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Abstract: In this article, we study stochastic differential equations (SDEs) with different
drift and diffusion coefficients which are driven by fractional Brownian motions. By using the gen-
eralized sample solutions of SDESs, two comparison theorems are obtained. moreover, we give their
applications and propose an asymptotic optimal strategy.

Keywords: stochastic differential equation; generalized sample solution; comparison theo-
rem; fractional Brownian motion; optimal strategy

2010 MR Subject Classification: 60H10

Document code: A Article ID: 0255-7797(2014)05-0875-09

1 Introduction

As for the investigation of stochastic differential equations(SDEs) on solutions and sys-
tem stabilities, the comparison theorems have been evolving not only as very powerful tools
but also nice train of thought. Abundant contributions on comparison theorems have been
already concerned with different random models or different stochastic resources, for more
detail we refer to [1-6] and the reference therein.

In 1970s, Doss [7], Sussmann [8], Krasnoselski and Pokrovski [9] gave a new method that
convert SDE to ODE with parameter. Huang [10] gave the definition of generalized sample
solution of more general SDE. Jiang [11] also obtained the generalized sample solution of
Volterra integral equations. Applying directly the theory of ODE, this method was very
valid whether in the theory of SDE or in the numerical calculus of SDE. Inspired by these,
we engage to study the comparison theorem of generalized sample solution for stochastic
differential equation (SDE) with different drift and diffusion coefficients which are driven by
fractional Brownian motions (fBm). That is

t t
X, = xg +/ f(s,Bf,Xs)ds+/ o(s,BY, X, )dBY, t > to, (1.1)
t() t()
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where B}! is one dimensional fBm on a suitable complete probability space (Q, F,F;, P),
H(> %) is the Hurst parameter, and the stochastic integral throughout the article is taken
as pathwise integral in the sense of [12].

In terms of fractional Brownian motion B! with Hurst parameter H € (0,1), it is a
continuous-time Gaussian process with mean zero, starting at zero and having the following
correlation function

B[BIBy"] = o ([t + [s]" — [t — s[*").

1
2
Particularly, it is not semimartingale nor Markovian process, but when H = % it reduces
to the standard Brownian motion. Since its’ self-similarity and long-range dependence, fBm
has been a driving noise in models arising in physics, telecommunication network, finance
and other fields and give rise to much more research interest recently. Numerous results on
fBm have appeared, such as [13, 14] and so on.

The paper is organized as follows: in Section 2, we recall some basic results on the
SDE. In Section 3, we characterize the generalized sample solution and show the comparison
theorem for the solution of SDE driven by fractional Brownian motions. In Section 4, we
give an examples of the comparison theorem and propose an asymptotic optimal strategy

for the solutions of SDEs.

2 Preliminaries

In this section, we recall some important results of SDE which are used in the following
contents. (For the detail, we refer to [14] )

Lemma 2.1 Suppose the following SDE with one dimensional fBm B (H € (1,1))
defined on a complete probability space (2, F, F;, P),

t t
X; = X, +/ f(s, Xs)ds +/ o(s, X, )dBH, te0,T], (2.1)
0 0

where the function o = o(t,x) : [0,7] x R — R satisfies the assumptions: o is differentiable
in x, there exist M > 0,0 < 7,k < 1 and for any N > 0 there exists My such that

(i) o is Lipschitz continuous in x:
lo(t,z) —o(t,y)| < M|z —y|, Vt€[0,T] z,y € R;
(ii) z-derivative of ¢ is local Holder continuous in z:
|02 (t, 2) = 0u(t,y)| < Myle —yl*, Vx|, |y <N t €[0,T];
(iii) o is Holder continuous in time ¢:
lo(t,x) —o(s,z)| + |ox(t,x) —ox(s,2)| < M|t —s|” Yz € R, t,s€[0,T].

The function f = f(t,z) : [0,7] x R — R satisfies the following assumptions:
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(iv) for any N > 0, there exists Cy such that
[f(t,2) = f(t,9)] < Onlz —yl, Vx| [yl <N t,s€[0,T];
(v) there exists a function fo € L,[0,7] and C' > 0 such that
|f(t,z)| < Clz|+ fo(t), V (t,x) € [0,T] x R.

