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Abstract: The Engel groups are one important kind of simply connected nilpotent Lie groups

in sub-Riemannian geometry. In this paper, we investigate the Dirichlet eigenvalue problem of the

sub-Laplacian ∆E on a bounded domain Ω of the Engel group E = (R4, ◦, {δλ}) as follows











(−∆E)3u = λu, in Ω,

u =
∂u

∂ν
=

∂2u

∂ν2
= 0, on ∂Ω,

where ν is the outwards unit normal vector field of ∂Ω. We establish some universal inequalities

for eigenvalues of this problem.
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1 Introduction

A sub-Riemannian manifold is a manifold endowed with a distribution and a fiber inner

product on that distribution. It becomes a Riemannian manifold when the distribution under

consideration is the entire tangential plexus. Sub-Riemannian manifolds have a wide range

of applications, which are closely related to geometric cybernetics, CR manifolds, image

processing and nonholonomic mechanical systems(see [1–7]).

With the deepening of the study of sub-Riemannian geometry, the importance of Carnot

groups gradually emerged. Carnot groups play a role, for sub-Riemannian manifolds, anal-

ogous to that played by Euclidean vector spaces for Riemannian manifolds. Many scholars

have also obtained some important results in this regard (cf. [3, 4, 5, 7]). As an important

topic in geometry and analysis, people have obtained some interesting results on the spec-

trum of Laplace operator. It is natural to consider whether one can extend the results for

Riemannian manifolds to sub-Riemannian manifolds.
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The Heisenberg group H
n is a classical example of Carnot groups. In 2003, Niu and

Zhang [8] considered the following eigenvalue problem of the sub-Laplacian ∆Hn on a bounded

domain Ω of H
n







(−∆Hn)ku = λu, in Ω,

u =
∂u

∂ν
= · · · =

∂k−1u

∂νk−1
= 0, on ∂Ω,

(1.1)

where ν is the outwards unit normal vector field of ∂Ω. They proved that when k is odd, it

holds

λm+1 − λm ≤
1

m2n2

m
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λ
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k
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[

(2n + 4)k

m
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and when k is even, it holds
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1

m2n2
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, (1.3)

where C1(n, k) and C2(n, k) are the constants depending on n and k. In 2010, Ilias and

Makhoul [9] established some Yang-type inequalities for problem (1.1): for any odd k ≥ 3,

it holds

m
∑

i=1

(λm+1 − λi)
2 ≤

1

n

{

m
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,

(1.4)

and for any even k ≥ 4, it holds
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∑
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1
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(1.5)

where C1(n, k) and C2(n, k) are the constants depending on n and k. In 2017, Du, Wu, Li

and Xia [10] consider the following eigenvalue problem of the biharmonic sub-Laplacian on

a bounded domain Ω on a Carnot group G with an d-dimensional sub-bundle






(−∆G)2u = λu, in Ω,

u =
∂u

∂ν
= 0, on ∂Ω.

(1.6)

They obtained the following inequality for eigenvalues of problem (1.2)
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Since the Heisenberg group H
n is a 2-step Carnot group, its generators are interchange-

able with other layers. However, for some more general Carnot groups, their generators are

not interchangeable with any other layer except the last layer. Hence it is difficult to directly

apply the method of [8] to problem (1.1) on Carnot groups with any order.

In this paper, we consider the Engel groups. As a 3-step Carnot group, the generators

of an Engel group E are not interchangeable with the second layer. In recent years, the

research on Engel groups has made some achievements. For example, Ardentov and Sachkov

[11] considered the left invariant sub-Riemannian problem on Engel groups, which plays an

important role in the motion system of mobile robots with trailers. Here we investigate the

Dirichlet eigenvalue problem of the sub-Laplacian ∆E on a bounded domain Ω of the Engel

group E = (R4, ◦, {δλ}) as follows







(−∆E)3u = λu, in Ω,

u =
∂u

∂ν
=

∂2u

∂ν2
= 0, on ∂Ω,

(1.8)

where ν is the outwards unit normal vector field of ∂Ω. Set

S3,2(Ω) =
{

f : f,Xi(f), X2
i (f), X3

i (f) ∈ L2(Ω), i = 1, 2
}

.

