Vol. 34 ( 2014)
No. 4 J. of Math. (PRC)

MEROMORPHIC SOLUTIONS OF A TYPE OF
SYSTEMS OF COMPLEX DIFFERENCE EQUATIONS
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Abstract: This paper investigates the growth order of a type of systems of complex difference
equations. By using the Nevanlinna distribution theory of meromorphic functions, we obtain a main
result on meromorphic solutions of systems of complex difference equations, which extends some
results concerning complex difference equation to the systems of complex difference equations.
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1 Introduction

We use the standard notations of the Nevanlinna theory of meromorphic functions(see
e.g.[1]). In addition we denote the order of f(z) by p(f).

We set up some notations on difference. Let ¢ be a fixed, non-zero complex number,
Af(2) = fz40) = F(2), and A2 f(2) = A(A2~1f(2)) = A1 f(z+¢) = A2~ f(2) for each
integer n > 2. In order to simplify our notations, we shall use the same notation A for both
a general ¢ and when ¢ = 1. The context will make clear which quantity is under discussion.
Equations written with the above difference operators A f(z) are difference discussions. Let

E be a subset on the positive real axis. We define the logarithmic measure of E to be

d
log(E) :/ a
EN(1+4c) T

A set E C (1,+00) is said to have finite logarithmic measure if log(E) < oo.

Recently, Laine, Rieppo [5], Heittokangas, Korhonen [3], Halburd and Korhonen [4],
Chiang and Feng [2] etc. investigated the existence or growth of solutions of complex dif-
ference equations, Gao [9-12] investigated the existence or growth of solutions of systems of
complex difference equations, they obtain some main results.

In 2005, I. Laine, J. Rieppo[5] considered the following difference equation

- P(z, f(2))
> () f(z+¢;) = ,
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where the coefficients «; (%) are non-vanishing small functions relative to f and where P, Q
are relatively prime polynomials in f over the field of small functions relative to f. He
obtained

Theorem A [5] Suppose that ¢, ¢z, -, ¢, are distinct, non-zero complex numbers
and that f is a transcendental meromorphic solution of the above equation, ¢ = degfc2 >
0,n = max{p,q} = max{deg?, deg?} and that, without restricting generality, ) is a monic
polynomial. If there exists a € [0,n) such that for all r sufficiently large,

N{(r, Zaj(z)f(z +¢;)) < alN(r+C, f(2)) + S(r, f(2)),

where C' = max{|ci|, |ca|, - - ,|cn|}, then either the order p(f) = oo, or

Q(z, f(2)) = (f(2) + h(2)),

where h(z) is a small meromorphic function.

The natural question arises whether or not the assertion of Theorem A remains valid,
if we replace the difference equations with systems of complex difference equations. In this
paper, our aim is to consider the problem of the growth of solution of systems of complex

difference equations of the form

5 s ()il + ) = Pl(Z’fz),
i Q1(z, f2)

XS (1.1)
Zﬂj f2 Z+Cj) Q2(27f1)’

where the coefficients «;(z), 5;(z) are non-vanishing small functions relative to fi, fo and
P, Q, are relatively prime polynomials in fy, P5, Q> are relatively prime polynomials in
f1, where ¢, = deg?"‘ > 0,p, = degf’“(k = 1,2). We assume that n; = max{p1,q1},ns =
max{ps, ¢2}, @1, Q2 are monic polynomials.

Let C' = max{|c1|, |ca|, -, |cn|}. We obtain the following result

Theorem 1 Let (fi(2), f2(2)) be transcendental meromorphic solution of (1.1). If there

exist a, 3 € [0,n),n = min{ny, ne} such that for all r sufficiently large,

ni

W(T,Z a;(2) fi(z + ¢;)) < aN(r+C, fi(2) + S(r, fr),
J,j; B (1.2)
Z Bi(2)f2(2 4+ ¢;)) < BN(r + C, f2(2)) + S(r, f2),

then either the order p(fi) = 00, p(f2) = oo at least one of them will be true, or

Q1(z, f2) = (fo + hi(2))", Qa2(2, f1) = (f1 + ha(2))®

at least one of them will be true where hy(z), ha(z) are small meromorphic functions.

