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1 ·¹¸º@»½¼�¾À¿�Á Â$Ã½Ä"Å Æ$¾À¿[Ç"È±É½Ê½Ë"Ì±Í Î½Ï Ð±Ñ
. ÒÀÓ[Ô½Õ Ç Æ$Ö"×±Ø"Ù±Ú±Û ÜÝ"Þ * Û½ß½à±á$â@ãFäæåHç èÀ¼�é"Æ±ê±ë [1,2]. ìwí ¾î¿�ï½Ï$ð@ñ7ò½ËôóCõ±ö½º@»½ñ±¼F÷ùø úÜ Ý Ü$û±ü±ýôó.þ½ÿ��½Æ'ü±ý@¼

Ericksen-Leslie
ÿ��½Æ������

[3−6].��	¹¼
Ericksen-Leslie 
���
���� ã�� 
�� ¼péîÆ���� , ����� ã�¾ù¿À¼���� . � ��!� ��"�#æ¼�$%�½ò Â�&�'%(@¼�)�*±ò"é�+ 
�,�- � ó�.�/ , 0 1�2�3�4 5 6 Á�7�8ù¼�)�*�9:

, ;�<>= ��?"Ç�@BA���? . <>= ��?"¾ù¿�C [7] 2D3 , E Ø�F�G�H"¾ù¿'Ê"Ë , I�J�K [8-12].L±Ë <M= � ?æ¼�ä N E�O ò"Â�P Q@¼Fé�+�R�S�T�U�� V"Â W�X .
ò�Y�Z

[13]
ñ\[ <M= � ?±Ç]>^���? _ Â�` 4 ¼%a�bMc�d�e±¾À¿[Ç f�g , ! ��?±òMh�i�&�'%(@¼�)�*@¼"å -Mj%k ¼�l Rmonqp Ý�r I ó�h i�s�t���u�v@¼�$�� .

+�w�xùÐù¼�y @BA���?¹¼p¾ù¿�z�{
, | ¼�.�}îÈ�~Ç½ê±ë���G��[Ï #��æ¼�á 
 Ç"Ü��"È�~ ,

Ù±Ü��æ¼�����v��
,
/±Íæ¼�È�~�� �"ä��

. � Y L±Ë����������?M� �M��� O ê�P�Qôã 4 �M4���� �ô¼½ú�t��@¼½ú���9�:�TMU RMS ,
ó�� 0�6��¾î¿ 2���J K .

2 ���D���ò
Q = (0, T ) × Ω,Ω ∈ RN (N = 2, 3)   ,

��	æ¼
Ericksen-Leslie

��� ; c :





∂td + (u · 5)d− γ(|∇d|2d −4d) = 0,

|d| = 1,

∂tu + (u · 5)u − ν4u + ∇p+ λ5 ·
(
(5d)t 5 d

)
= 0,

5 · u = 0.

(2.1)
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: ¾µ¿®À (1996–), Á , 8:9®ÂµÃ , Ä®Å5DHEwRp¡ : Æ.m5R0S�U:40W5Y5c .
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ä ñ
, d:Q → R

N åoæ '�ç@º »�è Ü Ý ¼Méoêo&ë'�( , u: Q → R
N åoæ è�ìoè¹ÿ�í�

, p:Q → R
N å�æBî � ; λ > 0

yBïB��ðÀé
; γ > 0

y>7D8 -Dñ ðÀé ; ν > 0
y>è>ì

ò��óðùé
. (∇d)T

y
∇d = (∂jdi)i,j

¼�ôB_
, |d| = |d(x, t)| åDæ d

¼Mõ>ö�÷BwDøæé
,

(u · 5)d =
∑M

i=1 ui∂id, 4d =
∑M

i=1 ∂iid.

  ö���� ñ%ù��ô¼�ú�����û |∇d|2d
ó7þMï��½Ê���ü �

5 ·
(
(5d)

T
5 d

) ý�þ �Mÿ��¼�s�t����ôóCþ�s�t����"éM) *
|d| = 1 ����� ¼pê½ë½Ü �±þ é�+ 
�, u�v�]�#@¼�$�� , 	
 y��±Ç�
�����è ���¹ñ$¼

|∇d|2d
ò�����������U�� Q���� �

.��	æ¼
Ericksen-Leslie

���@¼�@�A���P ; c :





∂td + (u · 5)d− γ (qd−4d) = 0,

d · d − ε2q = 1,

∂tu + (u · 5)u − ν4u + ∇p+ λ5 ·
(
(5d)

T
5 d

)
= 0,

5 · u = 0,

(2.2)

ä ñ
, q = 1

ε2 (d · d− 1).
Á����M�

(2.1) I ó��M/ ,
LÀËM@oA 
��oj�k p Ý q , 
 h�i ã

|∇d|2d
s t ����u�vù¼ $��

, � 7�8ùã |d| = 1
¼�^ �

.!�"
(2.2) #�$ S I w

q
(
(∇d)

T
∇d

)
=

1

2
q∇

(
|d|2

)
=

1

2
q∇

(
ε2q

)
=

1

4ε2
∇q2. (2.3)

/$ò±Á�s t ���
5 ·

(
(5d)

T
5 d

) d�e ; c O ê [13]