The subspace S
3,2
0 (Ω) of S3,2(Ω) is defined by

S
3,2
0 (Ω) =

{

f ∈ S3,2(Ω) : f |∂Ω =
∂f

∂v
|∂Ω =

∂2f

∂v2
|∂Ω = 0

}

.

Then we know that (∆E)3 is a self-adjoint operator acting on S
3,2
0 (Ω) with a discrete spec-

trum. Thus problem (1.8) has a discrete spectrum

0 < λ1 ≤ λ2 ≤ . . . λm ≤ · · · → +∞,

where each eigenvalue is repeated with its multiplicity (see [12]).

In this paper, we establish the following results for problem (1.8).

Theorem 1.1 Let Ω be a bounded domain on an Engel group E. Denote by λi the

i-th eigenvalue of problem (1.8). Then we have

m
∑
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(λm+1 − λi)
2 ≤

[

m
∑

i=1

(λm+1 − λi)
2(140λi + 18λ

2
3
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1
3
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(1.9)

Theorem 1.2 Under the assumptions of Theorem 1.1, we have

λm+1 − λm ≤
1

m2
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2 Preliminaries

In this section, we give some preliminary knowledge about the Engle groups and estab-

lish some necessary lemmas.

A r-step Carnot group G is a connected and simply connected Lie group whose Lie

algebra g admits a direct sum decomposition g = g1 ⊕ g2 ⊕ · · · ⊕ gr, such that

{

[g1,gi−1]= gi, if 2 ≤ i ≤ r,

[gi,gj ]= {0}, if 2 ≤ i, j ≤ r.

If dimV1 = d, we also say that G has d generators. The vector fields X1, . . . , Xd are called

the generators of G, whereas any basis of span{X1, . . . , Xd} is called a system of generators

of G. A sub-Laplacian on G is the second order differential operator defined by

L =

d
∑

i=1

Y 2
i ,

where Y1, . . . , Yd is a basis of span{X1, . . . , Xd}. In special, ∆G =
∑d

i=1
X2

i is the canonical

sub-Laplacian on G. The vector operator ∇G = (X1, . . . , Xd) is called the horizontal G-

gradient.

The Engel algebra h is the finite dimensional Lie algebra with a basis (X1, . . . , Xd),

where the only non-vanishing commutator relationship among the generators are

[X2,X1] = X3, [X3, X1] = [X3, X2] = X4, [X4, Xk] = 0, k = 1, 2, 3. (2.1)

The Engel algebra h is of step 3. In fact, the Engel algebra is stratified as follows

h = h1 ⊕ h2 ⊕ h3,

where h1 = span{X1, X2}, h2 = span{X3} and h3 = span{X4}. Thus the Engel group E is

a simply connected nilpotent Lie group associated to the Engel algebra h. We can represent

the Engel group E = (R4, ◦, {δλ}) by means of graded coordinates associated to the basis

(X1, . . . , Xd). For any (x1, x2, x3, x4), (y1, y2, y3, y4) ∈ E, it holds

(x1, x2, x3, x4) ◦ (y1, y2, y3, y4) =



















x1 + y1

x2 + y2

x3 + y3 + f(x1, x2, y1, y2)

x4 + y4 + g(x1, x2, x3, y1, y2, y3)



















T

,

where f and g are two polynomials. Moreover, the homogeneous dilations on E are

δλ(x1, x2, x3, x4) = (λx1, λx2, λ
2x3, λ

3x4),

where λ > 0. The polynomials can be different in different application scenarios (see [13, 14,

15, 16]). Depending on different f and g, the rappresentation of the basis (X1, X2, X3, X4)
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on the graded coordinates is given as follows














































X1(x1, x2, x3, x4) =
∂

∂x1

+
∂f

∂x3

∂

∂x3

+
∂g

∂x4

∂

∂x4

,

X2(x1, x2, x3, x4) =
∂

∂x2

+
∂f

∂x2

∂

∂x3

+
∂g

∂x2

∂

∂x4

,

X3(x1, x2, x3, x4) =
∂

∂x3

+
∂g

∂x3

∂

∂x4

,

X4(x1, x2, x3, x4) =
∂

∂x4

.

