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Abstract: In this paper, we study four-parametric quartic Thue equations. An effective
upper bound of the solutions (z,y) is obtained for the four-parametric quartic Thue equations
by using simpler method to approximate certain algebraic numbers, which extends the number of
parameters from 2 to 4.
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1 Introduction

Let F(z,y) € Z[x,y] be an irreducible binary form of degree n > 3. Thue [1] proved that
the number of solutions of Thue equations F'(x,y) = k is finite. Furthermore, an explicit
Thue equations can be solved by the method of A. Baker’s [2] linear form in logarithms of
algebraic numbers. Therefore, researchers focused on the parametrized Thue equations and
inequalities, and abundant results are obtained. For cubic Thue equations and inequalities,
see Thomas [3], Xia-Chen-Zhang [4] and Hoshi [5]. For quartic case, see Chen-Voutier [6]
and Xia-Chen-Zhang [7]. While for the sextic case, we refer to Wakabayashi [8].

However, all of the above Thue equations and inequalities have at most two parameters.
An interesting question is that whether or not there exist a solvable strategy for Thue
equations with more than two parameters. In this research, we use the method proposed in
[7] to study the Thue equations which consists of four integral parameters. Our main result
is the following:

Theorem Define

f(z,y) = sx* + 4tbdx®y + 6b*dsx?y® + 4b3d*txy® + sb*d*y* = N, (1.1)
and let 6 be the real root of f(x,1) =0, then we have
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where \ = % = 32.3144dv/de(LLYEVE N o = 1/d 4 Pd— 52, and p =

Ve?2 — s2. If € > 64ds?, this is an effective upper bound for |y|.

2 Some Lemmas

Let n be a positive integer, suppose a, w € (0, 1) are real numbers,
_n n—a\(nt+a\) , _n n—a\fnt+a) ;.
=2 (220) (1) = 2 (107 (20

and R, () = 2%¢, () — pn(z).
Lemma 1 Le Rn(w) be defined above, we have |R,(w)| < (1 —w®)(1 — Jw)?".
)

t
proof Put f(t) = W By Lemma 1 in [7], we get

ml < (" 1) (5 )1 [ s

Since | f/(t)] = 5t FO] < [F@)] = (1= V).

While
|(n+1)<nj;a> <nil>| . (n? —a2)((n—1();)—2a2)...(12 —a2)‘ <a,
we obtain

|&@MSa['u—¢m%w4w=u—w%u—¢m%.

Thus Lemma 1 is proved.

Lemma 2 Let ¢,(w) be defined above, then we have

(1 %?)2"(1 + 1

|gn(w)] < ).

Proof By Lemma 2 in [7], we get

Qn(w) = ﬂ %(1 — wt)"*o‘(l _ t)n+at7n71dt’

27

where ¢ denotes the integration path encircles the origin once in the positive sense.

In order to get the estimation of g, (w), we cut the complex plain from 1 to 1/y/w, and
consider the integration path ¢ = ¢; + c2 + c3, where ¢; denotes the path that starts from
1 and proceeds along the positive real axis to 1/y/w, ¢, denotes the path that circles the
origin in positive sense by a circle of radius 1/y/w, and ¢3 denotes the path that starts from
1/y/w back to 1 along the lower part of real axis.

While putting fi(t) = % and g;(t) = (-w) 7200 o have

t2

ga(w)] = fﬁ ()t 2.1)
—@wwﬂ/ﬁw" (Mﬂ/ﬁ g, (t)dt]).
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On the upper part of real axis, we have argt=0, so it leads to

N
|/ A() ()t —/1 L) g (8)de.

