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A CHARACTERIZATION OF BLOCH-TYPE SPACES
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Abstract: In this paper, we investigate the properties of functions in the Bloch-type spaces.
By using the pseudo-hyperbolic metric and some inequalities, we obtain a new characterization of
Bloch-type spaces BY(B,,) with 0 < o < 1, which generalizes the Holland-Walsh characterization
in a higher order version for Bloch-type spaces B*(B,).
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1 Introduction

Let B,, be the unit ball in the n-dimensional complex Euclidean space C". For 0 < a <

00, the Bloch-type space B*(B,,) consists of holomorphic functions f in B,, such that

S;pr(l —[2[*)*IVf(2)] < o0

or equivalently

sup (1 — [2[*)*|Rf(2)] < o0,
z€B,

where Vf(z) = (%(z),n- ,%(2)) and Rf(z) = Y. zk%(z). The Bloch-type space
n = ,

B*(B,,) becomes a Banach space with the norm

Boe,) = [f(0)] + sup (1 — [2[*)*|V f(2)|, | € B*(Bn).

z€B,,

/]

When a = 1, B(B,,) is classical Bloch space B(B,,). For the general theory of Bloch-type
spaces we refer to [1] and [2]. The Zygmund class A;(B,,) is the space of holomorphic
functions in B,, whose first order partial derivatives are in the Bloch space B(B,,). See page
246 of [2].
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The Holland-Walsh characterizations for Bloch-type spaces were extensively studied.
See [3-7]. For example, in [6] Zhao obtained the following theorem.

Theorem 1.1 Let 0 < a < 2. Let A be any real number satisfying the following
properties: (1) 0 < A< aif0<a<l; (2)0<A<lifa=1,3) a-1<A<1if
1 < @ < 2. Then a holomorphic function f € B*(B,,) if and only if

Sx(f) = zi}:{;ﬂ (1—zH*1 - |w|2)a—)\w =

Moreover, for any a and \ satisfying above conditions two seminorms sup (1 —|z|?)¥|V f(2)]
z€B,

and S\ (f) are equivalent.

It was observed that a holomorphic function f € A;(B,,) if and only if
|/ (2) + f(w) = 2f(55*)]
sup

2, wEBy, |z — w|
rAw

< 0.

See exercise 7.15 of page 261 of [2]. In this paper, we generalize Theorem 1.1 and give the
characterization of Bloch-type spaces B*(B,,) with 0 < o < 1 in terms of |f(z) + f(w) —
2f(%5%)[/|z — w|?, which has not appeared in the literature. It should be mentioned that
in the proof of sufficiency of our main result we mainly use the pseudo-hyperbolic metric
different from the real techniques used in [5, 6]. We will give our main result in Section 3.
As usual, the letter C' will denote a positive constant, possibly different on each occur-
rence. The notation A ~ B means that A/B is bounded above and below by some positive

constants.

2 Preliminaries

In this section we gather the necessary technical results and lemmas that will be need
for the proof of main result. First, we give the Mdbius transformation. For every point
a € B, the Md&bius transformation ¢, : B, — B,, is defined by

a— P,(2) — $aQa(2)

€ By,
1—(z,a)  c

Spa(z) =

where s, = /1 —|a|?, P,(2) = ﬁ’?a, Py(z) =0, Q, = I — P,. The map ¢, is also called
involution of B,,, or involutive automorphism.