2 Some Lemmas
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Lemma 1 [6] Let f(z) be a meromorphic function and let ¢ be given by

¢:fn+an—1fnil+"'+a03
T(T,aj):S(T,f),jIO,l,"' 7n71'

Then either
— An—1 n
¢=(f+-—)

n

or

;) + N(r, f)+ S(r, f).

Lemma 2 [5] Let f(z) be a non-constant meromorphic function and let P(z, f), Q(z, f)

T(r, f) < N(r,

be two polynomials in f with meromorphic coefficients small relative to f. If P and @ have

no common factors of positive degree in f over the field of small functions relative to f, then

0 P
Ny <N GE

Lemma 3 [7] Let T : [0,400) — [0,+00) be a non-decreasing continuous function,
5 €(0,1) and s € (0,400]. If T' is of finite order, i.e.,

— 1

) +5(r, f).

logT
lim o\ (r)

)
r—oo logr

then

Tr+s)=T(r)+ O(Tr(;) ),

where 7 runs to infinity outside of a set of finite logarithmic measure.
Lemma4 [8] Let f(z) be a non-constant meromorphic function. Then for all irreducible

rational functions in f(z),

S a;(2) f(2)

=0

with meromorphic coefficients a;(z),b;(z), the characteristic function of R(z, f(z)) satisfies

T(r, R(z, f(2))) = max{p,q}T(r, f) + O{D_ T(r,a;) + Y T(r,b,)}.

3 Proof of Theorem 1

When the second alternative of assertion is not hand. Then by Lemma 1 and Lemma
2, we obtain
Py

T(r, f2) < N(r, C;) + N(r, f2) + S(r, f2) < N(r, a) + N(r, f2) + 5(r, f2).
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Then by (1.1) and (1.2), we have

T(r, f) = N(r, f2) < N(r, )+5(7“ f2)

Q1
= N(r Za] Vfi(z+¢;)) +S(r, f2)

< alN(r+C, fi(2)) + S(r, f1) + S(r, f2).
Namely,
T(r, fo) = N(r, fo) < aN(r + C, fi(2)) + S(r, f1) + S(r, f2),
where « € [0,n),n = min{ny,ny}. Similarly, we obtain

T(r, fi) = N(r, f1) < BN(r+ C, fo(2)) + S(r, fu) + S(r, f2),

where ( € [0,n),n = min{ni,ns}.

Assuming, contrary to the assertion, that p(f;) < co,7 = 1,2. Then it implies that

S(r, fi(z +¢;)) = S(r, f1),  S(r, fi(z +¢;)) = S(r, f2).

Hence
T(r, fo(z +¢;)) = N(r, fa(z +¢;)) < aN(r +C, fi(z +¢;)) + S(r, f(2)) + S(r, fo(2)), (3.1)

T(r, filz+¢;) = N(r, fi(z + ¢;)) < BN(r + C, fa(2 +¢;)) + S(r, f1(2)) + S(r, f2(2)). (3.2)
By (1.1), (1.2), (3.2) and Lemma 4, we have

n1

mT(r, f2) <T(r, ) a;(2)filz+¢)) + S(r, f1)

j=1

<Z (ro filz+ ) = N(r, fulz + )] + N(r, Y a(2)filz + ¢5) + S(r, 1)

Jj=1

< Zﬁﬁ(r +C, falz+¢;)) +aN(r+C, f1) + S(r, f1)

<mBN(r+2C, fo(2)) + aN(r + C, fi) + S(r, fi) + S(r, f2).
Namely,

T(r, f2) < BN(r +2C, fa(2)) + —N(r + C, fr) + S(r, fr) + S(r, fa). (3-3)

Similarly, we have

T(r, fi) < aN(r+2C, fi(2)) +

nﬁ (r+C, fo) + S(r, f1) + S(r, f2). (3.4)
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Hence

T(r, f2) — N(r, f2)
BN (r +2C, fa(2) +%N(T‘f’cvﬁ)—N(T»fz)+S(7“7f1)+5(7“af2)7 (3.5)

