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Abstract: This paper studies a degenerate nonlinear porous medium equation u; = Au"™ +
au? [, u?dz with nonlinear and nonlocal boundary condition u|sax(0,00) = Jo 9(z,y)u' (y, t)dy.
With the help of the comparison principle and super-, sub-solution methods, some criteria on this
problem which determine whether the solutions blow up in a finite time or the solutions exist for
all time are given. These results show that the global existence and blow-up results depend on the
weight function g(z,y) and the size of [. Finally, the blow-up rate of the blow-up solutions is given.
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1 Introduction

In the past decades, many physical phenomena have been formulated into nonlocal
mathematical models and studied by many authors. In particular, there exist many articles
dealing with properties of solutions to semilinear or degenerate parabolic equations with
homogeneous Dirichlet boundary condition (see [1-4] and references therein). For example,

Li et al. [5] studied the nonlinear nonlocal porous medium equation
up — Au™ = au”/ wide, €, t>0, (1.1)
Q

which is subjected to homogeneous Dirichlet boundary condition. Under appropriate hy-
potheses for initial data, the following results were obtained:

(1) In case of p+¢q < m or p+ ¢ = m and a is sufficiently small, then there exists a
global positive classical solution.

(2) In case of p 4+ ¢ > m, then the solution either blows up in finite time if initial value

ug is large enough or exists globally provided that ug is sufficiently small.
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However, there are some important phenomena formulated into parabolic equations with
nonlocal boundary conditions in mathematical modeling such as thermoelasticity theory (see
[6]). In 1986, Friedman [7] studied the following parabolic equation with nonlocal boundary

condition:
u = Au+ c(x)u, xz e, t>0,
o) = [ glepuln 0ty o€ o0 (1.2)
Q
u(z,0) = up(x), x € Q.

He gave the global existence of solutions provided that / lg(z,y)|dy < 1 for z € 9N and
Q
c(x) < 0. Recently, Gladkov and Kim [8] extended the type of (1.2), they considered the

problem of the form:

uy = Au + c(z, t)uP, ret>0,

u(x,t) = / gz, y)ul(y, t)dy, =€ ot >0, (1.3)
Q

u(z,0) = ug(x), z €

with p,l > 0. And some criteria for the existence of global solution as well as for the solution
to blow-up in finite time were obtained. For other works on parabolic equations with nonlocal
nonlinear boundary conditions, we refer readers to [9-11] and references therein.

Motivated by those of works above, we will extend the works in [5] and investigate the

positive solution of the following degenerate nonlinear nonlocal porous medium equation:

up = Au™ + auP (z,t) / ul(z,t)dz, =€, t>0,
)

u(z,t) = / oz, y)u (2, £)dy, TN, t>0, (14)
Q
U(J},O) = U'O(x)7 x € Q,

where Q C RY is a bounded domain with sufficiently smooth boundary 9Q, a > 0, m > 1,
p,q > 0,1 > 0. The aim of this paper is to understand how the weight function g(x,y) and
the nonlinear term u!(y,t) in the boundary condition play substantial roles in determining
blow-up or not of solutions and give some criteria for the existence of global solutions as well
as for a blow-up of solutions in a finite time.

In this paper, we give the following hypotheses (H1)—(H4):

(H1) uo(z) € C**(Q)NC(Q),a € (0,1),up(z) > 0 in Q, up(z) = / g(x,y)ub(y)dy on
a9. ?

(H2) g(z,y) is a nonnegative and continuous function defined for x € 9,y € .

(H3) Aul* + aug/ uddr > 0,2 € Q.
Q
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(H4) There exists a constant p > po such that

Aug' + aug/ uldr — pub ™ >0,
Q

where
po = (alQ(p+q—1)/(m—=1)((g+m—1)/(p+2q — 1))FF2aD/ra1),

The plan of this paper is as follows: In Section 2, we establish the comparison principle
and the local existence. Some criteria regarding to global existence and finite time blow-up
for problem (1.4) are given in Section 3. In Section 4, we give the blow-up rate estimate for

the special case of [ = 1.

2 Comparison Principle and Local Existence

At first, we give the definition of sub-solution and super-solution of (1.4) and comparison
principle. Let Qr = Q x (0,T),S7 = 0Q x (0,T),Q, = Q x [0, 7).

Definition 1 A function u(z,t) € C?1(Qr) N C(Qr) is called a sub-solution of (1.4)
on QT if

atgAaeraaP/aqu, z e Q,t>0,

Q

(e, t) < / oz, )@ (g, t)dy, @ € 09,1 > 0, (21)
Q

u(z,0) < ug(x), xz €.