The horizontal E-gradient ∇E on the Engle group E is defined by ∇Eui = (X1ui, X2ui). The

sub-Laplacian on E is defined by

∆E = X2
1 + X2

2 .

For simplicity’s sake, we denote −∆E by L .

In order to prove the main theorems of this paper, we first give the following lemmas.

Lemma 2.1 Let Ω be a bounded domain on the Engel group E. Denote by ui the i-th

orthonormal eigenfunction of problem (1.8). For p = 1, 2, we have

(
∫

Ω

uiL
pui

)
1
p

≤

(
∫

Ω

uiL
p+1ui

)
1

p+1

. (2.2)

Proof Using Holder inequality, we have

∫

Ω

uiLui ≤

(
∫

Ω

u2
i

)
1
2
(
∫

Ω

(Lui)
2

)
1
2

=

(
∫

Ω

uiL
2ui

)
1
2

. (2.3)

Then it is from (2.3) that
∫

Ω

uiL
2ui = −

∫

Ω

∇Eui∇
3
E
ui

≤

(
∫

Ω

|∇Eui|
2

)
1
2
(
∫

Ω

∣

∣∇3
E
ui

∣

∣

2

)
1
2

=

(
∫

Ω

uiLui

)
1
2
(
∫

Ω

uiL
3ui

)
1
2

≤

(
∫

Ω

uiL
2ui

)
1
4
(
∫

Ω

uiL
3ui

)
1
2

.

Lemma 2.1 is proved.

Lemma 2.2 Under the same assumptions of Lemma 2.1, we have
∫

Ω

X4LuiX4ui ≤ λ
1
3

i

∫

Ω

(X4ui)
2. (2.4)

Proof Using Holder inequality, and noticing that
∫

Ω

(X4L
2ui)

2 =

∫

Ω

X4L
4uiX4ui = λi

∫

Ω

X4LuiX4ui,
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we deduce
∫

Ω

X4LuiX4ui ≤

[
∫

Ω

(X4Lui)
2

]
1
2
[
∫

Ω

(X4ui)
2

]
1
2

=

(
∫

Ω

X4L
2uiX4ui

)
1
2
[
∫

Ω

(X4ui)
2

]
1
2

≤

[
∫

Ω

(X4L
2ui)

2

]
1
4
[
∫

Ω

(X4ui)
2

]
3
4

= λ
1
4

i

(
∫

Ω

X4LuiX4ui

)
1
4
[
∫

Ω

(X4ui)
2

]
3
4

.

(2.5)

It yields (2.4). The proof of Lemma 2.2 is finished.

3 Proofs of the Main Results

In this section, we give the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1 For i = 1, . . . , m and j = 1, 2, take the trial functions

ϕixj
= xjui −

m
∑

l=1

ailxj
ul,

where ailxj
=
∫

Ω
xjuiul. It is easy to find that ϕixj

is orthogonal to u1, . . . , um. According

to the Rayleigh-Ritz principle, it holds

λm+1 ≤

∫

Ω
ϕixj

L
3ϕixj

∫

Ω
ϕ2

ixj

, for j = 1, 2. (3.1)

Since
∫

Ω
ulϕixj

= 0 and

∫

Ω

ulL
3(xjui) =

∫

Ω

xjuiL
3ul = λlailxj

, we obtain

(λm+1 − λi)

∫

Ω

ϕ2
ixj

≤

∫

Ω

ϕixj
L

3(xjui) − λi

∫

Ω

xjuiϕixj

=

∫

Ω

xjui

[

L
3(xjui) − λixjui

]

−

m
∑

i=1

ailxj

∫

Ω

ul

[

L
3(xjui) − λixjui

]

=

∫

Ω

xjui

[

L
3(xjui) − λixjui

]

−

m
∑

i=1

a2
ilxj

(λl − λi).