Recall that the pseudo-hyperbolic metric on B, is given by p(z,w) = |¢.(w)| for z,w €
B,. For 6 € (0,1), the pseudo-hyperbolic metric ball E(z,0) = {w € B, : p(z,w) =
lp.(w)| < ¢}. Let |E(z,0)| denote the volume of E(z,d). It is well known that for fixed

5 €(0,1),
(1= 2" = (1= [w)"™ = 1 = (z,w)["" = |E(z,0)], (2.1)

whenever p(z,w) < §. For example, see [2]. Let B(z,r) be a Euclidean ball of radius r
centered at z. For § € (0,1), it is easy to see that B(z,0(1 —|z])) C E(z,0). In fact, for any
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w € B(z,d(1 — |z])) we have

_ oy = P Pew) = 5:Q:(w)| [Pz — w) +5.Q:(2 — w)|
p(z,w) = |p.(w)| = 1= (w2 = = (w2
|z — w OEED

= (w2 = Tl
On the other hand, we will also need the following lemmas.
Lemma 2.1 Let 6 € (0,1), z € B, and let f be a holomorphic function in the ball
B(z,0(1 —|z|)). Then

<4 (2.2)

C
_ w)|dv(w),
(1 —z[?)*" /B(z,mz)) 17w e)

where z € B,, and dv is the normalized volume measure on B,,.

(L= [zP)IV ()] <

Proof This immediately follows from the Cauchy estimate and the subharmonicity.
Indeed, we have
A=1PIVI)| < ¢ sup  [f(w)
wGB(z,%(lf\z\))

C
—_ dv(w).
(1 —[z[2)2" /B(z,5(1|z|)) [F(w)lde(w)

Lemma 2.2 (see [2, 8]) Let @ > 0 and k be a positive integer. Then a holomorphic
function f in B,, belongs to B*(B,,) if and only if the function (1 — |z[2)*+™=19ImIf /9™ is

bounded in B,, for each multi-index m of nonnegative integers with |m| = k.

This completes the proof.

Lemma 2.3 (see [6]) Let 0 < o < 2. Let A be any real number satisfying the properties:
(1) 0< A A<aif0<a<];

(2) 0<A<lifa=1,

B) a—1<A<lifl<a<?2

A, a—A Yy dT
( ?y)

y—z J, T
Then there exists a constant C' > 0 such that H(z,y) < C for any x and y satisfying
0<z,y<ooandz#y.

3 Main Result

In this section, we give the characterization of Bloch-type spaces in terms of |f(z) +
f(w) —2f(52)|/|z — w|?, which generalizes the Holland-Walsh characterization. We state
our main result as follows.

Theorem 3.1 Let 0 < o < 1 and @ < A < 1. Then a holomorphic function f € B*(B,,)
if and only if

sup (1 — |21 — |w]?)*Ft=A |f(2) + flw) — 2f(552)]

z,wEBn |Z - w|2
zFw

< oo. (3.1)
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Proof Assume that f € B¥(B,). For any z,w € B,,, denote { = ZJF?“} Then we have

Z+w zZ+w Z+w

f(2) + fw) = 2f( )= (f(2) = f(=)) + (f(w) = f(=5—))
= f(z— (©)) + (f(w) = f(C))

= [df (1—1t) d—(tw +(1- t)g)} dt
- %Zm ) / [ak@z Fa-00) - §i<tw + =00 a

1 n
By Lemma 2.2 and the facts that |z, — wi| < |z —w| (k =1,2,--- ,n), we obtain
zZ 4w

1)+ Flw) =27 (C2)|

% ZZ(zk—wk)(zj—wj)/ t/ af:gzj (stz + (1 — s)tw + (1 — £)¢) dsdt

k}ljl

1
= B - dsdt
= C;]Zl|2k ’LUkHZj w]|||f||B (B, )/ / 1—|stz—|—(1—3)tw—|—(1—t)<| )a+1 S
1
= —uwlf’ ° L dsdt. 9
< Cls— wllf s / / [ e e R 52

Now suppose that |z| < |w|. Then we get

1— stz + (1 —s)tw+ (1 =) >1—|stz + (1 — s)tw + (1 — t)(|
= 1—|(st+

1-t¢ 1-t¢
) )z+(1—st—T)w|

1-t¢ 1-1¢
el = (1= st — —)ful

> 1 (st+
1-t¢
= 1—st|z| —(1—st)|w|+ T(|w| —lz]) > 1 —st|z| — (1 — st)|w|. (3.3)

