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LEAST-SQUARES SOLUTION OF INVERSE PROBLEM
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Abstract: The least-square solution of inverse problem for Hermitian reflexive matrices and
their optimal approximation are considered. By using the singular value decomposition method,
the general expression of the least-square solution is provided. Also, the representation of its unique
optimal approximation in the least-square solutions set is presented.
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1 Introduction

In electricity, control theory, and processing of digital signals, we often need to consider
the following problem.
Problem I Given X,B e C™"*™, get S C C™*", find A € S such that

|IAX — B|| = min.

At the same time, in the process of testing or correcting given data, we also present an

optimal approximation problem with some constraints as follows.
Problem II Given A € c™*™ find A € S, such that A—AH = min HA—A

A€Sa
where S, is the solution set of Problem I. || - || is the Frobenius norm.

Y

For important results on Problems I and II for different sets of matrices S, we refer to
[1-13].

In this paper, we discuss Problems I and II when S in Problem I consists of Hermitian
reflexive matrices defined by the following definition.

Definition 1.1 A matrix J € C™*" is called a generalized reflection matrix if J# = J
and J? =1I,,.

Definition 1.2 Given a generalized reflection matrix J, a matrix A € C™*" is called
a Hermitian reflexive matrix with respect to the generalized reflection matrix J if A# = A
and JAJ = A. We denoted by HC"*"™(J) the set of all n x n Hermitian reflexive matrices

with respect to the generalized reflection matrix J.
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Our first goal is to investigate the properties of the set of Hermitian reflexive matrices.
We will deduce an expression for the general solutions of Problem I. For Problem II, we
show the existence and uniqueness of the solution of the problem. In addition, we derive an
expression of the solution of Problem II.

The paper is organized as follows. In Section 2, we first discuss the structure properties
of the generalized reflection matrix J and the Hermitian reflexive matrices, and then using
these properties, together with the singular value decomposition (SVD) and Moore-Penrose
generalized inverse of matrix, we will derive the existence theorems of and the general ex-
pressions for the solution to Problem I. In Section 3, we prove the existence and uniqueness
of the solution of Problem II and derive the expression of this unique solution.

Some notation is introduced as follows. Denote by R™ " the set of all n x m real
matrices, by C"™*™ the set of all n x m complex matrices. Let HC™*" stand for the set of all
n X n Hermitian matrices and UC™*"™ stand for the set of all n X n unitary matrices. Denote
the conjugate transpose, Moore-Penrose generalized inverse and the Frobenius norm of a
matrix A by A#, AT and || A||, respectively. I,, stands for the identity matrix of size n. We
define inner product in space C"*™, (A, B) = trace(BT A) for all A, B € C"*™. Then C"*™
is a complete inner product space and the norm of a matrix generated by this inner product
is Frobenius norm. For A = (a;;), B = (b;;) € C™*™, the notation A * B = (a;;b;;) € C"*™

represents the Hadamard product of the matrices A and B.

2 The Expression of the Solution to Problem I

We first discuss the structure of the n x n generalized reflection matrix J and the set
HC™"(J). Since J? = I,,, the only possible eigenvalues of J are +1 and —1. Say, +1 is an
eigenvalue of multiplicity r. Since J = J, the eigenspace associated with +1 has also size
r and its orthogonal complement (obviously, of size n — r) is the eigenspace associated with
—1. Thus we can easily show the following lemma.

Lemma 2.1 Let J be the n x n generalized reflection matrix. Then there exists an

n X n unitary matrix U such that

I, 0
0 _Infr

J=U UH. (2.1)

By Definition 1.2 in the previous section and the above lemma, we have the following
result for the structure of the set HC*"(J).