Andp=(1—H+¢€) " withsome0<e<H—3%,v>1—H,x>H"'—1 (the constants
M, My, N, Cy and the function f, can depend on w). Then there exists an unique solution
{X:;t €[0,T]} of equation (2.1).

Lemma 2.2 For a >1— H, let a(s) € C*[0,t] and v(s) € L*([0,T]). Define

t t
1
Yt—Yo+/ v(s)d8+/ a(s)dBY', He(g’l)’
0 0

moreover, assume F = F(t,z) : Ry xR — R, F € C'(R;) x C*(R) such that F!(s,Y;)a(s) €
CP[0,t] for 8+ H > 1 a.s.. Then

t t
F(t,Y;) =F(0,Y)) +/ Ft’(s,YS)der/ Fl(s,Y)v(s)ds
0 0
t
—l—/ F!(s,Y,)a(s)dBE.
0
In particular, for F' € C%(R), we have

F(B) = F(0)+ /t F'(BfyaB!.

Lemma 2.3 Assume f(t,x), f(t,z) satisfy Carathéodory conditions on G* C R?(i.e.
they are measurable in ¢, continuous in = and dominated by a locally integrable function
m(t) in the domain G*). Let (to,z¢) € G*, (to,To) € G* be two points such that zy < I,
and x(t) be any solution to the initial value problem &, = f(¢,x;),2(to) = xo; Z(t) be the

maximal solution [15] to the problem &, = f(t,x,), z(ty) = &o. Moreover,

(b= to) f(t,2) < (t = t0) [ (1, )
holds in G*. Then z(t) < Z(¢) in the interval of both them exist.

3 Generalized Sample Solution and Comparison Theorem

In what follows, we consider the SDE (1.1) driven by one dimensional fBm BZ with
H € (3,1) on a suitable complete probability space (€2, F, F;, P) and {F;,t > to} an increas-
ing family of subalgebras of F satisfying the usual conditions. The coefficients satisfy the
following conditions (H;) and (Hs):
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(Hy) f = f(t,b,x), 0 =0o(t,b,x) are two real valued functions defined on G C [tg, 00) %
R?;

(Hy) o € C?(G) and f € C°(G) and locally Lipschitz continuous with respect to x in
G.

For detailed study on the well-defined SDE (1.1), we refer to [14, 16].

Now, we adopt three steps to characterize the generalized sample solution of SDE (1.1).
First, we consider the following deterministic initial value problem:

dy _

ab U(ta bay>7 y(b0> =¢, (31>

where ¢ is a parameter. Since ¢ € C?*(G), by common theories of ordinary differential
equation, we imply that equation (3.1) have an unique C?-solution y = ®(t,b, £, by) in some
domain G C [ty,0) x R2. Denote

f (ta B{I(w)’(I) (ta Bf(w),g, bO)) - (I)t (ta Bf(w),{,bo)

h(t, &,w) = e (t, Bl (w), £, bo)) ’

where ®,, ®, indicate partial derivatives with the variables ¢t and ¢, respectively.
Second, we consider the following initial value problem
d§¢

o = ht&w), &(t) = zo(w). (3.2)

Due to the function f(t,b,x) is locally Lipschitz continuous with respect to z in G, the
equation (3.2) exists an unique solution &(t,w), to < ¢ < ((w), where ( is the “explosion
time”.

Finally, we intend to show that X (t,w) = ®(t, Bf (w),&(t,w),b) is just the unique
solution of equation (1.1).

Theorem 3.1 Assuming that the drift and diffusion coefficient f, o satisfy the foregoing
conditions (H;) and (H,), there exists an unique strong solution for SDE (1.1),

X(t7w) = q)(thtH(w)?g(taw)vbO)? tO <t < C(w)u (33)

where ® and ¢ are the solutions to the problems (3.1) and (3.2), respectively, and ¢ is the
“explosion time” for X,.