As a consequence, we have

1t 1 1 dsdt
o Sy stz + (1= s)tw + (1 — )2yt
1 1 1
¢ dsdt
/o / (1= stlz[— (1 = slw])er1 ™

1t 1
1 1
= dsdt < / ds. (3.4)
/0 /0 (1= slz| = (1 = s)lw[)*+1 o (1—=slz] = (1= s)w|)o+!
Thus, by (3.2), (3.3) and (3.4) we obtain for z # w and |z| < |w]

|f(2) + f(w) — 2f(55*)] <C/1 1
—Jo (L=l = (

2 — wl? — (L= s)|w[)o+!

IN

ds. (3.5)
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If |z| = |w]|, then

ds

LORHORLC ey 1
= =R

|2 — w]? 1 —s)[z[)o+!

1 1 c
a C/O (1- |z|)0‘+1d8 (1= 2 = w])et A (3.6)

If |z| < |wl|, let 7=1—s|z| — (1 — s)|w|. By Lemma 2.3, the integral in (3.5) becomes

1 1 1 1—|z| 1
ds = / —dr
/0 (1 —slz| = (1 = s)w|)>*! (T —1z)) = (X = |wl]) Sy} 7
< G
T (1= 2DAM = Jw)ettmAT

By Lemma 2.3, we also have

/1 1 1 =l
ds = —dr
o (1=slz] = (1= s)w])> (T—=1[z]) = (L= |wl]) Jy_p 7!
< &
= (1= [z))e A = fw])N

By symmetry of the roles of z and w, and combining this with (3.6), finally we get that for
z # w,
[f(z) + fw) = 2f(55)] _ c

|z —w]? T (=DM = fwf)ertmr

This proves the necessity.
Conversely, suppose that f is holomorphic on B,, and satisfies (3.1). Take ¢ € (0,1)
such that §(2 4+ §) < 1. By Lemma 2.1, for k =1,2,--- ,n, 5 =1,2,--- ,n, then we have

2\a+1 a2f

(1—[2)" |m(2)|

O~ e of of ztw,
S A-Rpe /B(z,6(1|z|))|azk w) =55 )|dv(w)

C(1 — |z|?)~ 1 z4+&

_— —_— —2f(——=)|dv(&)dv(w).
= AP /B(Z,awm (0wl /B<w,5<1w|>> T+ T8 =2 (v dvtw)

Notice that for £ € B(w,d(1 — |w|)) and w € B(z,0(1 — |z|)), we have
|z — ¢ o lmwltlw—¢ 00— |z)) + (1 — |w])
1-<z&>] ~ (1—1z) (1—1z)
(1 —1z]) +6(1+0)(1 —1z])
< el =0(2+9). (3.7)

From above inequality, (2.1) and (2.2), when w € B(z,0(1—|z|)) and £ € B(w, §(1—|w|)),
we have £ € B(z,5(24 §)(1 — |z])) and

L= [e? 1= |wf’ » 1 -] = 1= (z,6)]. (3.8)
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Combined with (3.1), (3.7) and (3.8), we consequently obtain

2\a+1 a2f

(L—[zf) |m(z)|

o f=py ! P24 071 — (2, )P
= (1= [2]2)%n /3(2,5(1|z|)) (1 — Jw?)2n+t /Js(w,5(1w|)) (1= [2[)A(1 — [g[2)oti=A

CUI2YA 1 ]2 at1—A

CEED B0 4 100 - 20 G Sl av )

o0 |z 1 1 (28

-_— _ dv(&)dv
e N e M (e i

QMMW/ | ‘/ (1 - w])?

< lad BV e — dv(&)dv(w
AT Joesi oy @ 0BT Ly sy (= 2P — ) ()8 )
< C.

From Lemma 2.2, this implies that f € B*(B,,). The proof is completed.
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