It’s easy to get
A <1hi(=)l = (0= vy,
and

Do o gy = vt - vy,

()] = ( —w)' (1~ o

Straight forward computation shows that
[ Ao < it

While on the lower part of real axis, we have argt=2xr. Similarly, it leads to

|/ fl(t) dt| = |/ 27” |" 1|g( 2ﬂi)|€2ﬂdt‘,
s N

Mﬁ (O] < Vo (1 - Vo).

and

On the circle, after putting ¢t = \F’ we have

2m etf . el 0

[ nermaman = i [ T
27 eif - et 1

= |/0 fl(ﬁ) gl(ﬁ)ﬁdm'

It is easy to get
i0

|f1(\/E)| < |f1(f)| = (1+Vw)?
and
(G = 1B =) (e — 1
= \/(w — 2wy/w cos O + w?)1=(w — 2y/w cos  + 1)1+
= \/ful_a(w +1—2y/wcos?h)
< VBT Vi)
So we have

21
I/ﬁ ()] < (14 Vi),

By (2.1), we complete the proof of Lemma 2.
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Lemma 3 Let p,(w) be denoted above, then we have

polw)] < 101+ Vi) Vi (14 2V

Proof Note that 1

and we know that the estimation of |p,(w)] is decided by that of |g,()|.
By Lemma 2 in [7], we have

)] =52 1= Ly oy a

271

where ¢ = ¢; + ¢3 + ¢3. In detail, ¢; denotes the path that starts from w and proceeds along
the positive real axis to \/w, ¢z denotes the path that circles the origin in positive sense by
a circle of radius \/w, and c3 denotes the path that starts from /w and return to w along
the lower part of real axis.
Now we put
(- a-n'
2 ’

fo(t) = w

and go(t) =

then we have

palw) = ws ffz@ (t)dt] (2.2)

wanl [ 5w | [ syl 1] [ for- o

In a similar way as the proof in Lemma 2, we have

Vw
| / L) ga(t)d] = | / Falt)" galt) |
1 1

< | / L= >”*1<ﬁ—1>2<—w>1*adt\
< ﬂ(l—ﬂf‘ﬂ

IN

and also

[ st < S22 - v

On the circle, putting t = Jwe, we have

| / L) ga(t)dt] = / Fo (V)™ go (V) e o)

) ga(Vwe' ) wdd)|

I
"
—

g
('0

2m

| fo(=vw)" " ga(—vw)Vwdd|

0

Qﬂ-w\/@a'
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From (2.2), it is direct to prove Lemma 3.

Lemma 4 (see [6]) Let 6 be an algebraic number. Suppose that there exists ko >
0, lo, @ > 1, E > 1 such that for all n there are rational integers P, and y,, with |Q,| < koQ"
and |Q,0— P,| < loE~" and suppose further that P,Q, 11 # @, P,1. Then, for any rational
integers = and y, y > e/(2ly), we have

~log@

1
|z —yb| > — s where ¢ = 2koQ (210 E)*, A

3 Proof of Theorem

Let f(z,y), € be as in Theorem and assume ¢ > 64dt®,d > 1, where d, s,t,b,d € Z and
t > 0 without loss of generality. Then we have

f(z,1) = sx* + 4tbdz® + 6b*dsx® + 4b>d*tx + sb*d?
denoted by f(x). If denoting the root of f(x) =0 as 6, it is easy to show that 0 satisfies

9+b\/a)47t\/(j—s
0 —b\Vd t\/g—l—s‘

For simplicity, we denote z = tvVd — s,u = tvV/d+ s, and w = £,
It is straightforward to get

(

Ve tVd+VE2d—s2—s e—s
w = = .
tVd+Vt2d—s2+s €+s

Putting p = ve? — 2, we have Jw = +572, £=2%i. Hence, the roots of f(z) =0 are

e=s 11 _
o = bWAL — =p/a TP
——1 E—85—p

E—S

+1 e
0 = WL — —bfes

p e—s+p
=iy ] _
b, = bWl =bVd iy
pz
—Ee=sia ] .
by = bWd—L—— b d5+p7’.
—e=8 — €

Let §; = |x — y8;| (i =0,1,2,3), then we have

52:|x—92y\:|3:—b\/g87m

Similarly, we have d3 > fb\/a|y| If 0y < 41, then we know that

5 —
17y 2 |2 s
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If 61 < 6o, we similarly have §p > %M. Since |f(x,y)| = $09010203, we obtain that

N B Ne2
_ —
s(2oVdly))? )y bV |y

min{dp, d; } < (3.1)

Thus we obtain an upper bound for dy or d;. Thereafter, we will get a lower bound for

them by proving Theorem.

