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1 Introduction

Fractional differential equations arise in many engineering and scientific disciplines.
Recently, more and more scholars are interested in fractional differential equations, see [1-
7]. For example, Arafa, Rida and Khalil [6] used the following fractional order model to
describe the efficacy of anti-viral drugs in the treatment of human immunodeficiency virus
type 1 (HIV-1):

D (z) = s — px — Pxz,

DOQ(?J) = /sz — &y,
Dag(z) =y — 9%,

where D D* D% are Caputo fractional derivatives with 0 < a1, as, a3 < 1, all param-
eters and variables are non-negative, x, y is the number of uninfected and infected CD4+
T-cells, respectively, z is the number of virions in plasma, s is the assumed constant rate
of production of CD4+ T-cells, [ is their per capita death rate, b is the rate of infection

of CD4+ T-cells by virus, e is the per capita rate of disappearance of infected cells, and ¢
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is the death rate of virus particles. Ates and Zegeling [7] investigated the fractional-order

advection-diffusion reaction boundary value problems:

D%+ yu' + f (u) = S (x), x€][0,1],
{U(O) =ur, u(l) = ug,
where 1 < <2,0<e<1,v€R, “Dis the Caputo fractional derivative.

In recent years, more and more attention are being paid to the existence of solutions
for fractional p-Laplacian problems. And many important results have been achieved in
this regard, see [8-14]. The p-Laplacian equation was derived from the following nonlinear
diffusion equation proposed by Leibenson [15] in 1983, when studying the one-dimensional
variable turbulent flow of gases through porous media

_o (our|oum T
Ut_al‘ 81‘ , MmMm=n .

When m > 1, the above equation is the porous media equation, when 0 < m < 1, the above

ou™
ox

equation is the fast diffusion equation, and when m = 1, the above equation is the heat
equation, while when m = 1, u # 1, such equation often appears in the study of non-Newton
fluids. Given the importance of such equations, the above equation is abstracted into the
following p-Laplacian equation
(dp(u')" = f(t,u),

where ¢,(s) = |s|P7%s (s # 0), ¢,(0) = 0, p > 1. Note that when p = 2, p-Laplacian
equation degenerates into a classical second-order differential equation. Naturally, in view
of its significance in theory and practice, more and more people are concerned about the
existence of solutions for fractional p-Laplacian problems. For example, Wang [16] studied

p-Laplacian problems:

{DgM, (Dg,z (t)) = f(t,z(t), 0<t <1,
2(0) =0, z(1) = ax (§), Dy, (0) =0, Dg,x (1) =bDg,x (n),
where 1 < a,7 < 2,0 < a,b < 1,0 < &n < 1, D§, is Riemann-Liouville fractional

derivative. The existence results of positive solution for the problem were obtained by lower

and upper solutions method. Tian [17] considered the following p-Laplacian problems:
{DM% (D () + f(tx(t)=0,0<t<1,
(0) =0, Dj, (1) = AD, (¢), Dfj.x (0) =0,
where 0 << 1,1 <f<2,0<y<1,0<6<1, 14+7y< 8, Ae(0,00), Df, is Riemann-
Liouville fractional derivative. By using the fixed point theorem on the cone, the existence

results of positive solution for this problem were obtained. Chen and Liu [18] discussed the

following problems:

{CDB 0y (°Dgx) = [ (t,x), t €0,1],
z(0) =~z (1), “Dg,2 (0) = =“Df,z (1),
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where 0 < o, 6 < 1,1 < a, <2, 9Dy, is Caputo fractional derivative, f : [0,1] xR — R is
continuous, ¢, (-) is p-Laplacian operator defined by ¢, (s) = |s |’F2 (s #0,p>1),¢,(0) =
0. Note that, when p = 2, the nonlinear operator CDﬁ ¢p( Dg ) reduces to the linear
operator. By Schaefer’s fixed point theorem, the existence results of solutions for the problem
were obtained.

