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, æèç-é+ê áUëÝìÝí?ÙPÛîáIïÃð+ñÍòÝóÃô+õ+ö+÷ é-øÍù+úûÌü ×UØýÙ>Û , þ Cahn ÿ Hilliard ��� [1−4], ������� Ù>Û [5−9] � . 	 öÚ×UØýÙ>ÛÚá�

�
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, "�� !�*+Ü "�+
, �
-/. ,

�10�2 ø âÝãÍö
3�� �
� á ��� ïÃð [20−23], 4�5 à ùï ð76 8�9�:�; ��<�=�>���? , @BA C
D�E ü�F7G , HJI�KJL�" ��!�M ù+ú û�N 6 8�OîáP3� ��� . Q ö
RÍØýÙ>ÛÚá " � � ! , S 

� �
�
� ïÍð+óB�1TBUWV ��X . 	 öÚ×UØýÙ>ÛÚá "
�!
, Y�Z [20] [7\�A�] 8�OÚ×UØ Steklov ��� # S
^�_ � Ù>ÛÚá û�` Ü�aèá "
� ! , Y�Z [21]

[7\�A û�$ ^
b 6P8�O
c�d � ^�_ � ÙPÛîá û�` "
e�f�� ! , Y�Z [22] [7\�Ag��< � >��
?6�8�O ���
^�_ � ÙPÛîá û�` Ü�aýá " Galerkin e�f . Q ö ��<7hi>
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$ ^�b 6P8�O×UØýÙ>ÛÚá "
� !
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u , 	 öÚ×UØýÙ>ÛÚá " �
!Úá
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v , w t
Y�Z [24] [7\�A Stokes ^�_ � Ù>ÛÚáyx�z " � � ! , Y�Z [25] [7\ ×UØ ���á û�`

C1 { dî×W| <�" � � ! , 4 ; Q ö û}N 6�8�OÚ×UØýÙ>Ûîá " �
! , S�~/� � á����Ýë
IÍéÝê ,

ï ð��J�BUyV��
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e�f . Ý
Þ , H
ß7àgá ûÌü�â�ã � � , ä�å Ù>Û
æ @
ç ü
è
é á�RÍØÚÙ>Û . S�ê , H
ß7àgá�ëmìá
Sobolev ímî , ï�>�ç ü�è�é R ØîÙGÛ á}ð < � ��ñ â á}ò
óJ�m� , ô
õ ã Lax-Milgramö 


, ÷�ø ð ú � e�f+ú áyù pmú û í . t�û ,
�
� àyáýç�ü áUë û�ý�þ�ÿ Sobolev íJî , �� S���� ð��îá e�f í�� , ÷�øge�f+ú á	��
��Ýï .

ñ û , õ ã Legendre ç
� �ýá����+í����� û�� ë7ì á ~�� � , ��� ò
ó��J� ~ ö��
���?á���� < � , ô
H�ß ��� ð���� ÷ ð�!?áÜ�a-í � 

�Ýõ � á	�
�Ýí . ��@ ûÌü! �" ,
� Y�#!$Íþ � áÝ×UØýÙ>Û�%















42u = f(x), x ∈ D,
u = ϕ(x), x ∈ ∂D,
∆u = ψ(x), x ∈ ∂D,

(1.1)

S'& x ∈ R
d(d = 2, 3) , D @ R

d & á ûÌü Ü��J6�8 , ∂D (�) 6�8 D
ág|��

.� Y�*�+�, � ��- þ � : p�. 2 / ��� ä��0��å ÙGÛ ��1 á}RèØ è�é �m�
# S�2 � <�
. p�. 3 / ,

��� ä
÷BøWe�f+ú á	��
��+ï . p�. 4 / ,
��� ä�3!4�5�6 ð
!îáGÜ�a�7!8 ß

� . p�. 5 / ��� ä�97\ û�$ �
� ð!� . p�. 6 / ��� 97\�A û�$ õ��+í
:�; .

2 <>=@?BADC'EGFIH>JIK>L>M>NPOQJ
ÝmÞJHmß à}á ûÃü/âJã 2 � , ä/�J�SR 1.1 T æ @mç ümèmé á�RÚØ Ù�Û , U à}á/ë�ì á

Sobolev í�î # S�e�f�í�î , ï�>�ç ü
è
é RÍØýÙ>ÛÚá�ð < � ��ñ âîá�ò�ó���� .V
w(x) = −∆u(x). W���� (1.1) X æ @ �ZY ç ü
è
é á�RÍØýÙPÛ :

{

−∆w(x) = f(x), x ∈ D,

w(x) = −ψ(x), x ∈ ∂D,
(2.1)

�
{

−∆u(x) = w(x), x ∈ D,
u(x) = ϕ(x), x ∈ ∂D.