Lemma 2.2 Let A € C™*™ and the spectral decomposition of the n x n generalized
reflection matrix J be given as (2.1). Then A € HC?*"™(J) if and only if

A11 0

A=U
0 A

vt (2.2)

where A1; € HC™ ", Ayy € HC(n—)x(n=m)
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Proof If A€ HCM*™(J), then by Definition 1.2 and (2.1), we obtain

I, 0
0 *In—r

I, 0
*In—r

A=U U" AU UH. (2.3)

A A
AL Ay,
Agy € HC(=*(n=7) - Qubstituting it in (2.3) yields (2.2).

On the other hand, if A can be expressed as (2.2), then, obviously, A” = A and, by a
direct computation, A = J# AJ. By Definition 1.2, A € HC™ "(J).

Lemma 2.3 (see [14]) Given C, D € C™*!| if the singular value decomposition of matrix

Since A" = A, then U AU € HC™ ™. Let A =U UH, where A1, € HC™ ",

C is given by

X 0
0

C=U VHE = U xVE, (2.4)

where U = (Uy,Uy) € UC™", Uy € O™,V = (V, Vo) € UCY! V) € O r = rank(C),
Y. =diag(oy,09,...0.), 0, >0, i =1,2,--- 1.
Denote S; = {X € HC"*"|f1(X) = || XC — D|| = min}, then the elements of S; can be

expressed as

&« (UHDViS + SVHDHU,) £-'VHDHU,

X=U
UfDv, ¥t Xoo

UH, (2.5)

where VXQQ S HC(n—r)X(n—r)’ o = (¢2J) S CTXT7 ¢ij = ﬁ,
Assume the given generalized reflection matrix J in Problem I has the form of (2.1).

ij=1,2,...,r.

Let
X B
vix=| "' [ ufB=| " |, (2.6)
X B
where X1, By € O™, X5, By € O™ and the SVDs of X1, X, are, respectively,
1 0
X =W [ 01 0 v = wie, Vv, (2.7)

where W = (W, W5) € UC™", Wy, € C™*", V. = (V,Vo) € UC™™ 'V, € C™*™,
r; = rank(Xy), ¥y = diag(ag, g, . ..oy ), 03 > 0,0 =1,2, ..., 71.

Yo 0

X,=P
2 0 0

Q" = P%,QY, (2.8)

where P = (P, P,) € UC™—)xX(n=1) P e (=172 = (Q1,Q) € UC™ ™, Q) € C™*"2,
ro = rank(Xs), Xo = diag(B1, B2, - .- Bry), 0i >0, 1 = 1,2, ... ro.
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Let
(W) e orxr g0 L
q>1_(¢ij)eclx 17¢ij _a?+a?7laj_1a27'-'7rlu
— (42 ro XT. (2) _ 1 .o
(I>2—(¢>ij)602x 27¢ij —7ﬁi2+/3j2,l,j—1,2,...,T2.

Then we can establish the existence theorems of Problem I as follows.

Theorem 2.1 Given X, B € C™*™ and a generalized reflection matrix J of size n,
suppose the spectral decomposition of .J is given by (2.1), U# X and U B have the partition
forms of (2.6), and the SVDs of X; and X, are (2.7), (2.8). Then Problem I has a solution

A e HCP*™(J), and its general solution can be expressed as

WoG W 0
A=Ag+U | 2712 | U (2.9)
0 P,G, P}
where VG, € HCOr—m)x(r=m) yq, ¢ HOM—r—r2)x(n=r=r2)
A(O)
Ag=U| M (()0) UH, (2.10)
0 Af
4O gy | P (WHB,WV S, + 2, Vi BEW,) STV BAW, e
H WHB,Vix? 0 ’
40 _ p| ®2x (PITBoOiEs + 501 By 1) 25 QY By Py pH
. P By 55" 0 '

Proof Using the invariance of the Frobenius norm under unitary transformations, we

have from Lemma 2.2 that

All 0

A=U
0 A

UH, (2.11)

where Ay, € HC™", Ay, € HC™)X(=7) then
2

A 0
- = [|[An X1 — Bi|* + || A2 X — Bo|*.