Proof of Theorem Since

0+ bVd
0 —bV/d

td—s
= :u}7
tvVd+ s

( )*

it is easy to write 6y,6; as 0, = b\/a““’%“,, where a = 1,if i =0; a = Vd, if i =1, and ’
aw4 —a’
denote conjugate in Q[v/d] that maps Z + Zv/d into Z — Z+\/d.
Since 0 < w < 1, the lemmas can be applied into Theorem 1 after putting o = 1/4 €
(0,1). Now we use the Pade approximation method to formulate rational integers approxi-
mation so as to give an effective measure of the irrationality of 6.

Let p,(w), g, (w), R,(w) be defined above and 6 is one of 6y, 60;. We know that

: /
9:b\/gw

awi g, (w) 4 a/ g, (w)
A ) —
bvdaR, (w) + bv/dap, (w) + bv/da' g, (w)
aRy(w) + apy(w) — a’gn(w)
4 (Vd) M urbydaR, (w) + 4" (V)" (by/dap, (w) + bV da' g, (w))
4 (Vd)+HuraRy, (w) + 4 (Vd) Hun (ap,(w) — a'ga (w)) '

After putting
Pn — 4”(\/&)”+1u”(b\/gapn(w) + b\/ga’qn(w))

and

Qn = 4" (Vd)" " (apy (w) — a'gn(w)),

we have

1P, — Q0] = [4"(Vd)" T u"aR,, (w)(bVd — )],

and denoted it as R,,.

Since P,, @, € Z, from the estimation of p,(w) and ¢,(w) in Lemma 2 and Lemma 3,
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we obtain
Qul = (VD™ (apa(w) — d'ga(w))

< (VD al(fpaw)] + 9. (w))
< Va0 Vi (VT ) v A
< eV (L4 Vi) (VT V(YY)
= ColaVau(1+ Vi)
= Co(8Vde)",

where

Co = Villal(Va™ + a1 + 2=V

s

Since |a| < V/d and € > 64ds®, we have yw = =5, > 63/65, so we can estimate that

Vo 4w < 2.00006, and 1+ =% < 1,00979. Hence Cq < 2.01965d.

On the other hand, from Lemma 1, we have

|Ra|l = [A"(Vd)"'u"aR, (w)(bVd - 6)]
< ANV utal(1— w®)(1 = V) (bVd — )]
= Cr(4Vdu(l — Vw)*)" = Cr(8Vds*/e)",

where

Cr = Vdla(1 — w*)(bVd — 0)| < Vd|a|(bVd +1) < d(bVd +1).

Let Q = 8V/de, ko = 2.01965b, F = S\Tﬁ’ lo = d(bv/d 4 1), result in Lemma 4 yields to

1
80,01 > ——, 3.2
00 (32

_ log(8Vde) _ Vd(bv/d+1)e \\
Where )\ = m and C = 323144d\/3(T€) .

: 3—\ cNe?
By (3.1) and (3.2), we obtain |y| < FIENCE

Thus Theorem follows.

Actually, when ¢ > 64ds3, it directly leads to A < 3, so we are able to derived an
effective upper bound for y.

In this research, a four-parametrized quartic Thue equations is solved by approximation
certain crucial algebraic numbers in an elementary way. A computable upper bound for
solutions is obtained as well, which is quite effective when ¢ is much greater than 64ds®. In

the mean time, the value of ﬁ decreases dramatically when w approximate to 1.
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