(2.2)

àgá�H�I á Sobolev í�î :

L2(D) := {p :

∫

D

p2dx <∞};

H1
0 (D) = {p : p ∈ L2(D), ∂xi

p ∈ L2(D), p|∂D = 0},

S ñ âÚá�[\� ��]�� �!^ @ :

(p, q) =

∫

D

pqdx, ‖p‖ =
√

(p, p);

(p, q)1 :=

∫

D

pq + ∇p · ∇qdx, ‖p‖1 =
√

(p, p)1.
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o�� û�N í ,
� Y���#�$ ψ(x) = ϕ(x) = 0, D = (−1, 1)d(d = 2, 3)

á�� < . � ������� X )
��� (2.1)-(2.2)

á�ð < � @ : � (w, u) ∈ H1
0 (D) ×H1

0 (D), ���
a(w, v) = F (v), ∀v ∈ H1

0 (D), (2.3)

a(u, h) = b(w,h), ∀h ∈ H1
0 (D), (2.4)

S'&
a(w, v) =

∫

D

∇w∇vdx, F (v) =

∫

D

fvdx, b(w,h) =

∫

D

whdx.

V
PN @ N êÃç
� � íJî ,

ö � e�fJíJî :XN = (PN)d ∩H1
0 (D). W (2.3)-(2.4)

áPò�ó����
@ : � (wN , uN) ∈ XN ×XN , ���

a(wN , vN ) = F (vN ), ∀vN ∈ XN , (2.5)

a(uN , hN) = b(wN , hN), ∀hN ∈ XN . (2.6)

3 �Q�Q�@?B�P�Q�>�
p�E û / ,

��� ä
÷Bø ð ú � e�f-ú ágù pJú û í��¯# 5 ��� î á���
��+ï .���
1 a(w, v) @ ö � p H1

0 (D) ×H1
0 (D)

O��	� ö
��� �¡ �¢�£!¤0¥
, ¦

|a(w, v)| ≤ ‖w‖1‖v‖1, a(w,w) ≥ 1

2
‖w‖2

1.

§ ¨
Cauchy-Schwarz ©!ª�«
¬

|a(w, v)| = |
∫

D

OwOvdx| ≤
∫

D

|OwOv|dx

≤ (

∫

D

|Ow|2dx)
1
2 (

∫

D

|Ov|2dx)
1
2

= |w|1 · |v|1 ≤ ‖w‖1 · ‖v‖1.

­�®�¯�°
,
¨¡±

|w|2 = |
∫ xi

−1

∂xi
wdxi|2 ≤ (xi + 1)

∫ 1

−1

(∂xi
w)2dxi, ²0³�©�ª�«�´�µ�¶B·�¸ D¹!º�»!¼

∫

D

|w|2dx ≤
∫ 1

−1

(xi + 1)dxi

∫

D

(∂xi
w)2dx = 2

∫

D

(∂xi
w)2dx.

¨\½�¾!¼
d‖w‖2 ≤ 2|w|21. ¿!À�¬

a(w,w) =

∫

D

|Ow|2dx = |w|21 ≥ d

2 + d
‖w‖2

1 ≥ 1

2
‖w‖2

1 .

Á�Â
.Ã �

2 Ä f ∈ L2(D), Å F (v) Æ H1
0 (D)

¹ � ¬�Ç ¢�£!¤0¥ . ¦ |F (v)| . ‖v‖1.
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§ Ì
∀v ∈ H1

0 (D),
¨

Schwarz ©!ª�«
¬
|F (v)| = |

∫

D

fvdx| ≤
∫

D

|fv|dx ≤ (

∫

D

f2dx)
1
2 (

∫

D

v2dx)
1
2 . ‖v‖1.

Á�Â
.
¨ZÍ�Î

1,
Í�Î

2 Ï Lax-Milgram Ð Î�¾!¼�Ñ ° � Ð Î .Ò �
1 Ä f ∈ L2(D), Å�Ó�Ô�« (2.3)-(2.4) Õ�¶�Ö ®Z× (w, u) ∈ H1

0 (D)×H1
0 (D), Ø
ÙÚ « (2.5)- (2.6) Õ�¶�Ö ®Z× (wN , uN) ∈ XN ×XN .Ã �

3 Û w Ï wN

»!Ü Æ�Ó�Ô�« (2.3) Ï�Ø
Ù Ú « (2.5)
� ×

, Å!¬
|w − wN |1 ≤ inf

vN∈XN

|w − vN |1.
§ ¨

(2.3) Ï (2.5), Ý!Þ�¬
a(w, vN ) = F (vN), ∀vN ∈ XN , (3.1)

a(wN , vN) = F (vN ), ∀vN ∈ XN . (3.2)

¨
(3.1) ß�à (3.2)

¼
a(w − wN , vN ) = 0, ∀vN ∈ XN . (3.3)

¨
(3.3) Ï Schwarz ©!ª�«
¬

|w − wN |21 = a(w − wN , w − wN)

= a(w − wN , w − vN + vN − wN)

= a(w − wN , w − vN) + a(w − wN , vN − wN)

= a(w − wN , w − vN) ≤ |w − wN |1|w − vN |1.