An interesting and effective method used to prove the existence of positive solutions for
fractional differential problems at resonance is Leggett-Williams norm-type theorem. Many
existence results of positive solution for fractional boundary value problems at resonance
with the linear derivative operator have been obtained, see literature [19-28]. However, as
far as we know, only Jiang [29] studied the existence of positive solutions for the following

fractional problems with p-Laplacian operator at resonance:

D0+9‘7p( Dg,x (1 )) :f( CD0+95( )); te(0,1),
CD0+$(0) CDOer(l)v:E(Z( ):07i:051)27"'7n_17

where 0 < 3 < 1, n—1 < a < n, Dy, is Caputo fractional derivative, ¢,(s) = |s[P~?2s,
p > 1. By using Leggett-Williams norm-type theorem, the existence results of positive
solutions for the problem with a nonlinear derivative operator at resonance were obtained.

Inspired by the above excellent results, first, this paper will study the existence of

positive solutions for the following p-Laplacian boundary value problem

°Dg,ep(C DG (1) = f(t, Dy (1)), t € (0,1), (1.1)
“Dg x(1) =“Dy x(8), z9(0) =0, i=0,1,2,--- ,n— 1, (1.2)

wheren —1<a<n,0< (<1, CD5‘+, Dg+ are Caputo fractional derivatives, 0 < § < 1,
op(s) =[s[P72%s, p>1, f:][0,1] x R — R is continuous.

On the other hand, we discuss problem (1.1) with the following integral boundary
conditions:

20) =0,y (CDg,2(1)) = / h(t)y(C DG, (1) dt, (1.3)

where ©Dg, CDng are Caputo fractional derivatives, 0 < o, 8 < 1, h(t) > 0, fol h(t)dt =1

op(s) =slslP~2, p>1, f:]0,1] x R — R is continuous.

Let us emphasize the contribution of our article: firstly, as far as we know, there is
no paper on the existence of positive solutions for fractional p-Laplacian boundary value
problems (1.1)(1.2) and (1.1)(1.3) at resonance, so our article enriches some existing articles.
Secondly, our article serves as a further development for the result of [29]. When § = 0, the

results of [29] will be a special case of our result.

2 Preliminaries

To facilitate understanding, this section introduces some concepts and lemmas related

to this article. For more details, please refer to the references hereunder (see [20,30,31]).
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Definition 2.1 ([30]) Let X, Y be real Banach spaces, and L : domL C X —
Y be a linear map. If dimKerl, = codimlm/l < 400 and ImL is a closed subset in Y,
then the map L is a Fredholm operator with index zero. If there exists the continuous
projections P : X — X and @ : Y — Y satisfying ImP = KerL and Ker@ = ImL, then
L |gomprKerp: domL NKerP — ImL is reversible. We denote the inverse of this map by
Kp,ie. Kp=L3"and Kpg = Kp (I — Q). Moreover, since dim Im@) = codimImL, there
exists an isomorphism J : Im@) — KerL. It is known that the operator equation Lxr = Nx

is equivalent to
r=(P+JQN)x+ Kp(I —Q)Nz,

where N : X — Y be a nonlinear operator. If € is an open bounded subset of X and
domL N Q) # @, then the map N is L-compact on Q when QN : Q — Y is bounded and
Kp(I —Q)N :Q — X is compact.
Let C' be a cone in X. Then C induces a partial order in X by z <y iff y—xz € C.
Lemma 2.1 ([20]) Let C be a cone in X. Then for every u € C\{0} there exists
a positive number o(u) such that ||z + u| > o(u) ||z| for all z € C. Let v : X — C be a

retraction, that is, a continuous mapping such that v(x) = z for all z € C. Set
U:=P+JQN+Kp(I—Q)N and ¥, :=Toq.

Lemma 2.2 ([20]) Let C be a cone in X and Q4,5 be open bounded subsets of X
with Q; C Qy and O N (2,\Q;) # 0. Assume that the following conditions are satisfied:

(1) L : domL C X — Y be a Fredholm operator of index zero and N : X — Y be
L-compact on every bounded subset of X.

(2) Lz # ANz for every (z,\) € [C N 0Ny NdomL] x (0,1).

(3) v maps subsets of Q, into bounded subsets of C.

(4) deg([I — (P + JQN)V]|kerr, KerL N s, 0) # 0.