Similarly, a super-solution @(z,t) of (1.4) is defined by the opposite inequalities. We
say that u is a solution of (1.4) in Q7 if both a sub-solution and a super-solution of (1.4) in
Qr. Further, we say that u is a global solution of (1.4) if it is a solution of (1.4) in Q1 for
any T > 0. By similar arguments in [12] we have

Lemma 1 Suppose that w(z,t) € C*1(Qr) N C(Q) and satisfies

wy — d(z, ) Aw > ¢ (z, )w + CQ(x,t)/ cs(z, yw(z, t)dz, (x,t) € Qr,
@ (2.2)
wlant) 2 alat) [ eolop)l .00y, (@.1) € Sr.
Q
where d(z,t),c;(x,t) (i = 1,2,3,4) are bounded functions and d(z,t),c;(z,t) > 0 (i =
1,2,3,4) in Qr, ¢c5(x,y) > 0 for x € 9,y € 2 and is not identically zero. Then, w(z,0) > 0

for € Q implies that w(z,t) > 0 in Q7. Moreover, cs(z,t) =0 or 04(3:,75)/ es(z,y)dy <1
_ Q
on S, then w(x,0) > 0 for z €  implies that w(z,t) > 0 in Q7.

Lemma 2 Let @ and @ be nonnegative sub-solution and super-solution of (1.4), respec-
tively, with 7i(z,0) < @(x,0) in Q. Then, @(z,t) < @(x,t) in Qp if & > n or @ > n for some

small positive constant n holds.
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Local in time existence of positive classical solutions of (1.4) can be obtained by using
fixed point theorem [13], the representation formula and the contraction mapping principle

as in [12], the proof is more or less standard, so is omitted here.

3 Global Existence and Blow-Up in Finite Time

In this section, we shall get some results about the existence and nonexistence of global
solution for problem (1.4).

Theorem 1 Assume that 0 <! <1 and / g(z,y)dy < 1 for all z € 9N.

(1) If p+ g < m, then the solution of (1.4) %XiStS globally.

(2) If p+ g = m, and a is sufficiently small, then the solution of (1.4) exists globally.

(3) If p+ g > m, and a is sufficiently small, then the solution of (1.4) exists globally
provided that wug(x) satisfies

where 1(x), €0 are defined by (3.1).
Proof Since [ g(z,y)dy < 1, there exists a sufficiently small constant gy > 0 such

Q
that 1 (z) is the unique solution of the linear elliptic problem

AY(@) =, TR P(a) = (/ g(a;,y)dy)m, z € 09, (3.1)

Q

Moreover, 0 < 9(z) < 1 for z € Q. Denote @(z,t) = Kt (), x € Q,t > 0, where K > 1 is
a constant to be determined later. A series of computations yields

— —m __ m
uy — AU = g K™,

. . 3.2
aup/ wldr = aKerqwm(x)/i/m(m)dx < alQ|KPT9, 3.2)
0 0

(1) If p+ g < m, we choose that K large enough such that
K > max{(gg 'al@)) /"9, 13,

then we can get

at—AamzaaP/aqu, zeNt>0,
Q (3.3)

a(x,0) = Ky () > ug(x), =€ 9Q.
On the other hand, we have for x € 9Q,¢ > 0,

i t) = K / g, y)dy > K / g,y (y)dy > / glo)a (g, 0dy.  (3.4)

Then that u(x,t) is a super-solution of (1.4). Therefore, the solution of (1.4) exists globally.
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(2) If p+q = m, set ap = £0|Q|~!, then (3.2)-(3.4) hold provided that a < ag and
K(> 1) is large enough. Thus, the solution u(z,t) of (1.4) exists globally.
(3) If p+ g > m, we can choose a is sufficiently small such that
€o

K — KO — (m) p+ql7m Z 1

Then it is easy to verify that (3.2)—(3.4) hold provided ug(z) < (%) mwi(x). There-
fore, G(z,t) = Ko () is a super-solution of (1.4), thus, the solution u(z,t) of (1.4) exists
globally.

Theorem 2 Assume that [ > 1 and fQ g(z,y)dy < 1 for all x € 9.

(1) If p+q = m, a and up(z) are sufficiently small, then the solution of (1.4) exists
globally.

(2) If p+q > m, and ug(x) is sufficiently small, then the solution of (1.4) exists globally.