Proof Since {(t,w) is an adapted continuous process, we could find a sequence of
compact sets K, in G such that K,, T G and the well-defined stopping time

Co(w) =inf {t > 0: (¢, B (w),® (t, B (w),&(t,w), bo)) ¢ Kn},
which converges to ¢ almost surely. Therefore, by applying Lemma 2.2 to the process

X(tAQ) =2(tAC B (w),€(tAC), o),
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we have

tAC tAC tAC
XN — a9 = / @b(s,Bf,fs,bo)dBf —l—/ ®,ds —I—/ ®.dE

to to to

tAC tAC tAC
/ a(s,Bf,Xs)dBf—i—/ @tds+/ Deh(s, &, w)ds

to to to
tAC tAC

:/ o(s,BY, X,)dB" + f(s,BE X,)ds, a.s.,
to to

which shows that {X;,0 <t < (} is a solution to SDE (1.1).
Conversely, if {X;,0 < ¢ < (} is an another solution to (1.1), we can also use Lemma
2.2 to the process
EENC) = (A X(ENC), B2 o)

tAC?
to verify similarly that {£(¢),0 < t < (} is a solution to problem (3.2)(cf [2]). It follows from
the uniqueness of the solution to problem (3.2) that ¢ < ¢ and £(t) coincides with &(t) in
the interval [0, ¢). Therefore,
XA =N B EEN L), bo)

=®(tACBEENC),by) = X(tAC), as.,

tAE?

which completes the proof.

Remark 3.1 When the solutions of problems (3.1) and (3.2) exist, we call (3.3) is the
generalized sample solution of SDE (1.1). For more detail on generalized sample solution,
see [10, 11].

With the definition of generalized sample solution and the above lemmas, we now illus-
trate the main results on comparison theorems.

Theorem 3.2  Assume that the drift and diffusion coefficients f and o of SDE (1.1)
satisfy the conditions of Theorem 3.1. Moreover,

(i) there exists a function ¢ = &(t,b,x) defined on G satisfying the Carathéodory
conditions in (b, z) (i.e., they are measurable in ¢, continuous in (b, z) and dominated by a

locally integrable function m(t) in the domain G) and the inequality
(b—bg)o(t,b,z) < (b—bo)o(t,b,x) in G (3.4)

(ii) there exists a function h defined on D which is the domain of h, satisfying the

Carathéorory conditions in (¢,£) and the inequality
h(t,&,w) < h(t,&,w) ae. w and (t,€) € D; (3.5)

(iii) denoted by ® and & are the maximal solutions to the following two problems

dy

ab = 5<t> b, y)a y<t0) =& (36>
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d¢ 5 N
a = h(tvgaw))g(tO) = xO(w)’ (37)

respectively, and xo < Zo. Then for the unique solution X; of SDE (1.1)
X(t) S (i)(tv BtH(w)a g(tv (.U), bO)

holds for a.e. w and all ¢ on the common interval where both sides are well-defined.

Proof Using Lemma 2.3, we have
(I)(ta b7 ga bO) < Ci)(tv bv g*z b0)7

provided ¢ < £*. By the same reason and z, < i, we could also show that &(t,w) < £(t,w)
on the common interval where both sides are well-defined.
According to these two inequalities and Theorem 3.1, we obtain

X(tvw) = cb(thi{{(w)vE(t?w)vbO) < i)(ta Bfl(w)7g(tvw)vb0)'

Remark 3.2 The conditions imposed on ¢ in Theorem 3.2 would be too restrictive, we
can weaken them by a method of smooth approximation and obtain a similar result.

For any € > 0, set . be a modified on R?, that is, p. € C§°(R?), ¢ >0, [ ¢ =1 and
the support of ¢, is contained in the ball U(0,¢). If necessary, we can extend its domain
and assume that o is well-defined and continuous in R?. Let (9 = ¢ % ¢, where * denotes
the convolution. Hence, o9 € C*(R?) and () converges to ¢ uniformly on every compact
subset in G as € — 0.

Let ®© be the unique solution to the problem

% =o'l (tv b, (I))7 q>(b0) =&;
and
(t, B (@), 8O (t, B (w), &, bo)) — @17 (¢, B/ (w), &, bo)

f
Ko =
(t, & w) @éf) (t, Bff (w), &, bo)

Hence, we can obtain the following result.

