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Abstract: In this paper, we discuss a class of weighted sums for martingale difference sequence
based on some elementary inequalities and the truncation technique. The almost sure convergence
is obtained, which extends the result on the case of independent identically distributed random
variables.
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1 Introduction and Main Results

Let {X,,n > 1} be a sequence of random variables defined on a probability space
(Q,.7,P) and let {a,;, 1 <i <n,n > 1} be a triangular array of constants. Weighted sums
of the form Z?:l an; X; arise in a variety of applications, such as least squares estimation,
nonparametric regression function estimate and jackknife estimate. Because of the wide
applications of weighted sums in statistics, many researchers have paid much attention to
its properties.

When {X,,,n > 1} is a sequence of independent identically distributed (i.i.d.) random
variables, the almost sure convergence of weighted sums Z?:l aniX; was founded in Choi
and Sung [1], Chow [2], Chow and Lai [3], Li et al. [7], Stout [8], Sung [9, 10], Teicher [11],
Thrum [12] and so on.

This paper focus on the above almost sure convergence of the weighted sums for the
case which {X,,n > 1} is a martingale difference sequence. To describe the results of this
paper, suppose that (,.%,P) is a probability space and let {%#,,n > 0} be a family of
o-algebras, such that %, C %, C--- C Z.

Let {X,,n > 1} be a martingale difference sequence with respect to the filtration
{Z#,.,n >0} with X, =0, i.e.,

i) E|X,| < oo, for all n > 1,
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ii) X, is #,-measurable,

iii) E(X,|-%#.-1) =0 a.s. for every n > 1.

Throughout this paper, C' denotes a positive constant, which may take different values
whenever it appears in different expressions. 14 denotes the indicator function of the event
A. log x denotes In max{x, e}, where In is the natural logarithm.

Now we state our main result as follows.

Theorem 1.1 Let {X,,n > 1} be a stationary martingale difference sequence with
respect to the filtration {.%,,n > 0} with X, = 0. In addition, assume that

E(X2 %, 1) <1 as.. (1.1)

Let {an;, 1 <i <n,n > 1} be a triangular array of constants satisfying

1
max || < ———. 1.2
e lan] < e (12
Then we have
limsupZaniXi <1 as.. (1.3)

n—oo
=1

We will obtain the following better consequence than Theorem 1.1 as condition (1.2) is
replaced by the stronger condition (1.4).

Corollary 1.1 Let {X,,,n > 1} be a stationary martingale difference sequence with
respect to the filtration {.#,,n > 0} with X, = 0. In addition, assume that there exists a
constant C' > 0 such that E(X?2|.#,_ ;) < C as.. If {a,;,1 <i<n,n>1}is a triangular

array of constants satisfying
1
max || =o0| ———— |, (1.4)

1<i<n \/TLIOgTL

n
then we have > a,; X; — 0 a.s..
i=1

2 The Proof of Main Results

In order to prove our main result, we need the following lemma.

o)
Lemma 2.1 If EX? < oo, then for any € > 0, ";1 \/#ME|X|1{‘X|>G\/%} < 00.

Proof Noting that {IL} is an increasing sequence, we have
ogn

———E|X|1 =Y —— > E[X[1, S
ZW SR CENES ZWZ S TN RN o s

= E| X1 <C E| X1
Z | |{\/E<\X\<€ 10g<z+1>}2\/n10gn Z X

CZ]P)< \/ < |X| < 6\/ log(z+1)> logz < C]EX2 < 0,

{e €Y/ lo;1<‘X|<E\/log(z+1)} logz

IN
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since the first inequality follows from the following fact:

4
$§C logi”

<O
2 Jatogn = O 7t d

Proof of Theorem 1.1 By Lemma 2.1 there exists a sequence of positive real numbers

{€,} satisfying €, | 0 such that

=1
Z WE|X71|1{|X”|>6”\/E} < 00. (2.1)
n=1

For 1 <i <n, define Y; = Xi1{|Xi|§€i\/%}, Z; = Xi1{|Xi|>éi\/%}’ and

1"

