Vol. 35 ( 2015)
No. 3 J. of Math. (PRC)

THE CHARACTERIZATION OF n-REGULAR
MONOIDS BY FLATNESS PROPERTY

QIAO Hu-sheng, ZHENG Qi-lian
(Department of Mathematics, Northwest Normal University, Lanzhou 730070, C’hina)

Abstract: In this paper, we investigate the problem of generalization of principal weak flat-
ness. Using equal systems of tensor products and the method of homological classification, we
obtain the characterizations of generally regular monoids, which extends the main results on the
characterizations of regular monoids.
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1 Introduction

Throughout this paper, S always stands for a monoid. A nonempty set A is called a
right S-act, if there exists a mapping A x S — A, (a,s) — as, satisfying the conditions
(as)t = a(st) and al = a, for all a € A and all s,t € S. Let S be a monoid and A be a
right S-act. A is called principally weakly flat if the functor A ® — preserves embeddings of
principal left ideals of S into S. In this article, we generalize regular monoids, and define a
new class of monoids, which is called n-regular monoids. Using a generalization of principal
weak flatness, we give some characterizations of these monoids, and some known results are
easily obtained.

Definition 1.1 Let S be a monoid and n a positive integer. A right S-act A is called
principally weakly n-flat if for every s € S, A ® Ss™ — A® S is monic.

Remark 1.2 It is clear that in the above definition, when n = 1, then a right S-act A
is principally weakly n-flat if and only if A is principally weakly flat. When n > 2, we will
show that there exists a right S-act A which is principally weakly n-flat but not principally
weakly flat.

Suppose [ is a proper right ideal of S, by [1] the amalgam of two copies of S with
the core I is defined as follows. If x,y and z denote elements not belonging to S, define
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A(l) = ({z,y} x (S —1)) U ({z} x I), and define a right S-action on A(I) by

(2, ) (x,us), ifusé¢l,
T,u)8 = )

(z,us), ifusel,

(yu)s = (y,us), ifusé¢l,

’ z,us), ifusel,

Then A(I) is a right S-act.
Lemma 1.3 [3] Let S be amonoid, a,a’ € Ag,b,b’ €sB. Then a®b = a’ RV in Ag®sB

if and only if there exist a positive integer m and elements aq,--- ,a,, € Ag,ba, -+ ,b,, €E5B,
81,815+ » Sm, tm € S such that

a4 = G181,

a1ty = assa, 510 = t1by,

aste = asss, Saby = tabs,

At = a’, Simbm = tmb'.

Lemma 1.4 Let S be a monoid, A an S-act and n a positive integer. The following
conditions are equivalent:

(1) A is principally weakly n-flat.
(2) For every s € S, any a,a’ € A, a®s" =da ®s" in A® S implies that there exist

m € N, elements aq,--- ,a,, € Ag, and s1,t1,** , S, tm, € S such that
a=a;s,
ait; = assa, 518" = t5",
axty = azss, 528" = tp8",
Amtm = a, SmS" = t,,s".

Proof (1)=(2) Since A is principally weakly n-flat, for every s € S, any a,a’ € A,
a®s" =ad ®s"in A® S implies that a ® s™ = '’ ® s" in A® Ss™. By Lemma 1 there exists
a positive integer m and elements a1, -« ,a,, € Ag, G2, ,@m € S8™, U1, V1, , U, Uy, € S
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such that

a4 = ajuy,
a1V1 = G2U2,
A2V2 = G3Ug,

I
AUy = G,

Since ¢2,q3, - qm € Ss™, there exist cg,c3,---

2,-+-,m). Hence we have

a = ajuy,
a1V1C2 = G2U2C2,

G2V2C3 = G3U3C3,

U —1Um—1Cm = AmUmCm,

AUy, = @',

Denote Uy = 81,V = tm,uici = S;,V;_1C; = ti_l,l. = 2, cee

n
U1s = V1492,

U242 = V243,

_ n
Umdm = UmS

,¢m € S such that ¢; = ¢;8" (i

u18" = vi1c8”,

UQCQSn = UgCgSn,

n __ n
Um—1Cm—1S = Um—-1CmS

U Cn, 8™ = Uy, 8™

,m. Then the result follows.

(2)=(1) For every s € S, any a,a’ € A, a®s" =d ®s" in A® S. By (2) there exist

m € N, elements aq, - - -

a4 = aisi,
aity = az$o,

asts = agss,

/

amtm =a,
Now
a®s" =a;151 5" =a; Q518"
=252 ® 5" = a3 ® 35"
in A® Ss".

2 Main Results

,am € Ag, and s1,tq, -+

s Sm,y tm € S such that

s18" =t18",

S98™" = ta8",

SmS" = t,s".

a1 X tlsn = a1t1 X s"

Ay Dtas" =aoto R s" =---=a' @ s"

A monoid S is called regular, if for every s € S, there exists © € S such that s = sxs.

Now we have the following:



502 Journal of Mathematics Vol. 35

Definition 2.1 Let n be a positive integer. A monoid S is called a n-regular monoid,
if for every s € S, there exists x € S such that s" = s"xs".

Lemma 2.2 Let S be a monoid, I a proper right ideal of S and n a positive integer.
Then the following conditions are equivalent:

(1) A(I) is principally weakly n-flat.

(2) For every s € S, if there exists r € S — I such that rs™ € I, then there exists j € I
such that rs™ = js™.