(5) there exists ug € C\{0} such that ||z|| < o(up) [|Vz| for x € C(ug) NN, where
C(up) = {z € C : pug < x} for some p > 0 and o(ug) are such that ||z + ug| > o(uo) ||zl
for every x € C.

(6) (P+ JQN)v(09s) C C.

(7) U (@\) < C.

Then the equation Lz = Nz has at least one solution in C' N (2\£).

Definition 2.2 ([31]) The Riemann-Liouville fractional integral of order a(a > 0) for
the function x : (0, +00) — R is defined as

Ig x(t) = l"(loz)/o (t — )" a(s)ds,

provided that the right-hand side integral is defined on (0, 4+00).
Definition 2.3 ([31]) The Captuo fractional derivative of order a(aw > 0) for the

function z : (0, +00) — R : is defined as

d"z(t) 1

t
“Dya(t) = s m = s [ (= sgas
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where n = [a] + 1, provided that the right-hand side integral is defined on (0, +00).
Lemma 2.3 ([31]) Assume z € L[0,1],a > § > 0, a > 1, then CDg+I§+:U(t) =
157°a(t), ©DE, I8, a(t) = a(t).
Lemma 2.4 ([31]) Let n —1 < a < n, if “D§, z(t) € C[0,1], then I§, “D§, z(t) =
x(t)+co+et+eot?+--+cp t" !t where; €R, i =0,1,--- ,;n—1, n=[a] + 1.

3 The existence of positive solution for problem (1.1)(1.2)

Since © Dy, [¢,(°Dg,(-))] is a nonlinear operator, so we can’t solve problem (1.1)(1.2)
by Lemma 2.2. Hence, we provide the following lemma.

Lemma 3.1 u(t) is a solution of the following problem:

{ Dy, ult) = f(t,q(ult))), t € (0,1),
u(1) = u(d),

if and only if z(t) is a solution of problem (1.1)(1.2), where x(t) = I§, q(u(t)), % + % =1

Proof If u(t) is a solution of problem (3.1) and x(t) = I§, p(u(t)), then u(t) =
©p(°Dg, x(t)) and 2(0) = 0, i = 0,n — 1. Replacing u(t) with ¢,(“Dg, x(t)) in problem
(3.1), we can find that z(t) is a solution of problem (1.1)(1.2).

On the other hand, if 2(¢) is a solution of problem (1.1)(1.2) and u(t) = ¢,(“ D§, x(t)),
substituting u(t) for ¢,(“Dg, x(t)) in problem (1.1)(1.2), we can find that wu(t) satisfies
problem (3.1).

Let X =Y = C][0,1] with the norm |u| = tgl[éa,)f] |u(t)]. Set a cone C' = {u(t) €

X|u(t) >0, t € [0,1]}. Define operators L : domL C X — Y and N : X — Y as follows:

(3.1)

Lu(t) = “Dy,u(t), Nu(t) = f(t,@q(ult))), (3-2)

where domL = {u(t)|u(t), Dy, u(t) € X, u(l) = u(d)}. So problem (3.1) can be written
by Lu = Nu, u € domL.

For simplicity of notation, we set

l(s):{(u—s)ﬁl_(é_s)al’ Dcscsel

1—s)", 0<d<s<l,
and (t=5)"" (1—5)" B(r(8+2) (B+1)t7)
t—s)P ™ 1—s I'(B+2)+1—-(B+1)t
an-{ i e, S e
) —s +2) 41— (B+1)t°
Gy G-y ) 0st<s<l.
We denote 59
1-— 1
K 1
1= min{l, max [(s)” max Gi(t, s)}
s€[0,1] t,s€[0,1]
Thus, one has
K61
1 BBS) o kGt s) > 0. (3.3)
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First, we give the main results of existence of positive solution for problem (1.1)(1.2).
Theorem 3.1 Suppose the following conditions hold.

(H;) There exists a constant Ry > 0 such that f(t,u) <0, t € [0,1], u > Ry.