(3.2)

Noticing that

X2
1 (x1ui) =2X1ui + x1X

2
1ui, X2

2 (x1ui) = x1X
2
2ui,

X2
1 (x2ui) =x2X

2
1ui, X2

2 (x2ui) = 2X2ui + x2X
2
2ui,

(3.3)

we deduce

L(xjui) = −2Xjui − xjX
2
1ui − xjX

2
2ui = xjLui − 2Xjui, (3.4)

L
2(xjui) = L(xjLui − 2Xjui) = xjL

2ui − 2LXjui − 2XjLui. (3.5)
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Therefore, we can get

L
3(xjui) =L(xjL

2ui − 2LXjui − 2XjLui)

=xjL
3ui − 2L

2Xjui − 2LXjLui − 2XjL
2ui.

(3.6)

Then we have
∫

Ω

xjui

[

L
3(xjui) − λixjui

]

= −2

∫

Ω

xjui(L
2Xj + LXjL + XjL

2)ui. (3.7)

According to the properties in (2.1), it is not difficult to find that

LX1 = X1L − 2X2X3 − X4, (3.8)

LX2 = X2L + 2X1X3 + X4, (3.9)

LX3 = X3L + 2X1X4 + 2X2X4. (3.10)

Then, for j = 1, 2, we obtain
∫

Ω

xjui(L
2Xj + LXjL + XjL

2)ui

=

∫

Ω

XjuiL
2(xjui) +

∫

Ω

XjLuiL(xjui) +

∫

Ω

xjuiXjL
2ui

=

∫

Ω

Xjui(xjL
2ui − 2XjLui − 2LXjui) +

∫

Ω

(xjLui − 2Xjui)XjLui +

∫

Ω

xjuiXjL
2ui

=

∫

Ω

(xjL
2uiXjui + xjLuiXjLui + xjuiXjL

2ui) + 4

∫

Ω

LuiX
2
j ui − 2

∫

Ω

LXjuiXjui,

(3.11)

Moreover, since
∫

Ω

(xjL
2uiXjui + xjLuiXjLui + xjuiXjL

2ui)

= −

∫

Ω

(

uiL
2ui + xjuiXjL

2ui

)

−

∫

Ω

[

(Lui)
2 + xjLuiXjLui

]

−

∫

Ω

uiL
2ui −

∫

Ω

xiXjuiL
2ui

= − 3

∫

Ω

uiL
2ui −

∫

Ω

(xjL
2uiXjui + xjLuiXjLui + xjuiXjL

2ui),

(3.12)

we obtain
∫

Ω

(xjL
2uiXjui + xjLuiXjLui + xjuiXjL

2ui) = −
3

2

∫

Ω

uiL
2ui. (3.13)

Therefore, substituting (3.11) and (3.13) into (3.7), we obtain
∫

Ω

xjui

[

L
3(xjui) − λixjui

]

≤

∫

Ω

(3uiL
2ui − 8LuiX

2
j ui + 4LXjuiXjui). (3.14)

On the other hand, from −2

∫

Ω

xjuiXjui = 2

∫

Ω

u2
i + 2

∫

Ω

xjuiXjui, we get

− 2

∫

Ω

xjuiXjui = 1. (3.15)
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Set tjli =
∫

Ω
uiXjul. It is easy to find that tjli = −tjil. Then we have

− 2

∫

Ω

ϕixj
Xjui = 2

∫

Ω

uiXj(xjui) − 2

m
∑

l=1

ailxj

∫

Ω

uiXjul = 1 + 2

m
∑

l=1

ailxj
tjil. (3.16)

Multiplying both sides of (3.16) by (λm+1 − λi)
2, we get

(λm+1 − λi)
2(1 + 2

m
∑

l=1

ailxj
tjil) = −2(λm+1 − λi)

2

∫

Ω

ϕixj
(Xjui −

m
∑

l=1

tjilul)

≤ δ(λm+1 − λi)
3

∫

Ω

ϕ2
ixj

+
λm+1 − λi

δ

∫

Ω

(Xjui −

m
∑

l=1

tjilul)
2.