)
T(r, f1) = N(r, f1)
OZN(T + 20, fl( )) +

IN

IN

nﬁ (r+C, fo) = N(r f1) + S(r f1) + S(r fo). (3.6)

By (3.5) and Lemma 3, we have
T(r, fo(z +¢;)) = N(r, fo(z + ¢5))
BN(r+2C, folz + ) + “N(r+C iz +¢;) = N(r folz + ¢,)

+S(r, fi(z +¢5)) + S(r f2(z +¢)))
BN (r +3C, f2) + N(r+2C f1) = N(r—C, fa) + 5(r, f1) + S(r, f2)

IN

IN

IN

BN(r +3C, f2) + EN(T’ f1) = N(r, f2) + S(r, f1) + S(r, fo).
Namely,

T(r, f2(z+¢;)) = N(r, f2(z+¢;)) < BN (r+3C, f2)+ngﬁ(7”v 1) =N (r, f2)+5(r, f1)+5(r, f2).
' (3.7)
Similarly, we have

T(Ta fl(z+cj))_N<Ta f1<Z+Cj)) < OZN(T+30, f1)+nﬂ2N(Ta fg)-ﬁ(?", f1)+S(T7 f1)+S(T7 f2)

(3.8)
By (1.1), (1.2), (3.8) and Lemma 4, we have
M0 2) ST Y 04l + ) + S0 )

<D 70 fi(z + ) = Nl fuz + )] + N(r Zaj 2 filz+¢)) + S, fr)
< Z[aﬁ(r +3C, fi(2)) + ZN(T, f2) = N(r, fi))] + aN(r + C, f1)

+S(r, f1) + S(r, f2)
gnlaﬁ(r + 30, fl(Z)) + ﬁN( f2) - nIN(T7 f1>

+aN(r+C, f1)+ S(r, f1) + S(r, f2). (3.9)

Then by Lemma 3 and (3.9), we have

T(r, £3) = N1, f2) <aN(r+3C, 1) + 2N (r, o) + SR 1) = N )
— N(r, fo) + S(r, f1) + S(r, f2).
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Similarly, we have

T(r, fr) — N(r, f1) Sﬁﬁ(r‘f‘:gcafz)—"nglﬁ(ﬁfl) nﬁ (r, f2) = N(r, f2)

— N(r, f1) + S(r, f1) + S(r, f2).
Namely,

T(r, f2) = N(r, f2) < aN(r+3C, fi) + ZN(r, f) + N(r, f) = N(r, f1)

r, f1) +5(r, f2),
T(r, f1) = N(r. f1) < ﬁN(T+3C, f2) + 2N(r, f1) + ZN(r, f) = N(r, f2)
—N(r, f1) + S(r, f1) + S(r, fo).

We now proceed, inductively, to prove

T(r,f2) = N(r, f2) < aN(r+ 2m+1)C, f1) + ”;—fﬁ(r, f2) + %N(T, fi) —mN(r, f1)
—mN(r, fo) +S(r, f1) + S(r, fo),

T(r, f1) = N(r. f1) £ BN(r+ (2m+1)C, f2) + ZEN(r, f1) + 5EN(r, f2) = mN(r, f2)
—mN(r, f1) + S(r, f1) + S(r, f2).

(3.10)

Having already proved the case m = 1 in (3.10), we continue to the inductive step. To this

end, by the above inequalities, we obtain
T(r, fi(z +¢;)) = N(r, fi(z + ¢;))
SON(r + (2 + 1C. e +6)) + SN0 i+ ) + o N ol + 1)
= mN(r, f2(z + ¢;)) = mN(r, fi(z + ¢;)) + S(r, f1(z + ¢;)) + S(r, f2(2 + ¢5))
<BN(r+ (2m +2)C, f») + %O‘N(r +Cf) + ’Zfzv(r +C, f2) —mN(r — C, f2)
—mN(r—C, fi) + S(r, fi) + S(r, f2). (3.11)
Applying (3.11) and Lemma 3, and using (1.1) and (1.2) we conclude that
T (1) T3 ey (e + ) + S(r. f)

j=1

<D 10 fi(z +¢)) = Nlr, fulz + )] + N(r Za] 2 hi(z+¢))+ S, fr)