(Hs) There exist nonnegative functions a(t), b(t) € C[0, 1] with

t t
- T
max / (t —s)" 'a(s)ds := A < +00, max / (t — )" b(s)ds := B < @,
tef0,1] Jo tel0,1] J, 2
such that
[f(t,w)| < alt) + b(t)py(ul), vt € [0,1].
(Hs) f(t,u) > —Kyipp(u), t €[0,1], u > 0.
(Hy) There exist r > 0, ty € [0,1] and M, € (0, 1) such that
1— M,
My

G1(to,8)f(s,u) > wp(u), s €[0,1), Myr <u<r.

Then problem (1.1)(1.2) has at least one positive solution.
Next, we give some important lemmas related to Theorem 3.1.
Lemma 3.2 Let L be defined by (3.2), then

KerL ={u € X|u(t) =¢, ce R, YVt € [0,1]}, (3.4)

ImL ={y Y| /0 l(s)y(s)ds = 0}. (3.5)

Proof By Lemma 2.4, we can obtain (3.4). If y € ImL, there exists v € domL such
that y = Lu € Y. From Lemma 2.4, we have

1

()
Combined with boundary conditions of problem (3.1), we get

/0 (1= 9%y (s)ds = / (6= 5" y(s)d,

that is, fol I(s)y(s)ds = 0.

On the other hand, if fol I(s)y(s)ds = 0 for y € Y, let u(t) = I}, y(t), then u € domL
and “Dj u(t) = y(t). Hence, y € ImL.

Lemma 3.3 Let L be defined by (3.2), then L is a Fredholm operator of index zero.
The linear projection operators P: X — Y and ) : Y — Y can be defined as follows:

u(t) = /0 (t—s)"""y(s)ds +¢, c € R.

1

Pu(t) = /0 u(t)dt, Qy(t):% /0 1(s)y(s)ds, Vit € [0,1],

and Kp : ImL — domZL N KerP is defined as

Kpy(t) :/ k(t, s)y(s)ds, Vt € [0, 1],
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where 1 1
B-1 3

v ) TETT TRt s st

O I 8 e

Tyt 0<t<s<l.

Proof Clearly, InP = KerL and Pu® = Pu. By u = (u — Pu) + Pu, we have
X = KerP + KerL. By a simple calculation, we obtain KerL N KerP = {0}. Hence,
X = KerL @ KerP. Tt is clear that ImL C Ker@. On the other hand, if y(¢) € KerQ C Y,
then

1
@ = Q@) = Qu- 25 [ 1)s = Q.

IfyeVY, lety = (y— Qy) + Qy, where y — Qy € Ker@, Qy € Im@Q. It follows from
Ker@Q = ImL and Q%y = Qy that ImQ N ImL = {0}. Then, we obtain Y = ImL & ImQ.
Thus, dim KerL = dim Im@ = codimImL = 1 < oco. It implies that L is a Fredholm operator
of index zero.

For y € ImL, we have Kpy € domL N KerP and LKpy = y. On the other hand, if
u € domL N KerP, by Lemma 2.4, one has

KpLu(t) = (ﬂ){/ (t — s)° "' Lu(s) ds—/ (1— )" Lu( (s)ds]
= Iﬁ CD(H“(t) IﬁHCDOJrU( Me=1 = u(t) +c— IBHCD(HU( )-

So, fo KpLu(t)dt = fo u(t)dt + eI O DY u(1). Tt follows from u € KerP and KpLu €
KerP that ¢ = IﬁHCDOJru( ). Hence, we have KpLu = u, u € domL N KerP.

Lemma 3.4 QN : X — Y is continuous and bounded and Kp(I — Q)N :  — X is
compact, where 2 C X is bounded.

Proof By the continuity of f, we see that QN(Q) and Kp(I — Q)N () are bounded.
That is, there exist constants Mj, My > 0 such that (I — Q)Nu)| < M; and |Kp(I —
Q)Nu)| < My, Yu € Q, t € [0,1]. Thus, one need only prove that Kp(I — Q)N(Q) C X is
equicontinuous. Let Kpg = Kp(I —Q)N, for 0 <t; <ty <1, u € Q, we get

|Kpqu(ta) — Kpqu(t)]

)
_L ” — s = u(s)ds — " — )" NI - u(s)ds
! [ =T U= QN = [0 =7 0 - QN
_ 1 " )P )P - u(s)ds ’ — )T - u(s)ds
=l | 0= = = N - @Nus+ [t = - @Vt

M, ! — )t o — )" ds ’ — 5’ lds
Srwﬂ/o (=9 = (=) st [ (125"

M,
TB+1)""

It follows from the uniform continuity of t? and ¢ on [0, 1] that Kp(I — Q)N () are equicon-
tinuous on [0, 1]. By Arzela-Ascoli theorem, we show that Kp(I — Q)N(Q) is compact.