The proof is similar to Theorem 1, here we omit them.
Theorem 3 Assume that [ > 1 and /g(x,y)dy <lforallz € 9Q. If p+q > m,

Q
then the solution of (1.4) blows up in finite time provided that ug(z) is large enough.
Proof To prove the blow-up result, denote by ¢(x) the first eigenfunction of the

problem

“Ap(r) = Apla), €D plx) = / 92,90 (v)dy, = € O9 (3.5)

with the first eigenvalue A; > 0. Let K; = minp(z), Ky = maxp(z), and s(t) be the
€N €N
solution of the following ODE

s'(t) =bs"(t), t >0; s(0)=06>1, (3.6)

where b > 0 and 6,» > 1 to be fixed later. Clearly, s(¢) > § > 1 becomes unbounded in
finite time T'(8). Set @(x,t) = s'(t)p'(x), a series of computations yields

AT™ + aﬁ”/ widx
Q

= ml(ml — 1)s™@™ 2| Ve|? — A\ymls™p™ + as(p+q)lg0pl(x)/ o (z)da
Q

l m
> st za|Q|K1(in) sml*l+1<8(p+q*m)l _ amiks l >a (3.7)
B K]} alQ K PO
Gy = 1571l (1) = 1s' 7ol bsH (t). (3.8)

Since p + ¢ > m, thus, if we choose

alQE P

b < - (1 Ayml K5 )M
STURL '

p=ml—1+1, el I
a|Q|K£p+q)l

Then, from (3.7) and (3.8) we have

@ < AG™ + aap/ adz, (x,t) € Q x (0,T(6)). (3.9)
Q
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On the other hand, if [ = 1, then we have

i, 1) = s(t)pla) = s(t) / oz, 9)o(y)dy

_ / oz 9)s(D)p(y)dy = / o(e.p)a(y. )y for (z,t) € 90 x (0,T(5)).

Second, if [ > 1, by Hoélder inequality,

/ oz, 9 (4)dy = / 92, 9) T g(z,y) e (y)dy
Q

Q

< ([ swan) T ( [ otene o)

Thus, for (z,t) € 9Q x (0,T(5)) and together with [, g(z,y)dy < 1, s(t) > 1 and Jensen’s
inequality, we obtain

ita.t) =0 [ ot w)y)
<50 [ swas) [ o way

<50 [ gy = [ e 06 ()
z,y)s" 3 = z, )i . .
< [ atens 00" Wy = [ atani .00 (3.10)
Also for x € Q, we have
a(z,0) = s'(0)p! () = 6" () < up(x). (3.11)

Inequalities (3.9)—(3.11) imply that solution u(x,t) of (1.4) blows up in finite time.
Theorem 4 Assume that [ > 1 and fﬂ g(z,y)dy > 1 for all z € 9Q. If p+q > 1, then
the solution of (1.4) blows up in finite time provided that wug(x) is large enough.
Proof Since p + g > 1, there exists a constant py such that p +q > po > 1. Let
u(z,t) = s(t), which s(t) is a solution of (3.6) with b =1, p = o, 6 = max{1, (a\Q|)ﬁ},
moreover, s(t) > § > 1. For z € Q,t > 0, computing directly shows

iy — AT™ — aap/ aide = sPTU(t) (s*0PTI(t) — alQ]) < 0. (3.12)
Q
For z € 0Q2,t > 0, we obtain

iz, t) = s(t) g/

Q

g(x,y)s(t)dy < /

Qg(ﬂﬁ,y)sl(lﬁ)dy=/g(ﬂﬁ,Z/)’Lil(:t/ﬂf)dy- (3.13)

Q

Therefore, 4(x,t) is a sub-solution of (1.4) provided that @(z,0) = s(0) = 0 < ug(x), which
imply that the solution of (1.4) blows up in finite time.
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4 Blow-Up Rate Estimate

In this section, we consider the problem (1.4) with { = 1,p+¢ > m and / g(z,y)dy < 1
Q
for x € 9. By introducing some transformations v = u™,t = m7, then (1.4) becomes

’UT:UT(A’U—FG’Upl/’Uqld.’E), x e, >0,

Q

oer) = [ ooyt i), om0 (1)
Q

v(x,0) = vo(z) = ug'(x), x €€,

where 0 < r = (m—1)/m < 1,p; = p/m,q = q/m. Under this transformation, assumptions
(H1) and (H3)—(H4) become
(G1) vo(x) € CH(Q)NC(Q),a € (0,1),v0(z) > 0 in Q, vo(z) = / g(, y)vy(y)dy on
Q
oN.