¦
|w − wN |1 ≤ |w − vN |1.¨

vN

��á�â
£ ¾!¼
|w − wN |1 ≤ inf

vN∈XN

|w − vN |1.
Á�Â

. Ý!Þ�ã Jα,β
n ä�å Ð!æ
¶�·�ç I := (−1, 1)

¹�è�±
é ¥	ê
ωα,β(x) = (1 − t)α(1 + t)β ëì �

Jacobi íZî�« , ¦
∫ 1

−1

Jα,β
n (t)Jα,β

m (t)ωα,β(t)dt = tα,β
n δmn,

ï�ð
tα,β
n = ‖Jα,β

n ‖2
ωα,β , (α, β > −1).

Ì�±�ñ ê�ò�ê Ì
(l, k),

Í�ó�ô�Ñ ��õ æ Jacobi í!î�«
[26,27]:

J l,k
n (x) =















(1 − x)−l(1 + x)−kJ
−l,−k
n−n0

(x), l, k ≤ −1,

(1 − x)−lJ
−l,k
n−n0

(x), l ≤ −1, k > −1,

(1 + x)−kJ
l,−k
n−n0

(x), l > −1, k ≤ −1,
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ï'ð
n ≥ n0, �

n0 =















−(l + k), l, k ≤ −1,

−l, l ≤ −1, k > −1,

−k, l > −1, k ≤ −1.

�
Ĵ l,k

n (t) Æ�� � ��õ æ Jacobi íZî�« , ¦
∫ 1

−1

Ĵ l,k
n (t)Ĵ l,k

m (t)ωl,k(t)dt = δmn.

Ð!æ d !#"%$�Ô�« ��õ æ Jacobi íZî�«
Ï é ¥	ê :

J
l,k
n (x) =

d
∏

i=1

Ĵ li,ki

ni
(xi), ω

l,k(x) =

d
∏

i=1

ωli,ki(xi),

ï'ð
n = (n1, n2, ..., nd), l = (l1, l2, ..., ld), k = (k1, k2, ..., kd). Ð!æ d ! N &�íZî�«#'�ç :

Q
-1,-1

N := span{J -1,-1
n (x) : |n|∞ ≤ N},

ï'ð
|n|∞ = max

1≤i≤d
{ni}.

¨
d ! õ æ Jacobi í�î'«0Ï)(+*,'�ç XN

� Ð�æ ¾.- :XN = Q
-1,-1
N . Ð�æ ë ì)/)0+12

:T -1,-1
N : L2

ω
-1,-1(I

d) → Q
-1,-1
N , 3 ¼

∫

Id

(T -1,-1
N w − w)vNω

-1,-1dx = 0, ∀vN ∈ Q
-1,-1
N . (3.4)

Ð!æ d !#4 é Sobolev '�ç , ¦
Bs

l,k (I
d) := {w : ∂m

x w ∈ L2
ω

l+s,k+s(I
d), 0 ≤ |m|1 ≤ s},

ï 5 6 �87�9!ê Ï 9!ê »!Ü Æ :

|w|Bs
l,k

(Id) := (

d
∑

i=1

‖∂s
xi
w‖2

ω
l+sei,k+sei ,Id)

1
2 ,

‖w‖Bs
l,k

(I d) := (
∑

0≤|m|1≤s

‖∂m
x w‖2

ω
l+m,k+m,Id)

1
2 ,

ï�ð
ei : R

d
ð �<;

i =?>#@,A<$ , |m|1 =
d
∑

i=1

mi, ∂
m
x w = ∂m1

x1
∂m2

x2
...∂md

xd
w.
¨CB?D

[28]ð Ð Î 8.1 Ï�E F 8.14 Ý!Þ�¬ Ñ ° � Í�Î .Ã �
4
Ì

∀w ∈ B
s
-1,-1(I

d) Ï 1 ≤ s ≤ N + 1
Ñ ° � ©!ª�«%G H

|T-1,-1

N w − w|B1
-1,-1(I

d) ≤ C

√

(N − s)!