Then, using (3.2), we get

(λm+1 − λi)
2(1 + 2

m
∑

l=1

ailxj
tjil)

≤δ(λm+1 − λi)
2

∫

Ω

xjui

[

L
3(xjui) − λixjui

]

+
(λm+1 − λi)

δ

∫

Ω

(Xjui)
2

− δ(λm+1 − λi)

m
∑

l=1

(λl − λi)
2a2

ilxj
−

1

δ
(λm+1 − λi)

m
∑

l=1

t2jil.

(3.17)

Substituting

(λm+1 − λi)
2(1 + 2

m
∑

l=1

ailxj
tjil) ≥ (λm+1 − λi)

2 + 2(λm+1 − λi)

m
∑

l=1

(λl − λi)ailxj
tjil

and

δ

m
∑

l=1

(λl − λi)
2a2

ilxj
+

1

δ

m
∑

l=1

t2jil ≥ −2

m
∑

l=1

(λl − λi)ailxj
tjil

into (3.17), we deduce

(λm+1 − λi)
2 ≤δ(λm+1 − λi)

2

∫

Ω

xjui

[

L
3(xjui) − λixjui

]

+
1

δ
(λm+1 − λi)

∫

Ω

(Xjui)
2.

(3.18)

Taking sum on i from 1 to m, j from 1 to 2, and using (3.14), we obtain

2

m
∑

i=1

(λm+1 − λi)
2 ≤δ

m
∑

i=1

(λm+1 − λi)
2

2
∑

j=1

∫

Ω

(

3uiL
2ui − 8LuiX

2
j ui + 4LXjuiXjui

)

+
1

δ

m
∑

i=1

(λm+1 − λi)

2
∑

j=1

∫

Ω

(Xjui)
2.

(3.19)



No. 5 Inequalities for eigenvalues of the Sub-Laplcain on the Engel group 417

Now we estimate the term
∫

Ω
(LX1uiX1ui + LX2uiX2ui). From (3.8) and (3.9), we get

∫

Ω

(LX1uiX1ui + LX2uiX2ui) =

∫

Ω

(X1LuiX1ui − 2X2X3uiX1ui − X4uiX1ui)

+

∫

Ω

(X2LuiX2ui + 2X1X3uiX2ui + X4uiX2ui)

=

∫

Ω

[

uiL
2ui + X4uiX2ui − X4uiX1ui + 2(X3ui)

2
]

=

∫

Ω

uiL
2ui +

∫

Ω

(X4uiX2ui − X4uiX1ui) + 2

∫

Ω

(X3ui)
2,

(3.20)

Using mean value inequality, we have

∫

Ω

(X3ui)
2 = −

∫

Ω

X1uiX2X3ui +

∫

Ω

X2uiX1X3ui

≤
1

2

∫

Ω

[(X1ui)
2 + (X2X3ui)

2] +
1

2

∫

Ω

[(X2ui)
2 + (X1X3ui)

2]

=
1

2

∫

Ω

uiLui +
1

2

∫

Ω

LX3uiX3ui

(3.21)

and

∫

Ω

(X4uiX2ui − X4uiX1ui) ≤
1

2

∫

Ω

[(X4ui)
2 + (X1ui)

2] +
1

2

∫

Ω

[(X4ui)
2 + (X2ui)

2]

=
1

2

∫

Ω

uiLui +

∫

Ω

(X4ui)
2.

(3.22)

Moreover, it is easy to verify that

2

∫

Ω

X1X4uiX3ui = 2

∫

Ω

X2X4uiX3ui =

∫

Ω

(X4ui)
2. (3.23)

Then, using (3.10) and (3.23), we obtain

∫

Ω

LX3uiX3ui =

∫

Ω

(X3LuiX3ui + 2X1X4uiX3ui + 2X2X4uiX3ui)

=

∫

Ω

X3LuiX3ui + 2

∫

Ω

(X4ui)
2.