X; =Y, —E(Yi|F1), X,

(2

= Z; — B(Zi|Fi1),

then X; = X, + X, and {X,,i > 1}, {X,",i > 1} are two martingale difference sequences

K2

with respect to the filtration {.%;,i > 0}.
For any 1 < i < n, let us define X,,; = am-an;, where b, = v/2nlogn. By (1.1) and
(1.2), it is easy to check
E(X2|Fi 1) SE(X] | i) = BV 0) — (B 1))
SE(Y;'g’i—l) S ]E(X12|gz—1) S 1 a.s.

| Xl <2 max ¢; L,zo n .
1<i<n log1 logn

So there exists a positive decreasing sequence k,, — 0 such that

| Xni| <2 max ¢; L =k, o
1<i<n log logn

For any A > 0, from the following elementary inequalities

(2.2)

and

2
emgl—l—x—l—%elx‘, VreR and e* > 14z, Vz>0,

and the definition of martingale difference, we have

(o}

2
1+ ;;)%E <X72” exp { /\“;im' } |fle)
<1+ )\72 exp {)\kn n }
- 2b2 by, \/ logn
< exp{vexp{)\kn }}
2b2 b, \/ logn

IN

7
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By iterating the same procedure and using the properties of conditional expectation, we can

ofie) - felefie)
— {exp{2 an} <exp{A)§f}|ﬂnl>}
ool )}

Hence, by Markov’s inequality, it follows that

1 n
inf e HE exp A iX ;
A>0 by = "

inf A1+7)+ AN e Mo [
oo P T " n2b2 P b, \/ logn

_ n*(1+'r)2(27exp{\/§(1+r)kn}) ’

give

IN

IN

IN

where we choose A = 2(1 + r)logn. Since k,, — 0 implies that
(1+7)%(2 —exp{V2(1 + 1)k, }) > 1,

for n sufficiently large. Then we have

ZP(ZCLMX; >1—|—r> Z]P( ZXM>1+T> < 0.

i=1 i=1

Therefore by the Borel-Cantelli lemma, we have
lim supz am-X; <1 as..

To finish the proof, it is enough to show that

n

> anX] =0 as. (2.3)

i=1
From Markov’s inequality, for any r > 0, we can obtain

oo

d>p WZIZIHE(IZIM D)) >
k=1

IN

Zmz
1
— ;;Ew > Woarea

{k:2k>i}
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Note the fact

1 V2 1
ZA V/2Flog 2k \/logz Z \ﬁ V2 —1+/ilogi

{k:2k>:} {k:2k >4}
This implies

o0

>, E|Z;
D E Y] g IR,

.
] 2
P| == ) (%[ +E(Zi|7
Z \/2klog2k;

k=1

where the last inequality follows from (2.1). Thus, by the Borel-Cantelli lemma, we have

Z |Zi| + E(|Zi||Fi-1)) — 0 as. (2.4)

\/ 2k log 2k <
From the condition (1.2), we get the following inequality
S ani X |
2k
Z (12| + B(| Z||.Fi-1))

2k+1

Z | Z;| + B(|Z:||.Fi—1)) as.. (2.5)

216 <n<21€+1

\/ /26 1og 2k log 2k
/2k+1 log 2k+1

From the inequalities (2.4) and (2.5), we get

n 1"
max X | — 0 a.s.
2k <p<2k+1 |Z’:1 et | ’

which implies (2.3). So the proof is completed.
Proof of Corollary 1.1 From the condition (1.4), there exists a sequence of real
numbers denoted by {t¢,} such that ¢, | 0 and

t
max |a,;| < L

1<in \/m

By Theorem 1.1, we get
Tl am»Xi
lirnsupzzl_if <1 as,

n—o0 n

which implies

n
lim supZam;X,; <0 a.s..

n—oo .
i=1

Replacing X; by —X;, we can get

hmlanamX >0 a.s.

Thus the desired result can be obtained.
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