< Z[ﬁﬁ(r + (2m +2)C, f2) + %N(r +C, f1)+ TZ?N(T +C, fo)

Jj=1

—mN(r—C, fy) —mN(r —C, fi)] +aN(r+ C, f1) + S(r, f1)
N ) + 0N 1)
—mnyN(r, fo) — mnyN(r, fl) +aN(r, f1) + S( ,fl) + S(r, fa).

nlma
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Therefore, we obtain

m+Dag, 1)+ "X, 1)
1 No

- (m+ 1)N(7’, f2) - mN(r, fl) +S(T,f1) + S<r>f2>'

T(r, f2) = N(r, f2) <BN(r + (2m + 2)C, f2) +

Similarly, we have

(m+ VBN, 1)+ "N, 1)
) n1

— (m+1)N(r, f1) = mN(r, f2) + S(r, f2) + S(r, fr).

The above inequality applies to the functions f(z + ¢;) as well instead of f(z). Therefore,

T(r, f1) = N(r, f1) <aN(r+ (2m +2)C, f1) +

by Lemma 3, we obtain
T(T’, fl(z + Cj)) - N(ﬁ fl(z + Cj))

<aN(r + @m+2)C, fi(= 4 ¢;)) + DI

— (m+1)N(r, fi(z +¢)) — W(r,f2<z+cj)>+S(r,f2>+5<r,f1>

MW(r +C, fa) + %W(r +C, f1)

(rbw+%n+%?ﬁmﬁ@+qb

<aN(r+ (2m+3)C, f1) +

(m—l—l) (T—Cfl)—mN(T—C f2)+S( fg)-l—S(’F,fl)

<aN(r+ (2m+3)C, f1) + (m;l)ﬁN(r, f2) + n—lﬁ(r, f1)
— (m+1)N(r, f1) — mN(r, fo) + S(r, f2) + S(r, f1). (3.12)

Applying (3.12) and Lemma 3, and using (1.1) and (1.2) we conclude that

mT(r, f2) <T(r, Y a;(2)fi(z +¢))) + S(r, 1)

Jj=1

SZ[T(r,fl(z—i—cj)) N(r, fi(z +¢;))] + N(r Zoz7 Vi(z+¢;)) + S(r, f1)

j=1

<Z (r+(2m+3)C, f1) + (m+ Dy

N(Ta f2) + nilﬁ(ra fl)

UP]

— (m+1)N(r, f1) =mN(r, f2)] + aN(r + C, f1) + S(r, f1) + S(r, f2)

<maN(r + (2m +3)C, f1) + MW(T, f2) + N, f)

N9 ny

- nl(m + ].)N(T, fl) - nlmN(T) f2) + O[N(Ta fl) + S(Ta fl) + S(T’, f2)

This implies that
(m+1a

T(r, fa) — N(T, f2) Saﬁ(r +2(m+1)+1]C, f») + (m;;l)ﬁ

N(r, f1) + N(r, f2)

— (m+1N(r, f2) — (m+1)N(r, f1) + S(r, f1) + S(r, f2).
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Similarly, we obtain

(m+1)a—

+ M N(n fl)

SN 1) +

2 ny

— (m+1N(r, fi) = (m+ N(r, f2) + S(r, f1) + S(r, f2).

T(r, f1) — N(r, f1) <BN(r + 2(m + 1) + 1]C, f1)

We complete the induction. Moreover, we immediately see from (3.10) that

T(r, f2) = N(r, f2) < aN(r+ (2m+1)C, fr) + 22N (r, fo) + 2<N(r, f1)
—mN(r, 1) = mN(r, f2) + S(r, f1) + S(r, f2),

3.13
T(r,f1) = N(r, fi) < BN(r+(2m+1)C, fo) + Z2N(r, f1) + %N(Ta f2) 1
_mN(T» f?) - mN<Ta fl) + S(T7 fl) + S(Ta f2)
By (3.13) and Lemma 3, we have
N(r fi) + N(r, f2) < (& + 2)N(r, fi) + %N(ﬁ f2) + S(r, f1) + S(r, f2), (3.14)
N fo) + N f) < (5 + DN f) + N f) + S0 f) + S0 fo).

