > a2 <oo, Y anf, < oo;
n=1

n=1

> o0
(i) D lJunll < o0, 32 |lvall < oo
n=1 n=1

(iii) 21 o (ky, — 1) < o0.

Then {z,} converges strongly to a fixed point of T if and only if lim inf d(z,, F(T")) = 0.
Proof The necessary of Theorem 2.1 is obvious. We just need to | prove the sufficiency.
Assume that hm mf d(x,,F(T)) =0, by Lemma 1.2, then hm d(z,,F(T)) =0.
Next, we show that {z,,} is a Cauchy sequence. In fact for any p € F(T') and any

positive integers m,n, m > n, from inequality 1 4+ x < e*, x > 0 and Lemma 2.2, we have

[2m — pll < H Ltry)|zn = pll + Z H L+7j)

m—1 m—1 m—1 m—1

2T PO
e oy —pl e Y s < Mz, —p|+ MY s,
j=n Jj=n

S
where M = e/=1 . Thus, we have

20 = 2wl < [0 = 2l + |2 = pll < (14 M)[ln —pl| + M D s;.

Jj=n

Taking the infimum over all p € F(T'), we have

2n — Tl < (14 M)d(z,, F(T)) + MZ 5j.

It follows from Z s; < oo and hm d(x,, F) = 0 that {z, } is a Cauchy sequence. Since C' is
Jj=1
a nonempty closed convex subset of E, so there exists a py € C such that x,, — pg as n — oo.

Further, since T is uniformly L-Lipschitzian, it is easy to prove that F'(T') is closed. Again
since hm d(x,, F(T)) = 0 and so py € F(T). This shows that {x,} converges strongly to a
fixed pomt of T. This completes the proof.

Corollary 2.1 Under the assumptions of Theorem 2.1. Then {x, } converges strongly
to a fixed point p of T if and only if there exists a subsequence {x,,, } of {z,} which converges
strongly to p.

Proof It follows from hmlnf d(x,, F) < hmlnf d(xy,, F) < klir{)lo %0, — pll = 0 and
Theorem 2.1 that Corollary 2. 1 hOldb This completeb the proof.
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Letting 8, = 0 and v, = 0 for all n > 1 in Theorem 2.1, we obtain the following results:

Theorem 2.2 Let E be a real Banach space and C be a nonempty closed convex
subset of £ with C+C C C' and T : C — C be a uniformly L-Lipschitzian asymptotically
hemi-pseudocontractive mapping with the sequence {k,} C [1,00), lim k, = 1. Let {a,}
be a real sequence in [0, 1] and {u,} be a bounded sequence in C'. Supn[;;;oe that the sequence
{x,} is defined by (1.2) satisfying the following conditions:

(i) i a2 < oo; (ii) i l|lun|| < oo; (iii) i (b, — 1) < 0.

n=1 n=1

n=1

Then {z,} converges strongly to a fixed point of T if and only if lim inf d(z,, F/(T")) = 0.
Corollary 2.2 Under the assumptions of Theorem 2.2. Thennf;:} converges strongly
to a fixed point p of T if and only if there exists a subsequence {x,, } of {z,} which converges
strongly to p.
Remark 2.1 By Remark 1.1, clearly Theorems 2.1, 2.2 and Corollaries 2.1, 2.2 hold for
uniformly L-Lipschitzian and asymptotically pseudoncontractive mappings with F/(7T) # 0.
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