(N − 1)!
(N + s)

1−s
2 |w|Bs

-1,-1(I
d),
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ï'ð
, I N � 1 J , C '

√
2.Ò �

2 Û w Ï wN

»�Ü Æ�Ó�Ô�« (2.3) Ï�Ø!Ù Ú « (2.5)
� ×

, ÅKI w ∈ Bs
-1,-1(I

d) ∩
H1

0 (I d) Ï 1 ≤ s ≤ N + 1 J ,
Ñ ° �ML�N «%G H
|w − wN |1 . N 1−s|w|Bs

-1,-1(I
d).

§ ¨ZÍ�Î
3
¾ -

|w − wN |1 ≤ inf
vN∈XN

|w − vN |1.

Å!¬
|w − wN |21 ≤ inf

vN∈XN

|w − vN |21 ≤ |w −T
-1,-1

N w|21. (3.5)

¨ ±

|w −T
-1,-1
N w|1 =

{

∫

Id

d
∑

j=1

[

∂xj
(w −T

-1,-1
N w)

]2
dx

}
1
2

≤
{

∫

Id

d
∑

j=1

[

∂xj
(w −T

-1,-1

N w)
]2

d
∏

i=1,i6=j

1

(1 − xi)(1 + xi)
dx

}
1
2

=
{

∫

Id

d
∑

j=1

[

∂xj
(w −T

-1,-1

N w)
]2
ωl+ej,k+ej

}
1
2

= |w − T
-1,-1
N w|B1

-1,-1(I
d).

Å ¨ZÍ�Î 4 Ï B#D [28]
ð �

(3.5.32)
¾!¼

|w − wN |1 .

√

(N − s)!

(N − 1)!
(N + s)

1−s
2 |w|Bs

-1,-1(I
d) . N 1−s|w|Bs

-1,-1(I
d).

Ò �
3 Û u Ï uN

»�Ü Æ�Ó�Ô�« (2.4) Ï�Ø�Ù Ú « (2.6)
� ×

, Å.I u ∈ B
s
-1,-1(I

d) ∩
H1

0 (I d) Ï 1 ≤ s ≤ N + 1 J ,
Ñ ° �ML�N «%G H

|u− uN |1 . N 1−s(|w|Bs
-1,-1(I

d) + |u|Bs
-1,-1(I

d)).

§ ¨
(2.4) Ï (2.6)

¾ -
:

a(u, hN) = b(w, hN), ∀hN ∈ XN , (3.6)

a(uN , hN) = b(wN , hN ), ∀hN ∈ XN . (3.7)

¨
(3.6) ß�à (3.7)

¾!¼
:

a(u− uN , hN) = b(w − wN , hN), ∀hN ∈ XN . (3.8)
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Ì
∀qN ∈ XN ,

¨ZÍ�Î
1 Ï (3.8) ¬

‖u− uN‖2
1 ≤ 2a(u− uN , u− uN)

= 2a(u− uN , u− qN + qN − uN)

= 2[a(u− uN , u− qN) + a(u− uN , qN − uN)]

= 2[a(u− uN , u− qN) + b(w − wN , qN − uN)]

≤ 2‖u− uN‖1‖u− qN‖1 + 2‖w − wN‖‖qN − uN‖.

¶ ¹ « ðMO qN = T
-1,-1
N u, Å!¬

‖u− uN‖2
1 ≤ 2‖u− uN‖1‖u−T

-1,-1

N u‖1 + 2‖w − wN‖‖T-1,-1

N u− uN‖.
P ¨ ±

‖T-1,-1
N u− uN‖ = ‖T-1,-1

N u− u+ u− uN‖ ≤ ‖T-1,-1
N u− u‖1 + ‖u− uN‖1,

2‖w − wN‖‖T-1,-1
N u− u‖1 ≤ ‖w − wN‖2 + ‖T-1,-1

N u− u‖2
1,

2‖w − wN‖‖u− uN‖1 ≤ 4‖w− wN‖2 +
1

4
‖u− uN‖2

1,

2‖u− uN‖1‖u− T
-1,-1

N u‖1 ≤ 1

4
‖u− uN‖2

1 + 4‖u−T
-1,-1

N u‖2
1,

Å ¨ Poincaré ©!ª�« ,
Í�Î

4 Ï�Ð Î 2 ¬
‖u− uN‖2

1 ≤ 10‖w− wN‖2 + 10‖u− T
-1,-1

N u‖2
1

. |w − wN |21 + |u−T
-1,-1

N u|21
. |w − wN |21 + |u−T

-1,-1

N u|2B1
-1,-1(I

d)

. N 2−2s
(

|w|Bs
-1,-1(I

d) + |u|Bs
-1,-1(I

d)

)2
.

¦
‖u− uN‖1 . N (1−s)

(

|w|Bs
-1,-1(I

d) + |u|Bs
-1,-1(I

d)

)

.