(G2) Avg + avg' [,v5 dz >0,z € Q.
(G3) There exists a constant p > p; such that

Avg + avg’ / vitde — puBt T >0,
)

where

pr= (@ +p1+ a1 = 1)/r)((r+ @)/ (r +py+2q — 1)) UH2amD/rta -y,

Suppose that the solution v(z, 7) of (4.1) blows up at finite time 7* and set

V(r) = maxv(z,7),
e

then we have the following:

Lemma 3 Suppose that assumptions (H2) and (G1)—-(G3) hold, then there exists a

positive constant C; such that
V(r) > Cy(T* — 1)~ 7T, (4.2)
Proof From (4.1), we have (see [14])
V(1) < a|QVTtPrta(r) ae., T € (0,T).

Integrating above inequality over (7,7™*), then we draw the conclusion.
Lemma 4 Under the conditions of Lemma 3, then there exists a constant p > p;, which
is defined in (G3), such that

vy — pu" PN >0 (z,7) € Q x (0,T). (4.3)
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Proof Let J(z,7) = v, — pv"tP1*% for (z,7) € Q x (0,T*), a series of computations

yields
Jr—v"AJ — (27"pvr+p1+q1_1 + apo" TPl / vqldx)J —agv" TP / v Jde
Q Q
r4p1+2q1—1
> ap(r+q v (rpv S + « / AR s ”UTerthll/ v'“dx).
a(r+q1) r+aq Jo Q
(4.4)
By the Holder inequality, we have
/ vida < |Q|if(/ YRR ) TR (4.5)
Q Q
Noting that :fzi 1:2q;1:11 + - +p1112 — = 1, for any £ > 0, by virtue of Young’s inequality, we
obtain
Niard! +q1—1 ( / " tP1 +2q1 _1dl‘) Tp1 -7—1241—1
Q
_r+pi+g1—1
(T trta— 1)€U7'+P1+2¢J1—1 + 4. “ / UT+P1+QQ1—1dx_ (46)
r+p1+2q1—1 7“+p1+2q1—1 Q
Now, we take
B ( r+q |Q|%)7r+mqﬁqlq.
r+p+ 2(]1 —1

Therefore, it follows from (4.4)—(4.6) that

J,—v"AJ — (27“,01)”“*‘“*1 + apo" TPl / vqldx)J —agv" TP / v Jdx
Q Q

> rp(p— p Pt >, (4.7)

In addition, for (z,7) € 9Q x (0,T7*), from (4.1), we have

1—m

vy = (/Qg(xvy)vi(yﬁ)dy)m_l/g(r,y)v m (y, 7)o (y, 7)dy

= (/Qg(:v’y)v
= ([ ate.nt )" ([ ateno = o nidus o [ oo ria)

Q

1—m

(v, 7)dy)"" / 9, y)0 7 (9, 7) (T (3, 7) £ po" P (g, 7)) dy

L

Therefore,

‘]($a 7-) =Ur — pUT+p1+q1

_ (/ng%dy)m_l</qul_J”deer(/ngWdy—(/ng%dy)p”))- (4.8)

On the other hand, according to the Holder inequality, we obtain

p+aq 1 U%d p+q 1
/gvidy—(/ gum dy)Pte Z/gdy(f”g y) - (/gvmdy)p+q > 0.
Q Q Q Q

Jo, 9dy
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Again by the Holder inequality,

(/ge];»dy)mS/gvlmdey(/gvﬁtdy)m1.
Q Q

Q

Hence, (4.8) becomes

K= ([ aoban)™™ [ % s> ([ e rFwna)”. @)

Q

In addition, (G3) implies that J(x,0) > 0. By Lemma 1 we obtain
J(x,7)>0,(x,7) € 2 x (0,T7).
Integrating (4.3) over (7,7*), we have
o(e,7) < (p(r + p1+ qu — 1)) I (T - 7) T (4.10)

Setting Cy = (p(r +p1 4+ ¢ —1)) "7 77" and combining (4.10) with (4.2), we obtain the
following;:

Theorem 5 Suppose that conditions (H1), (G1)-(G3) hold and the solution of (4.1)
blows up in finite time 7. Then there exist two positive constants C;, Cy such that

Ci(T" — 7')_"+P141f71—1 < maxv(z,7) < Cy(T* — T)_T+p141r<11—1. (4.11)
€N

Substituting r = (m — 1)/m,p1 = p/m,q1 = q¢/m,v = u™, 7 = mt into (4.10), we get
the following;:

Corollary 1 Suppose that conditions (H1)—(H4) hold and the solution of (1.4) blows
up in finite time. Then there exist two positive constants C3, Cy such that

C3(T — t)_pﬂlrl < maxu(z,t) < Cy(T — zf)_ﬁ7
z€Q

where T'= T*/m is the blow-up time of u(x,t) and

Cy = Cll/mm—l/(erqfl)’ C, = Czl/mmfl/(zﬂrqfl).
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