0 Ay

|AX — B||® = vtlx —U"B

Thus, there exists A € HC*"(J) such that ||AX — BJ| = min is equivalent to the existence
of X171, Xao such that ||A11 X; — Bi|| = min and || A2 X5 — Bs|| = min. It follows Lemma 2.3
that

A = | Br OVIBAAS: + SVIBIWY STVIBIWE |
Wy B1ViX] e
where VG, € HO(r—r)x(r=r1),
Ay =P <I>2*(Pf{nglE2+Zzng{Iprl> SS1QU BY P, o s
Py" Ba@Q1%, Gy
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where VGy € HC(m—r—r2)x(n=r=r2)
Substituting (2.12) and (2.13) in (2.11), we know that the general solution in HC™*™(.J)
of Problem I can be expressed as (2.9).

3 The Expression of the Solution to Problem II
Lemma 3.1 (see [15]) Let £ € C™*", then VG € HC™" we have

E+ EH

<||E - .
| <lE-al

-

It is easy to show that the solution set S, of Problem I is a closed convex set. Since
C™ ™ is a Hilbert space, then Problem II has a unique solution.

Theorem 3.1 Let A € C"*™, and the conditions and symbols be the same as that in
Theorem 2.1. Let

All AlQ

A21 A22

UM AU = VA e (3.1)

Then there is a unique solution A for Problem II and A can be represented as

A, 0

A=Ay +U
0 0 Ay

un, (3.2)

where Ay = 21— X, X)) (A + AL (T =X, X)), Agy = L(1—Xo X5 ) (Agoe + AR (I - X2 X5).
Proof When S, is nonempty, it is easy to verify from (2.9) that S, is a closed convex
set. Since C"*™" is a uniformly convex banach space under Frobenius norm, there exists a

unique solution for Problem II. Let

HOE 40 Ay Ay
W5 (A = AW = OB ONE (3.3)
Ay Ay
) i@ i
PH(Ayy — AP =| 1 120 3.4
( 22 22 ) Agzl) Ag22) ( )
where [1511) e Cmxmy 121521) € C™*"2, For A € S4, we have
[ H
A = Ag+u | MO 0 .| U
0 PGy P,
W 00 wH 0
0 Gy "
= Ay+U 0 o Uu~. (3.5)
0 P pH
0 G
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Then using the invariance of the Frobenius norm under unitary transformations, we have
from (3.3), (3.4) and (3.5) that

2
WLG Wi 0

A-A?P =
| I 0 PyGy PN

—U"(A - A)U

~ ~ 2
WoGLWEH 0 Ay =AY Ay

0 P2G2P2H A21 A22 _ Agg)
0 O 2
A ~ 2
0 G4
2
0 O ~ o,
+||P pH _ (A22 — Ag;)) + HA21H
0 Gs
2
0 O ~ o
0 Gy
2
0 O B o
+ — PH(A22 — Aég))P + HAQlH
0 Gy
- 2 ~ 9 i ) ) , ) .
- HGl — Ay || +|Ge = A + HAﬁ) v HA%) N HASI)
N 2 ~ 9 . ) o -
We can see that Problem II is equivalent to
N 2
HGl B Aél?) = min ,
G1eHC(r—r1)x(r—r1)
(2) 2 '
HG2 - A = min ,
GQEHc("frf"Q)X("*r—rz)

We get from Lemma 3.1 that

Gl = 2 7G2 - )
By (2.10), (3.3) and (3.4) we have
1 _ 1 _
Gy = Wy (An + AT = 2410)Wy = SW3! (An + AW, (3.6)
1 ~ ~ 1 ~ ~
Gy = §P2H(A22 +Af - 2A§%))P2 = §P2H<A22 + AZL) Pa. (3.7)
Substituting (3.6) and (3.7) into (3.5), we have
A _ AO I U %WQW;I(All + Aﬁ)WQWQH X - 0 . . UH.
0 3 Pa Py (Agg + Agy) Po Py

Since WoWH =1 — X, X", B,P =T — X, X", we obtain that the solution to Problem II
has the form as (3.2).
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