Theorem 3.3 Assume that the drift and diffusion coefficients f(¢,b, x) and o(t, b, x)
of SDE (1.1) are continuous in G and locally Lipschitz continuous w.r.t z. Let X (¢) and
®(t,b,&,by) be the unique solutions to SDE (1.1) and problem (3.1) respectively. Moreover,
there exist two functions & satisfying inequality (3.4) and h satisfying

W (t,6,w) < (€ w) (t,€w) €D
for any sufficiently small positive number €. Then
X(t) < o(t, BtH(w),g(t,w),bo)

holds for a.e. w and all ¢ on the common interval where both sides are well-defined, where
X, is the unique solution of SDE (1.1) and &, £ are the maximal solutions to (3.6),(3.7).
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Proof The existence and uniqueness of solution X (¢) to SDE (1.1) are easily obtained.
Denoted by ¢ its “explosion time” and choose a sequence of compact sets {K,} such that
K, T G. Define

Gn(w) = inf {t >ty (t,Bf(w),X(t,w)) ¢ Kn} )
then each ¢, is a stopping time and ¢, T ¢. Since f and o(® satisfy the conditions stated in

Theorem 3.2, and for € > 0 sufficiently small, the solution X () (¢) to the SDE

t
x_%+/f534¥®+/ﬁm@3£mmgﬁ t > to,

to

satisfies the inequality
X(t) < &(t, B (), &(t,w), bo).- (38)

For every sequence {¢,,} such that €, | 0 and every n, we have

lim F {sup | X () (1) — X (t) |2} =0.

m—eo t<cn

Hence, there exists a subsequence, again denoted by {e,,}, such that

P{nmsw|x@%n—xuﬂzo}:

m—00 <,
Upon passage to limit in (3.8), the proof is complete.
4 Examples and Optimal Strategy

In the section, we present an examples of the comparison theorem and propose an
asymptotic optimal strategy for the solutions of SDEs.
Example 1 Consider the following two SDEs

dX,(t) = fi(t, BE, Xi(£)dt + o(t, BT, X,(t))dBH,
Xi(to) =z (i=1,2),

where o, fi, and f, satisfy the conditions in Theorem 2.3 and =} < z2, f1 < fo in G.
Set & = o and h\(t,&,w) = (f; — @Ee))/Cbg) (1 =1,2), we can easily show that

h? (€ w) < b (1€ w) Ve > 0.
Hence, applying Theorem 3.1 and 3.2 to the equations

dX9(t) = fi(t, BE, X[9(t)dt + o (t, BF, X (1))dBE,
XYto) =2 (i=1,2),

we see that Xl(e)(t) < XQ(E) (t) holds for Ve > 0 on the interval where they are both well-
defined. Let € — 0, by virtue of Theorem 3.3, we obtain that X (t) < Xs(¢).
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Theorem 4.1 Let G C [tg,o0) x R?, assume f, o are finite measurable function on G
and satisfy the conditions in Theorem 3.1, then there exists two finite measurable function

sequences f, and o, such that
m<f,on<o, lim f,=f Ilim o, =o0.
n—oo n—oo

Moreover, lim X" = X, a.s., where X' and X, are solutions of equations

n—oo

t t
X' =g +/ fn(s, BT, X™)ds +/ on(s, BT, X™MdBY, t >t (4.1)
to tO
and , .
Xt:xo—l-/ f(s,Bf,Xs)ds+/ o(s, BY, X,)dBY, t > to, (4.2)
tg tO
respectively.

Proof Since f, o are finite measurable functions on G, there exists two sequences
of simple functions {¢,,} with || < [ths| < -+ < ihy| < ---; and {p,} with [p1] < [pa] <
- < pn| < -+, such that

lim ¢, = f; lim ¢, = 0.
Let f, = min{¢,, f}, 0, = min{¢,, o}, then

< f,lim f,=f;, 0, <o, lim o, =0.
n—oo n—oo

Notice that equations (4.1) and (4.2) are well-defined with regard to the foregoing drift and
diffusion coefficients, applying the above elaborated comparison theorems, we have X;* < X,
and lim X' = X,.

Remark 4.1 By suitable designing to approximate the drift and diffusion coefficients
numerically and using comparison theorems, we could obtain the optimal state of the stochas-

tic dynamical systems.
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