[t] —t5 +2(t2 — t1)"].
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Lemma 3.5 If the condition (H;) and (H) hold, the set
Qo = {u(t)|Lu(t) = ANu(t), u(t) € C NndomL, X € (0,1)}

is bounded.

Proof For u(t) € g, we have QNu(t) = 0. By (H;) and QNu(t) = 0, there exists
to € [0,1] such that ¢,(u(te)) < Ry, i.e. u(te) < ¢p(Ro). By u(t) = I CD0+u( ) + ¢, one
has

el < Ju(t)] + 16, “Dgut)] < lu(to)] + 15, “ Dy ulto)| < @p(Ro) + Lo, Dg,ulto)],

and
lull < ¢,(Ro) + 15, DG, ulto)l + 115, “Dg, ult)]. (3.6)

From Lu = ANu, we get CD0+u(t) = Af(t, @q4(u(t))). By (Hz) and A € (0,1), one has
lull < @p(Ro) + 15 f(ts pq((t)))]so] + s (2, q(u(t))]

< on(Bo)t = [ tto=5)" (s, palu®ldst—o [ (=511 (s, pulu(s))lds
) J, %) J,

—S S SL t —Sﬁ_las sjuls S
< pp(Ro)t m/to o) b ula)lds+ s [ (=9 o) +u(s)d

< ¢p(Ro) + F(ﬁ) (A+ B |lul).
Thus,
ep(Ro) + 7
Jull < LA Y . QBF(B) = N < +o0.
)

Hence, Qg is bounded.
Proof of Theorem 3.1 Set

Oy = {ue XM |lull < Ju@®)| <r <R, te0,1]}, Q= {ue X||u] <R}

where R = max{y,(Ro), N} + 1. It is clear that Q; and €y are open bounded sets of
X, Q1 C Qy and C N (2\Q) # 6. By Lemma 3.2, 3.3, 3.4 and 3.5, we know that L is a
Fredholm operator of index zero and the conditions (1), (2) of Lemma 2.2 are fulfilled.
Define v : X — C as yu(t) = |u(t)|, u(t) € X and J : Im@Q — KerL as J(c) =¢, ¢ € R.
Then v : X — C'is a retraction and (3) of Lemma 2.2 holds. For u(t) € KerL N 0§, then
u(t) = c. Let
A8 [
H(e,A) = c=Ael = 35 [ Us)f(s,94(lc]))ds,
0
where A € [0, 1]. Suppose H(c,\) = 0, by (H3), we have

A ! A 1
1 —555 | L) (s, @qllel))ds 2 Ael = 7 _ﬁéﬁ | Us)Kalelds

= M1 - K1) > 0.

c= N+
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Thus H(c,\) = 0 implies ¢ > 0. Clearly, H(R, 0) # 0. Moreover, if H(R,A) =0, X € (0, 1],we
get

A 1
a 1—556 ; 1(s)f(s,q(R))ds,

which contradicts to condition (H;). Hence H(u,\) # 0 for u € KerL N 90y, A € [0,1].
Therefore,

0< R(1- )

deg([I — (P + JQN)V||kerr, KerL N, 0)
= deg(H (z,1), KerL Ny, 0) = deg(H(x,0), KerL N Qy, 0)
=deg(I, KerLNQy, 0) =1#0.
Then, (4) of Lemma 2.2 holds.