Á�Â
.

4 QSRUT+VXWZY,[
¶#\ ]�Ý!Þ!²_^�` a b c 1�d � ¬?e f�g h i , j k l�m�(#*?'�ç � ®�n%o ¥	ê ,

�

ϕi(t) =
1√

4i+ 6
[Li(t) − Li+2(t)],

P 0
N = span

{

ϕ0(t), ϕ1(t), · · · , ϕN−2(t)
}

,ï'ð
Li(t) ä�å i & Legendre íZî�« , Å%(#*?'�ç	Æ XN =

{

uN(x ) : uN (x ) ∈ [P 0
N ]d

}

.
�

sij =

∫ 1

−1

ϕ
′

jϕ
′

idt, mij =

∫ 1

−1

ϕjϕidt.

Å ¨pB#D [29]
ð � Í�Î

2.1
¾ -

:
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sij =

{

1, i = j,

0, i 6= j,
mij =



















1
2i+3

( 1
2i+1

+ 1
2i+5

), j = i,

− 1√
(2i+7)(2i+3)

1
2i+5

, j = i+ 2,

0,
ï#q

.Ñ ° Ý�Þ�²?rts�Ø�Ù Ú « (2.5) Ï (2.6)
o ± " $ º �<u.v Ô�« . I d=2 J ,

Ì�± Ø�Ù Ú «
(2.5), Ý!Þ!²?w%x wN =

∑N−2

i,j=0 wijϕi(x1)ϕj(x2).
�

W =













w00 w01 · · · w0(N−2)

w10 w11 · · · w1(N−2)

...
...

. . .
...

w(N−2)0 w(N−2)1 · · · w(N−2)(N−2)













,

ã W äBå ¨ W
�_y l.G �#z.{ Æ (N − 1)2

�_y A $ ,
O

vN = ϕl(x1)ϕk(x2), (l, k =

0, 1, · · · ,N − 2), Å!¬ :

∫

D

∇wN∇vNdx =

N−2
∑

i,j=0

wij

∫ 1

−1

∫ 1

−1

∇(ϕi(x1)ϕj(x2))∇(ϕl(x1)ϕk(x2))dx

=

N−2
∑

i,j=0

wij

∫ 1

−1

∫ 1

−1

((ϕ
′

i(x1)ϕj(x2), ϕi(x1)ϕ
′

j(x2))((ϕ
′

l(x1)ϕk(x2), ϕl(x1)ϕ
′

k(x2))dx

=

N−2
∑

i,j=0

wij [

∫ 1

−1

ϕ
′

i(x1)ϕ
′

l(x1)dx1

∫ 1

−1

ϕj(x2)ϕk(x2)dx2

+

∫ 1

−1

ϕi(x1)ϕl(x1)dx1

∫ 1

−1

ϕ
′

j(x2)ϕ
′

k(x2)dx2]

=

N−2
∑

i,j=0

wij(slimkj +mliskj)

=S(l, :)WM(k, :)T +M(l, :)WS(k, :)T

=[M(k, :) ⊗ S(l, :) + S(k, :) ⊗M(l, :)]W,ï'ð
S(l, :),M(k, :)

»!Ü ä�å uKv S = {sij},M = {mij}
�C;

l Ï k | ,⊗ ä�å uKv�� "%$ º}_~
, ¦ S⊗M = (sijM)N−2

i,j=0;
Ì�± Ø
Ù Ú « (2.6), Ý!Þ!²?w%x uN =

∑N−2

i,j=0 uijϕi(x1)ϕj(x2).�

U =













u00 u01 · · · u0(N−2)

u10 u11 · · · u1(N−2)

...
...

. . .
...

u(N−2)0 u(N−2)1 · · · u(N−2)(N−2)













,

ã U äPå ¨ U
�ty l�G �?z�{ Æ (N − 1)2

�ty A_$ ,
O

hN = ϕl(x1)ϕk(x2), (l, k =

0, 1, ..., N − 2), ���#a , Ý!Þ ¾��\¼_�
∫

D

∇uN∇hNdx = [M(k, :) ⊗ S(l, :) + S(k, :) ⊗M(l, :)]U,
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Å�Ø
Ù Ú « (2.5)
o ± "%$ º �CuKv Ô�«!Æ (M ⊗ S + S ⊗M)W = F,

ï'ð

F = (f00, f10, ..., fN−2,0; f01, f11, ..., fN−2,1; ...; f0,N−2, f1,N−2, ..., fN−2,N−2)
T ,

flk =

∫

D

fϕl(x1)ϕk(x2)dx;

Ø
Ù Ú « (2.6)
o ± "%$ º �CuKv Ô�«!Æ (M ⊗ S + S ⊗M)U = F̂ ,

ï'ð

F̂ = (f̂00, f̂10, ..., f̂N−2,0; f̂01, f̂11, ..., f̂N−2,1; ...; f̂0,N−2, f̂1,N−2, ..., f̂N−2,N−2)
T ,

f̂lk =

∫

D

wNϕl(x1)ϕk(x2)dx.