(3.24)

Therefore, substituting (3.21), (3.22) and (3.24) into (3.20), we get

∫

Ω

(LX1uiX1ui + LX2uiX2ui) ≤

∫

Ω

uiL
2ui +

3

2

∫

Ω

uiLui +

∫

Ω

X3LuiX3ui

+ 3

∫

Ω

(X4ui)
2.

(3.25)
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Using mean value inequality and Lemma 2.2 , for any positive ε and δ, we have

∫

Ω

(X4ui)
2 =

∫

Ω

X1X4uiX3ui +

∫

Ω

X2X4uiX3ui

≤
δ

2

∫

Ω

X4LuiX4ui +
1

δ

(

1

2ε

∫

Ω

LX3uiX3ui +
ε

2

∫

Ω

uiLui

)

≤
δ

2
λ

1
3

i

∫

Ω

(X4ui)
2 +

1

δ

(

1

2ε

∫

Ω

LX3uiX3ui +
ε

2

∫

Ω

uiLui

)

.

It yields

(1 −
δ

2
λ

1
3

i )

∫

Ω

(X4ui)
2 ≤

1

2δε

∫

Ω

LX3uiX3ui +
ε

2δ

∫

Ω

uiLui. (3.26)

Taking δ
2
λ

1
3

i = 1

2
and ε = 5λ

1
3

i in (3.26), using Lemma 2.1, we get

2

∫

Ω

(X4ui)
2 ≤

2

5

∫

Ω

LX3uiX3ui + 10λi. (3.27)

And

∫

Ω

X3LuiX3ui = −

∫

Ω

X1LuiX2X3u3 +

∫

Ω

X2LuiX1X3ui

≤
5

2

∫

Ω

(X1Lui)
2 +

1

10

∫

Ω

(X2X3ui)
2 +

5

2

∫

Ω

(X2Lui)
2 +

1

10

∫

Ω

(X1X3ui)
2

=
1

10

∫

Ω

LX3uiX3ui +
5

2
λi.

(3.28)

It is from (3.24), (3.27) and (3.28) that

∫

Ω

LX3uiX3ui ≤ 25λi. (3.29)

Then, combining (3.29) with (3.27), we derive

∫

Ω

(X4ui)
2 ≤ 10λi. (3.30)

Substituting (3.29) and (3.30) into (3.25), and using Lemma 2.1, we have

∫

Ω

(LX1uiX1ui + LX2uiX2ui) ≤

∫

Ω

uiL
2ui +

3

2

∫

Ω

uiLui + 35λi

≤ λ
2
3

i +
3

2
λ

1
3

i + 35λi.

(3.31)

Notice that
2
∑

j=1

∫

Ω

(Xjui)
2 =

∫

Ω

uiLui ≤ λ
1
3

i . (3.32)
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Substituting (3.31) and (3.32) into (3.19), and using Lemma 2.1, we obtain

2

m
∑

i=1

(λm+1 − λi)
2 ≤δ

m
∑

i=1

(λm+1 − λi)
2

(

140λi + 18λ
2
3

i + 8λ
1
3

i

)

+
1

δ

m
∑

i=1

(λm+1 − λi)λ
1
3

i .

(3.33)

Taking

δ =

[

∑m

i=1
(λm+1 − λi)λ

1
3

i

]
1
2

[

∑m

i=1
(λm+1 − λi)2

(

140λi + 18λ
2
3

i + 8λ
1
3

i

)]
1
2

.

in (3.33), we derive this which completes the proof of Theorem 1.1.

Now we give the proof of Theorem 1.2.

Proof of Theorem 1.2 Similar to the proof of Theorem 1.1, take the trial functions

ϕixj
= xjui −

m
∑

l=1

ailxj
ul, where ailxj

=
∫

Ω
xjuiul, i = 1, . . . , m and j = 1, 2. According to

the Rayleigh-Ritz principle, we deduce

λm+1

∫

Ω

ϕ2
ixj

≤

∫

Ω

ϕixj
(xjL

3ui − 2L
2Xjui − 2LXjLui − 2XjL

2ui) − λi

m
∑

l=1

ailxj

∫

Ω

ulϕixj

=λi

∫

Ω

ϕ2
ixj

− 2

∫

Ω

ϕixj
(L2Xj + LXjL + XjL

2)ui.