Set ug(t) =1, ¢t € [0, 1], then ug € C\{0}, C(up) = {u € Clu(t) > 0, t € [0,1]}. Take
o(up) =1 and u € C(ug) N Oy, then Myr < wu(t) <r, t €[0,1]. By (Hy), we have

wulto) = [ uls)ds + L5 [ 106 s gtuto)is
,6 1
=07 J,

+/0 k(to, s)[f (s, 04 (u(s))) — W) [ (T, ¢q(u(r)))dr]ds

-] u(s)ds + / (10,9 (5, palu(s)) s

1 1
1— My
>
_/O u(s)ds + T, u(s)ds

> Mor + (1 — My)r =r=|u .

So, ||ul| < o(ug) ||Pul|, for u € C(ug) N Q. Hence, (5) of Lemma 2.2 holds.
For u(t) € 09, t € [0,1], by (H3) and (3.3), we get

1

(P+3QNp ) = [ s+ 25 [ 1)1 ule) )

> / (1= L )luts)lds > 0.

Thus, (P + JQN)v(09Q2) C C. So (6) of Lemma 2.2 holds.
For u(t) € Q2\Q4, t € [0,1], by (H3) and (3.3), we have

W, (u(t)) = / fu(s)|ds + / Ga(t, )£ (s, palus)]))ds
2/0 |u(s)|ds—K1/0 G1(t, s)|u(s)|ds

_ /O (1= Ky\Ga(t, s))|uls)|ds > 0.

Hence, (7) of Lemma 2.2 holds.
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By Lemma 2.2, we see that the equation Lu = Nwu has a positive solution u. By Lemma

3.1, problem (1.1)(1.2) has at least one positive solution.

4 The existence of positive solution for problem (1.1)(1.3)

Since CD€+ [p(PDg. ()] is a nonlinear operator, so we can’t solve problem (1.1)(1.3)
by Lemma 2.2. Hence, we provide the following lemma.

Lemma 4.1 wu(t) is a solution of the following problem:
D0+u( ) f(tv (Pq(u(t)))7 le (Oa 1)7

1 (4.1
u(l)z/o h(t)u(t)dt, )

if and only if x(t) is a solution of problem (1.1)(1.3), where x(t) = I§, o, (u(t)), 1% + % =1.
Proof The proof process is similar to Lemma 3.1, which is omitted here.

Let X =Y = C[0,1] with the norm |ju|| = m[ax |u(t)]. Take a cone C' = {u(t) €
0,1
X|u(t) >0, t € [0,1]}. Define operators L : domL C X — Y and N : X — Y as follows:

Lu(t) = “Dgyu(t), Nu(t) = f(t,eq(ult))), (4.2)

where domL = {u(t)|u(t), CDOJru( ) e X, u( fo (t)dt}. Then problem (4.1) can
be written by Lu = Nu, u € domL. For the snnphmty of notatlon, let

P8

(t-5"" 1-9°" B0+ o)
r'() r@B+1) 1— [ h(t)tdt

Ga(t,s) =q x[(1—s)P~1 - /1 Rt)(t—s)7tdt], 0< s <t <1,

(-5 Fl-tm+ram) s / o
- 11— [ ) t—s)dt], 0<t<s <1,
FGOHD T 1= [ hotdt [(1=9)"7= | RO)E=s)" =

1— [ h()t%dt 1 .
B max [(1—s) A=l f h(t 5 1dt] max Gs(t, s)

t,s€[0,1] t,s€[0,1]

K5 = min{1,

Thus, one has

Ky

l_fo

Below, we first give the main results of existence of positive solution for problem
(1.1)(1.3).
Theorem 4.1  Assume that the conditions (H;)-(Hs) hold. And the following condi-

tions are satisfied.

-1 ' ps—1
tﬁdt[(l — )Pt~ / h(t)(t — )" dt] > 0, 1 — KaGo(t,s) > 0. (4.3)
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(H5) f(tau) > 7K230P(u)7 te [07 1]7 u > 0.
(Hg) There exist r > 0, ty € [0,1] and M, € (0, 1) such that

1— M,
My

Go(to,s)f(s,u) > wp(u), s €[0,1), Myr <u<r.