I d = 3 J ,
Ì�± Ø
Ù Ú « (2.5), Ý!Þ!²?w%x wN =

∑N−2

i,j,q=0 w
q
ijϕi(x1)ϕj(x2)ϕq(x3).

�

W q =













w
q
00 w

q
01 · · · w

q

0(N−2)

w
q
10 w

q
11 · · · w

q

1(N−2)

...
...

. . .
...

w
q

(N−2)0 w
q

(N−2)1 · · · w
q

(N−2)(N−2)













ã W
q ä�å W q

��y l#G �8z#{ Æ (N − 1)2
��y A<$ ,

�
W = (W

0
,W

1
, · · · ,WN

), W ä
å ¨ u)v W

�8y l G �<z { Æ (N − 1)3
�8y AM$ .

O
vN = ϕl(x1)ϕk(x2)ϕn(x3), (l, k, n =

0, 1, · · · ,N − 2), Å!¬ :

∫

D

∇wN∇vNdx =

N−2
∑

i,j,q=0

w
q
ij

∫

D

∇(ϕi(x1)ϕj(x2)ϕq(x3))∇(ϕl(x1)ϕk(x2)ϕn(x3))dx

=

N−2
∑

i,j,q=0

w
q
ij(slimkjmnq +mliskjmnq +mlimkjsnq)

=

N−2
∑

m=0

S(l, :)W qmnqM(k, :)T +M(l, :)W qmnqS(k, :)T +M(l, :)W qsnqM(k, :)T

=

N−2
∑

m=0

M(k, :) ⊗ S(l, :)W
q
mnq + S(k, :) ⊗M(l, :)W

q
mnq +M(k, :) ⊗M(l, :)W

q
snq

=(M(k, :) ⊗M(n, :) ⊗ S(l, :) + S(k, :) ⊗M(n, :) ⊗M(l, :) +M(k, :) ⊗ S(n, :) ⊗M(l, :))W ;

Ì�± Ø
Ù Ú « (2.6), Ý!Þ!²?w%x uN =
∑N−2

i,j,q=0 u
q
ijϕi(x1)ϕj(x2)ϕq(x3).

�

U q =













u
q
00 u

q
01 · · · u

q

0(N−2)

u
q
10 u

q
11 · · · u

q

1(N−2)

...
...

. . .
...

u
q

(N−2)0 u
q

(N−2)1 · · · u
q

(N−2)(N−2)












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ã U
q ä0å W q

�%y l?G ��z?{ Æ (N − 1)2
�%y A�$ ,

�
U = (U

0
, U

1
, · · · , UN

), U ä0å¨ u,v
U
��y ltG �%zt{ Æ (N − 1)3

��y A�$ .
O
hN = ϕl(x1)ϕk(x2)ϕn(x3), (l, k, n =

0, 1, · · · ,N − 2), ���#a ,
¾��\¼_�

:

∫

D

∇uN∇hNdxdy

=(M(k, :) ⊗M(n, :) ⊗ S(l, :) + S(k, :) ⊗M(n, :) ⊗M(l, :) +M(k, :) ⊗ S(n, :) ⊗M(l, :))U,

Å�Ø
Ù Ú « (2.5)
o ± "%$ º �CuKv Ô�«!Æ (M ⊗M ⊗S+S⊗M ⊗M +M ⊗S⊗M)W = F,ï'ð

F = (f0
00, f

0
10, ..., f

0
N−2,N−2; · · · ; f

(N−2)
0,0 , f

(N−2)
1,0 , · · · , f (N−2)

N−2,N−2)
T ,

fn
lk =

∫

D

fϕl(x1)ϕk(x2)ϕn(x3)dx;

Ø
Ù Ú « (2.6)
o ± "%$ º �CuKv Ô�«!Æ (M ⊗M ⊗ S + S ⊗M ⊗M +M ⊗ S ⊗M)U = F̂ ,ï'ð
F̂ = (f̂0

00, f̂
0
10, ..., f̂

0
N−2,N−2; · · · ; f̂

(N−2)
0,0 , f̂

(N−2)
1,0 , · · · , f̂ (N−2)

N−2,N−2)
T ,

f̂n
lk =

∫

D

wNϕl(x1)ϕk(x2)ϕn(x3)dx.