For sufficiently large m we see that

E nq m ni o

1 1
BB Bl—+—)<1,—<1
m Ny m No 1

From (3.14), we have

{[1 — (o + 7%)] N(r, f1) + [1 - n%] N(r, f2) < S(r, fr) + S(r, f2),
1= (2 + )N o)+ [L= 2] N(r, f1) < S(r, f1) + S(r, f2).

n2

Thus, for sufficiently large m, we have
N(Tv fl) = S(?", fl) + S(T’, f2),ﬁ(7“, f2) = S(?", fl) + S(T, f2) (315)
By (3.3), (3.4), (3.15) and Lemma 3, we have

T(T? fl) = S(r> fl) + S(’F, f2)?T(r> f2) = S<T7 f1> =+ S<Ta f2)
Namely,
[1+o(1)]T(r, f1) = S(r, f2),[1 + o(1)]T(r, f2) = S(r, f1)-
Hence, we have
[1+ oL+ o(]T(r, f1)T(r.f2) = S(r, f1)S(r, f2) = o(T(r, f1))o(T(r, f2)).

Namely,
[1 + 0(1)}T(T’, fl)T(Ta f2) - O(T(T’ fl))O(T<T’ f2))

Then, we have 1 = 0, which is a contradiction. Thus, the order p(f;) = oo, p(f2) = oo at
least one of them will be true.



670 Journal of Mathematics Vol. 34

References

[1] Yi H X, Yang C C. Theory of the uniqueness of meromorphic functions (in Chinese)[M)]. Beijing:
Science Press, 1995.

[2] Chiang MY, Feng J S. On the Nevanlinna charateristic of f(z + n) and difference equations in the
complex plane[J]. Ramanujan Journal, 2008, 16(1): 105-129.

[3] Heittokangas J, Korhonen R, Laine I, Rieppo J, Tohge K. Complex difference equations of Malmquist
type[J]. Computational Methods ang Function Theory, 2001, 1(1): 27-39.

[4] Halburd G R, Korhonen J R. Difference analogue of the lemma on the logarothmic derivative with
applications to difference equations[J]. Journal of Mathematical Analysis and Applications, 2006,
314(2): 477-487.

[5] Laine I, Rieppo J, Silvennoinen H. Remarks on complex difference equations[J]. Computational
Methods ang Function Theory, 2005, 5(1): 77-88.

[6] Weissenborn G. On the theorem of Tumura and Clunie[J]. The Bulletin of the London Mathematical
Society, 1986, 18(4): 371-373.

[7] Korhonen R. A new Clunie type theorem for difference polynomials[J]. Difference Equ. Appl., 2011,
17(3): 387-400.

[8] Laine I. Nevanlinna theory and complex differential equations[M]. Berlin: Walter de Gruyter, 1993.

[9] Gao Lingyun. Systems of complexdifference equations of Malmquist type[J]. Acta Mathematica
Sinica, 2012, 55(2): 293-300.

[10] Gao Lingyun. Estimates of N-function and m-function of meromorphic solutions of systems of
complex difference equations[J]. Acta Mathematica Scientia, 2012, 32B(4): 1495-1502.

[11] Gao Lingyun. Solutions of complex higher-order difference equations[J]. Acta Mathematica Sinica,
2013, 56(4): 451-458.

[12] Gao Lingyun. The growth order of solutions of systems of complex difference equations[J]. Acta
Mathematica Scientia, 2013, 33B(3): 814-820.

—RKEE N HEEN TR

A, B s
(B RHFR, TR TN 510632)

WE: AR T —REES RN L R 4 R 2 Y Nevanlinna B 71 #ig, 133
THREES TR AL — DB, K 20 TR e g k) B R 2 0y 7 R4 .

XA WK, WA, BT

MR(2010) /53 % S: 30D05 FESES: 017452