Then problem (1.1)(1.3) has at least one positive solution.
Next, we give some important lemmas related to Theorem 4.1.
Lemma 4.2. Let L be defined by (4.2), then

KerL = {u € Xu(t) =¢, c € R, Vt € [0,1]},

1mL:{ery£[a@ﬁ1/‘mw@sﬁlﬁw@ms=oy

The linear projection operators P: X — Y and ) : Y — Y can be defined as follows:

Pu(t) = /01 u(t)dt,

b 1 S 1 — )7t s)ds
Qult sai ) (0977 = [ HO0 o agtoyas, e 0.1,

= 1—
1— [ h(
and Kp : ImL — domZL N KerP is defined as

Kpy(t) :/0 k(t, s)y(s)ds, Vt € [0, 1],

where 1 1
B-1 3

on | T 0SSt

R ’ <t<s<l1

Tyt 0<t<s<l.

Proof The proof is similar to that of Lemma 3.2, 3.3 and is omitted.

Lemma 4.3 QN : X — Y is continuous and bounded and Kp(I — Q)N :Q—X is
compact, where 2 C X is bounded.

Proof The proof is similar to that of Lemma 3.4 and is omitted.

Lemma 4.4 If the condition (H;) and (Hy) hold, the set

Qo = {u(t)|Lu(t) = ANu(t), u(t) € C NndomL, X € (0,1)}

is bounded.
Proof The proof is similar to that of Lemma 3.5 and is omitted.
Proof of Theorem 4.1 Set

O ={u e X|M|Ju|| < |u(t)] <r <R, te|0,1]}, Q= {ue X||ul < R},
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where R = max{y,(Ro), N} + 1. It is clear that Q; and €2, are open bounded sets of
X, @ C Qy and C N (\Q) # ¢. By Lemma 4.2, 4.3 and 4.4, we know that L is a
Fredholm operator of index zero and the conditions (1), (2) of Lemma 2.2 are fulfilled.
Define v : X — C as yu(t) = |u(t)|, u(t) € X and J : Im@Q — KerL as J(c) =¢, ¢ € R.
Then v : X — C is a retraction and (3) of Lemma 2.2 holds.
For u(t) € KerL N 0%y, then u(t) = c. Let

AB

H(e,\) = c= | = —————
1— [, h(t)tPdt

/O [(1—s)""" / h(t)(t — )" dt] (s, pq(]c]))ds,
where A € [0, 1]. Suppose H(c,\) =0, by (Hjs), we have

l_fﬁf(t)tﬁdt / (1= s = / B(E)(t — )7 dt] (s, palc]))ds
C—L 1 —s) = 1 — 5Pt clds
2 el = [ =97 = [ ho -l

= AcJ(1 - K3) > 0.

c= M|+

Thus H (¢, \) = 0 implies ¢ > 0. Clearly, H(R,0) # 0. Moreover, if H(R,\) =0, A € (0,1],we
get

0< R0 =3) = [0 = [ = s (R

AT

which contradicts to condition (H;). Hence H(u,\) # 0 for u € KerL N9, A € [0,1].

Therefore,
deg([I — (P + JOQN)V]|kerr, KerL Ny, 0)

= deg(H(z,1), KerL Ny, 0) = deg(H(x,0), KerL Ny, 0)
=deg(l, KerLNQy, 0) =1#0.
Then, (4) of Lemma 2.2 holds.
Set ug(t) =1, ¢t € [0,1], then ug € C\{0}, C(up) = {u € Clu(t) > 0, t € [0,1]}. Take
o(up) =1 and u € C(ug) N Yy, then Myr < wu(t) <r, t €[0,1]. By (Hg), we have

—ﬁ 1 _s)t 1 — )t s u(s)))ds
T [ 0= = [ he = st

+/0 k(to, $){f (5, pa(u(s))) —

Tu(ty) = /01 u(s)ds +

p
T X
1— [, h(t)tPdt

/0 (1 —n)" - / B(E)(t — )7 i) (. oy u(r)))dr s

-/ u(s)ds + / Galto, ) sy fu(s))ds > / sgis + 01 T

> Mor + (1= Mo)r =1 = [|u]|.

u(s)ds
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So, ||u|| < o(ug) ||Pul|, for u € C(ug) N IQ;. Hence, (5) of Lemma 2.2 holds.
For u(t) € 98s, t € [0,1], by (Hs) and (4.3), we get

(P + JQN)y(u)

= 1US S # 1 —S B71— 1 —S A S u\s S
= [ty +1f01h(t)tﬁdt/o (1=~ [ W) =)t oy fu(s) )

_L —5)7 - 1 — )77 dt)Hu(s)|ds
/{ 1 ()t,@dt[(l ) /Sh(t)(t )" dt]}Hu(s)|ds > 0.