5 ���ZY��
Æ.� ä�� 1�d � ¬_e £ , Ý!Þ!² �_| ®�� y��¡ê � f%� . Ý!Þ!¶ MATLAB R2016b �.�¹ �_|���i N 1 .�

1 � O�� � × u(x) = sinπx1 sin πx2, Å w(x) = −∆u(x) = 2π2 sinπx1 sinπx2, u �%��#� µ�Ç%��� , ² w(x), u(x) � ó ¯ i (2.1) Ï (2.2)
¾!¼_�

f(x). Ý!Þ »!Ü ¶ ä Ú 1 Ï ä Ú
2
ð y)� � � � × w(x), u(x) ��(#* × wN(x), uN(x) ¶#  ¡�¢ Ñ �<£�¤ . ¿ ä Ú 1 Ï ä Ú 2¾,�p¥?¦_�

, I N ≥ 20 J ,
�#� ×

w(x), u(x) �%(_* × wN(x), uN(x) ¶_ #¡ ¢ Ñ �8£ ¤_§¨?� �M©#ª 10−13
� � {

. Æ.�«� ®�¬ ä�� Ý!Þ 1�d �8­ � { , Ý!Þ!¶�® 1 ¯�® 2 Ï+® 3 ¯�® 4ð�° � �%I N
O ©+± � J �#� × ��(?* ×?² ç ��£ ¤ ®<³ , ¿+® 1 ¯´® 2 Ï�® 3 ¯´® 4

¾,�
µ � Ý!Þ � 1�d :_¶�· � Ï ­ � {B� .

­�¸
, ¹�Æ+º«» , Ý!Þ!¶ ä Ú 3

ð y)� � o ±.¼8½ Ú «�M¾ ¯ d ¶#  ¡�¢ Ñ �<£�¤_¿ À . ¿ ä 2 Ï ä 3
¾��Á¥_¦#�

, ´�¡ ê � Ú « § Â ¬ ¾ � { .

Ã8Ä
1 Å�Æ�Ç%È�É N , Ê�Ë�Ì w(x) ÍMÎ�Ï8Ì wN (x) Ð%Ñ8Ò8Ó%Ô�ÉCÕ8Ö .

N 10 20 30 40 50

‖w(x) − wN(x)‖ 3.7946e-06 2.0313e-14 1.6207e-14 1.2577e-14 1.4626e-14

|w(x) − wN(x)|1 0.0065 8.7708e-13 2.5507e-13 2.8220e-13 9.2592e-13

‖w(x) − wN(x)‖1 0.0065 8.7732e-13 2.5559e-13 2.8248e-13 9.2603e-13



No.5 öa÷cøaù : úcûaüaýjþcÿ��nm������	��
���
�������������������� Galerkin ��� 443

Ã8Ä
2 Å�Æ�Ç%È�É N , Ê�Ë�Ì u(x) ÍMÎ�Ï8Ì uN(x) Ð%Ñ8Ò8Ó%Ô�ÉCÕ8Ö .

N 10 20 30 40 50

‖u(x) − uN(x)‖ 1.9224e-07 9.9225e-16 8.1785e-16 6.0700e-16 5.6905e-16

|u(x) − uN(x)|1 3.2926e-04 4.4214e-14 1.2207e-14 1.4036e-14 4.6598e-14

‖u(x) − uN(x)‖1 3.2926e-04 4.4225e-14 1.2235e-14 1.4049e-14 4.6601e-14
Ã8Ä

3 Å�Æ�Ç%È�É N , Ê�Ë�Ì u(x) ÍMÎ�Ï8Ì uN(x) Ð%Ñ8Ò8Ó%Ô�ÉCÕ8Ö .

N 10 20 30 40 50

‖u(x) − uN(x)‖ 1.2993e-05 1.0691e-15 7.6531e-16 4.0410e-16 3.7663e-16

|u(x) − uN(x)|1 2.8910e-04 4.3849e-14 3.3768e-15 2.8921e-15 2.2968e-15

‖u(x) − uN(x)‖1 2.8939e-04 4.3862e-14 3.4624e-15 2.9202e-15 2.3275e-15

×
1: Ø N = 10 ÙCÚ�Û8Ü w(x, y) Ý<Þ8ß�Ü

wN (x, y) à_á�â«ã8ä ×æå .

×
2 ç�Ø N = 50 ÙCÚ�Û8Ü w(x, y) Ý<Þ8ß�Ü

wN (x, y) à_á�â«ã8ä ×æå .

×
3: Ø N = 10 ÙCÚ�Û8Ü w(x, y) Ý<Þ8ß�Ü

wN (x, y) à_á�â«ã8ä ×æå .

×
4 ç�Ø N = 50 ÙCÚ�Û8Ü w(x, y) Ý<Þ8ß�Ü

wN (x, y) à_á�â«ã8ä ×æå .