(3.34)

Then it implies

(λm+1 − λm)

m
∑

i=1

2
∑

j=1

∫

Ω

ϕ2
ixj

≤ −2

m
∑

i=1

2
∑

j=1

∫

Ω

ϕixj
(L2Xj + LXjL + XjL

2)ui. (3.35)

Substituting
m
∑

i,l=1

ailxj

∫

Ω

ul(L
2Xj + LXjL + XjL

2)ui = 0 (3.36)

to (3.36), we derive

(λm+1 − λm)

m
∑

i=1

2
∑

j=1

∫

Ω

ϕ2
ixj

≤− 2

m
∑

i=1

2
∑

j=1

∫

Ω

xjui(L
2Xj + LXjL + XjL

2)ui

= − 2

m
∑

i=1

2
∑

j=1

∫

Ω

(xjL
2uiXjui + xjLuiXjLui + xjuiXjL

2ui)

− 8

m
∑

i=1

2
∑

j=1

∫

Ω

LuiX
2
j ui + 4

m
∑

i=1

2
∑

j=1

∫

Ω

LXjuiXjui.

(3.37)
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Therefore, similar to the proof of Theorem 1.1, we get

(λm+1 − λm)

m
∑

i=1

2
∑

j=1

∫

Ω

ϕ2
ixj

≤

m
∑

i=1

(

6

∫

Ω

uiL
2ui + 8

∫

Ω

uiL
2ui + 4λ

2
3

i + 8λ
1
3

i + 140λi

)

≤

m
∑

i=1

(

140λi + 18λ
2
3

i + 8λ
1
3

i

)

.

(3.38)

Since ailxj
= alixj

and
∫

Ω
uiXjul = −

∫

Ω
ulXjui, one can easily verify

m
∑

i,l=1

ailxj

∫

Ω

ulXjui =

m
∑

i,l=1

alixj

∫

Ω

uiXjul = −

m
∑

i,l=1

ailxj

∫

Ω

ulXjui.

It implies
m
∑

i,l=1

ailxj

∫

Ω

ulXjui = 0. (3.39)

Then it is from (3.39) that

m
∑

i=1

∫

Ω

ϕixj
Xjui = −

m
∑

i=1

∫

Ω

u2
i −

m
∑

i=1

∫

Ω

xjuiXjui = −m −

m
∑

i=1

∫

Ω

ϕixj
Xjui. (3.40)

Thus it holds
m
∑

i=1

∫

Ω

ϕixj
Xjui = −

m

2
. (3.41)

Using (3.41) and Holder’s inequality

m = −

m
∑

i=1

∫

Ω

(ϕix1
X1ui + ϕix2

X2ui)

≤

m
∑

i=1

∫

Ω

(ϕ2
ix1

+ ϕ2
ix2

)
1
2

[

(X1ui)
2 + (X2ui)

2
]

1
2

≤

[

m
∑

i=1

∫

Ω

(ϕ2
ix1

+ ϕ2
ix2

)

]
1
2
(

m
∑

i=1

∫

Ω

uiLui

)
1
2

,

and using Lemma 2.2, we obtain m ≤

[

m
∑

i=1

∫

Ω
(ϕ2

ix1
+ ϕ2

ix2
)

]
1
2
(

m
∑

i=1

λ
1
3

i

)
1
2

. Hence it yields

m
∑

i=1

∫

Ω

(ϕ2
ix1

+ ϕ2
ix2

) ≥
m2

∑m

i=1
λ

1
3

i

. (3.42)

Substituting (3.42) into (3.38), we get

λm+1 − λm ≤
1

m2

m
∑

i=1

(

140λi + 18λ
2
3

i + 8λ
1
3

i

)

m
∑

i=1

λ
1
3

i . (3.43)

This finishes the proof of Theorem 1.2.
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