Thus, (P + JQN)'y(ﬁﬁg) C C. So (6) of Lemma 2.2 holds.
For u(t) € Q,\Q, t € [0,1], by (Hs) and (4.3), we have

‘I’W(U(t))Z/O IU(S)IdS+/0 Ga(t, ) f (s, q(Juls)]))ds

2/0 u(s)|ds—K2/0 Gg(t,s)|u(s)|als:/0 (1 — K2Gs(t, 8))|u(s)|ds > 0.

Hence, (7) of Lemma 2.2 holds. By Lemma 2.2, we see that the equation Lu = Nu has a

positive solution u. By Lemma 4.1, problem (1.1)(1.3) have at least one positive solution.

5 Example

Example 5.1 Consider the following problem
1

CD2 902(CDO+x( )) = Z - 7|CDO+‘T(t)|%? te (Oa 1)a
. 1 (5.1)
z(0) =0, D0+x( )= Do+$(2)
where a = § =0 =14, p=2, ¢ =2, f(t, “D,x(t)) = 1 - £1°D},(0)|}
By Lemma 3.1, we have
1
°Dg,ult) = 7 — 5 lult)
1 (5.2)
u(l) = u(=).
So, we get
! ! 0<s< 1
- ’ =85> 5,
VI=s \/1_8 2
l(s) = 2
1 1 <s<1
, - <s
1—s 2
S| 0@ +1- e
1(75—8)_5_ 3(1_ )§+2< (2) T . >l( ; 0<s<t<1,
(2) I'(3) (1-35T(3)
Gilths) = 1 L) +1 - 3th)
_Ps(l_s)%+2 211 52 1(s), 0<t<s<1
) (1= 30
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Take Ry = 25, a(t) = L, b(t) =

47
calculations, we can see that

20, K ~ 0.23641, My = 0.7, r = 0.04, to = 0. By simple

1 1 1
= - — — 2 2
f(t,u) 1 20|u| <0, u> 25,

[f(t,w)] < a(t) + b(t)gpp(|ul),

1

t
L1, 1
A= t— 2. —ds=—
tren[Oa,}l{]/O( 8) Feqds=g < Foo
t 1

1 1 T()

B = t— C—ds = — < —2
sefo-y /0 (=) " =15 <2

f(t,u) > —0.23641u, u > 0,

[N

0.3
Gy (to, s)f(s,u) > 0.375 — 0.4583u > o7t 0.028 <u <0.04, s €[0,1).

So the conditions (H;)-(Hy) of Theorem 3.1 hold. By Theorem 3.1, we can conclude that
problem (5.1) has at least one positive solution.

Example 5.2 Consider the following problem

1 1
CD2 @2(CD0+17( )) = Z - —|CD0+:L‘(t)|2, te (Oa 1)>

2(0)=0, a(CDE2(1)) = / o(CDE,x(t))dt,

where « = 3 = 3, p =2, ¢ =2, f(t, CD0+35( ) =
0, [, h(t)dt = 1.
By Lemma 4.1, we have

1 1
CD0+“(t) =31 Solu(®)]
1 (5.4)
u(l):/u(t)dt
0
So, we get
2 , . 27 4
S (l—s) 42l —s) 21— (1Tt —), 0<t<s<1
-9t +3l- T 20 -9l 2+ ) 0,
R R et 1
t—s) 2 2(1—s)2 3 1 2tz 4
- 211 — syt —2(1—s)3](1- 22 <s<t<l
A 2= T ) 0 s < <
Take Ry = 25, a(t) = 1, b(t) = 55, Kz ~ 0.14356, My = 0.6, r = 0.02, ¢, = 0. By simple

calculations, we can see that all conditions of Theorem 4.1 are satisfied. Hence, by Theorem

4.1, we can conclude that problem (5.3) has at least one positive solution.
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