�
2 � O��,� × u(x) = sinπx1 sinπx2 sinπx3, Å w(x) = 3π2 sinπx1 sinπx2 sinπx3,

u(x) �%� �#� µ�Ç%��� , ² w(x), u(x) � ó ¯ i (2.1) Ï (2.2)
¾!¼_�

f(x). Ý!Þ »!Ü ¶ ä Ú
4 Ï ä Ú 5

ð y)� � � � × w(x), u(x) ��(#* × wN(x), uN(x) ¶#  ¡�¢ Ñtè £�¤ . ¿ ä Ú 4

Ï ä Ú 5
¾,�p¥?¦_�

, I N ≥ 20 J ,
�#� ×

w(x), u(x) �%(_* × wN(x), uN(x) ¶_ #¡ ¢ Ñè £�¤#§ ¨?� �M©#ª 10−12
è � {

.
¨\½�¾�� µ � Ý!Þ è 1�d_é :?¶�· è Ï ­ � { è .

Ã8Ä
4 Å�Æ�Ç%È�É N , Ê�Ë�Ì w(x) ÍMÎ�Ï8Ì wN (x) Ð%Ñ8Ò8Ó%Ô�ÉCÕ8Ö .

N 10 15 20 25 30

‖w(x) − wN(x)‖ 6.6423e-06 2.4302e-10 3.3909e-14 2.4975e-14 2.1268e-14

|w(x) − wN(x)|1 0.0134 7.5702e-08 1.7784e-12 1.2032e-12 4.6723e-13

‖w(x) − wN(x)‖1 0.0134 7.5702e-08 1.7787e-12 1.2035e-12 4.6771e-13
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Ã8Ä
5 Å�Æ�Ç%È�É N , Ê�Ë�Ì u(x) ÍMÎ�Ï8Ì uN(x) Ð%Ñ8Ò8Ó%Ô�ÉCÕ8Ö .

N 10 15 20 25 30

‖u(x) − uN(x)‖ 2.2433e-07 8.2078e-12 9.1652e-16 8.8147e-16 7.3406e-16

|u(x) − uN(x)|1 4.5239e-04 2.5567e-09 6.0363e-14 3.9496e-14 1.6632e-14

‖u(x) − uN(x)‖1 4.5239e-04 2.5567e-09 6.0370e-14 3.9505e-14 1.6648e-14

6 êXëXìXíXî
ï B ð � �Mñ�ò ó!µ�Ç%��� Ñ)¼8½.ô«õ o ±)ö�½ Ú « è ® ¡�¬?e è ¾ Galerkin (#* . j

k , ²?÷ ô«õ ø Æ�´�=#ù ú è8û?½.ô«õ , ü�H+� 5 6 è Ó�Ô�«%ý ï Ø!Ù Ú « ,
Á � �¡Ó × Ï�(

* × è Õ�¶�Ö ® £ ý q Þ ² ç è £ ¤ L N .
ï & , l�m+�«(#*?'�ç ð è ®�n þ I è o ¥�ê , r

s)�¡Ø
Ù Ú « o ± "%$ º.è u)v Ô�« .
­�¸

, Ý!Þ ÿ�� � ®�� ê � 1�� ,
ê �_¿�À ä�� � 1�dè ¬_e £ Ï Î�� ¿ À è ë � £ .

ï B ð � è 1�d ¾,� ¿ ú ¾�� d#6 ã ��� ®
	 ·	¸ ¹+¼�½.ôõ.è ê ��N 1
.
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AN EFFICIENT SPECTRAL GALERKIN APPROXIMATION

BASED ON A REDUCED-ORDER FORMAT FOR

FOURTH-ORDER PROBLEM WITH SIMPLY SUPPORTED PLATE

BOUNDARY CONDITIONS

QIN Jia-qi, AN Jing

(School of Mathematical Sciences, Guizhou Normal University, Guizhou 550025, China)

Abstract: In this paper, we study an efficient spectral-Galerkin approximation for

fourth-order equation with simply supported plate boundary conditions. By introducing an

auxiliary function and some appropriate Sobolev spaces, reducing the fourth-order problem to

two coupled second-order problems, establishing the associated weak form and discrete scheme,

using Lax-Milgram theorem and the approximation properties of projection operator, we prove

the existence and uniqueness of the weak solutions and approximation solutions and the error

estimation between them. Next, by using the orthogonality of Legendre polynomials, we construct

a set of appropriate basis functions and derive the matrix formulations based on the tensor-product.

Finally, some numerical experiments are carried out to validate the efficiency of the algorithm and

the correctness of the theoretical results.

Keywords: fourth-order problem; boundary conditions of simple support plate; reduced

format; spectral method; error estimation
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