Proof (1)=(2) Since A([) is principally weakly n-flat, for every s € S, if there exists
r € S —1I such that rs” € I, then (z,7) ® s" = (y,r) ® s" in A(I) ® S. By Lemma 1.4 there
exist m € N, p1,-++ ,pm €S, S1,t1,"+ , Sy tm € S, and w1, - -+ ,w,, € {z,y, 2} such that

(w,7) = (w1, p1)s1,

(w1, p1)ty = (w2, p2)s2, 518" =t18",
(wm—hpm—l)tm—l - (wmvpm)smv Sm—lsn - tm—lsn»
(wm7pm)tm = (yﬂ"), SmSn = thn.
There exists k € {1,--- ,m — 1} such that wy # wyy1, and so, there exists j € I such that

Ditlk = Pr+1Sk+1 = J. So we have
rs" = plsls” :pltlsn :p2828n B :pktksn — jsn'

(2)=(1) Let for every s € S, any a,a’ € A(I), a® s" = a ® s" in A(]) ® S. Since
(x,1)8 = S = (y,1)S(a free hence principally weakly n-flat S-act), without loss of generality
we may restrict ourselves to the case in which a = (z,71),a’ = (y,r2), 71,72 € S — I. Since
(x,7m) @ s™ = (y,re2) ® s, then r1s" = rys™ € I. By (2) there exists j € I such that

r18" = js™ = rys™. Hence
(z,m) ®@s" = (2,1) @ris" = (z,1) ®js" = (y,1) ® js" = (y,12) @ s"

in A(J) ® Ss™.

Corollary 2.3 [3] Let S be a monoid and I be a proper right ideal of S. Then the
following conditions are equivalent:

(1) A(I) is principally weakly flat.

(2) For every i € I, there exists j € I such that i = ji.

Proposition 2.4 Let S be a monoid, I a proper right ideal of S and n a positive
integer. Then the following conditions are equivalent:

(1) S/I is principally weakly n-flat.

(2) For every s € S, if there exists r € S — I such that rs™ € I, then there exist j € T
such that rs™ = js™.
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Proof (1)=(2) Since S/I is principally weakly n-flat, for every s € S, if there exists
r € S — I such that rs™ € I, then for every j' € I, we have [r] @ s" = [j'] ® s" in S/I ® S.

By Lemma 1.4 there exist m € N, uy, -+ , U, € 5, and $1,t1, -+, Sm, ty € S such that
[r] = [u]s1,
[ur]t: = [uz]sa, s18" =t1s8",
(%)
[um—l]tm—l = [um]sma Sm—lsn = tm—lsna
[um]tm = [j/]a Sms" =ty s".

Since j' € I, we have un,t,, € I. Let k be the least number such that k£ € {1,2,--- ,m}
and ugty € I. If j = ugty, then up_1tp—1 € S — I. Since [ug_1|tp—1 = [ug]sk, we have

Up—1tp—1 = upS;, and so

78" = u1818" = Ut18" = U2898" = Ugtes” = - = Up_1tE_18" = URSES" = utrs” = js".
(2)=(1) For every s € S, any u,u’ € S, if [u] ® s" = [u/] ® s™ in S/I ® S, we have the
following four cases to consider:
Case 1 wu,u € I. Then it is clear that [u] ® s" = [v/] ® s" in S/I ® Ss™.
Case2 wuel. u €S — 1. By assumption there exists j € I such that u's™ = js".
Then
W @s"=[jlos"=[1]®js"=[l]ous"=[u]as"

in S/I® Ss™.

Case3 ueS—1. u el Itissimilar to Case 2.

Case4 w,u/' € S—1I1. By [uf@s" = [v]®s" in S/I ® S, we have us" = u's"
or us",u's™ € I. If us™ = u's™, the result follows. Otherwise by assumption there exists

ji,j2 € I such that us™ = j;s™ and u's™ = j32s™. So
W@ s =[] @us" =[1]@jis" = [j)] @ " = [jo] ©s" = [1] @ jos" = [ @ u's" = [u] @ 5"

in S/I®Ss".

Corollary 2.5 [4] Let S be a monoid and I be a proper right ideal of S. Then the
following conditions are equivalent:

(1) S/I is principally weakly flat.

(2) For every i € I, there exists j € I such that i = ji.

Theorem 2.6 Let n be a positive integer. The following conditions on a monoid S
are equivalent:

(1) All right S-acts are principally weakly n-flat.

(2) All finitely generated right S-acts are principally weakly n-flat.

(3) S is a n-regular monoid.

Proof (1)=(2) is clear.
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(2)=(3) Let s € S. If s"S = S, it is clear that there exists x € S such that s" = s"xs™.
Otherwise s"S is a proper right ideal of S. Denote I = s™S, then A([) is a finitely generated
S-act, by assumption A(I) is principally weakly n-flat. Since s™ € I and by Lemma 2.2
there exists j € I such that s™ = js". Hence there exists x € S such that j = s™x, that is
s = s"xs".

(3)=>(1) Suppose A is a right S-act. Since S is n-regular, for every s € S, there exists
2 € S such that s" = s"zs™. For any a,a’ € A, ifa®s”" =a’ ®s" in A® S. Then

a®s"=a®s"rs" =as"Rzs" =d's"Rrs" =d @ s"zrs" =a Qs
in A® Ss™.

Corollary 2.7 [5] The following conditions on a monoid S are equivalent:

(1) All right S-acts are principally weakly flat.

(2) All finitely generated right S-acts are principally weakly flat.

(3) S is a regular monoid.

Theorem 2.8 Let n be a positive integer. The following conditions on a monoid S are
equivalent:

(1) All cyclic right S-acts are principally weakly n-flat.

(2) All Rees factor right S-acts are principally weakly n-flat.

(3) S is a n-regular monoid.

Proof (1)=-(2) is clear.

(2)=(3) By Proposition 2.4, the proof is similar to Theorem 2.6.

(3)=(1) By Theorem 2.6, it is clear.
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