5 ·
(
(5d)

T
5 d

)
= (5d)

T
4d+

1

2
∇

(
|∇d|2

)
. (2.4)

���
(2.3)

Ç
(2.4),

w

∇ ·
(
(∇d)

T
∇d

)
= (∇d)

T
4d− q (∇d)

T
d +

1

2
∇

(
|∇d|2

)
+

1

4ε2
∇q2

= (∇d)
T

(4d− qd) +
1

2
∇

(
|∇d|2 +

1

2ε2
q2

)

= (∇d)
T

(
1

γ
∂td + (u · 5)d

)
+

1

2
∇

(
|∇d|2 +

1

2ε2
q2

)
. (2.5)

Á
(2.2) #�$ S ��%�& [ î ����' 0 : p̃ = p+ λ

2
(|∇d|2) + λ

2ε2 q
2 , 0 ã���(�)�[���'"Ø¼ î ��* 0 p ,

w




∂td + (u · 5)d − γ (qd −4d) = 0,

qt =
2

ε2
ddt,

∂tu + (u · 5)u− ν4u + ∇p+
1

γ
(∇d)

T
(∂td + (u · 5)d) = 0,

5 · u = 0.

(2.6)
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1�. , ��� Á í ��/½Ç ��'0/"Ü 
�1 <�2�3�4�5�6 9 :½Ç�7"è�8�9�h�: 5�6 9�:
∂nd(x, t) = 0u(x, t) = 0, (x, t) ∈ ∂Ω, (2.7)

� U<;�= 9�: 0
d(x, t) = d

0(x),u(x, t) = u
0(x, t), (x, t) ∈ Ω, (2.8)

ä@ñ
, u

0 : Ω → RM , u
0 ∈ H, d

0 : Ω → RM , d0 ∈ H
1 , |d0| = 1 ∈ Ω.

3 >@?BADC
� ����� � ?½Ü 0 L î ��� S�	æ¼%ò���E$Ç�F�G î �æ¼�� ��E [14,15].ò���E

:




ũn+1 − un

δt
+ (un · 5) ũn+1 − ν∆ũn+1 +

λ

γ
(∇dn)

T

(
dn+1 − dn

δt
+ ũn+1 · 5dn

)
+ ∇pn = 0,

ũn+1|∂Ω = 0.

(3.1)����E
: 




un+1 − ũn+1

δt
+ ∇

(
pn+1 − pn

)
= 0,

∇ · un+1 = 0,

un+1 · n|∂Ω = 0.

(3.2)

H -�ñ�I ñ [0,T] J�K ¼�Ü�� N � û�� 0 δt = T/N
¼ L I ñ . tn = nδt, 0 ≤ n ≤ N . �U<;�= 9�:

d0, u0, q0 =
(d0)

2
−1

ε2 .
��� � ��������?

, �B3 (2.6)
¼ -�ñ M�N R�S

Step 1: ��� dn+1
Ç@ñ ñPO � ũn+1





W + γqn+1dn − γ4dn+1 +
γ

ε2
(dn+1 − dn) = 0,

ũn+1 − un

δt
− ν∆ũn+1 +

λ

γ
(∇dn)

T
W +B(un, ũn+1) + ∇pn = 0,

∂nd
n+1|∂Ω = 0,

ũn+1|∂Ω = 0.

(3.3)

ä@ñ
, W = dn+1

−dn

δt
+ ũn+1 · 5dn, B (u, v) :=: (u · 5) v + 1

2
(∇ · u) v.

Step 2: ��� pn+1 {
5 · ũn+1 + 4

(
pn+1 − pn

)
= 0,

∂n(pn+1 − pn)|∂Ω = 0.
(3.4)

Step 3: ��� un+1





un+1 − ũn+1

δt
+ ∇

(
pn+1 − pn

)
= 0,

∇ · un+1 = 0,

un+1 · n|∂Ω = 0.

(3.5)
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Step 4: ��� qn+1





ε2

2

qn+1 − qn

δt
= dn d

n+1 − dn

δt
,

∂nq
n+1|∂Ω = 0.

(3.6)

ò����
(3.3)

ñ�� < T>U�	Q� γ

ε2 (dn+1 − dn)
y 0 ã�ú�RMLîË�lMR m nµp Ý �M	>s�t�Q�>uMv ¼�S�T

. U .   , qn+1
¼<VB� I ó�Ù Step 1

ñ �XW 3 v .
C

(3.6)
wXY

qn+1 =

qn + 2
ε2 d

n (dn+1 − dn)
u k (3.3)

w

dn+1
−dn

δt
+ ũn+1 · 5dn + γqndn + γ

(
2
ε2 d

n (dn+1 − dn)
)
dn − γ4dn+1 γ

ε2 (dn+1 − dn) = 0.

Z . ,
Ù ý\[ � Ü�E I ó·� 3 , ] Í$ò Step 1

ñ
dn+1

Ç
ũn+1

Í�^ W � , ;�_�����` (3.5)

#�4 SÀ¼ #�$ � 0 ũn+1 · 5dn , a���� ¼ b M�N R�S[ò ����c Í�d�Y±éæ¼ -�e�f y�g ��W ¼ .h�i j (
dn+1

h , qn+1
h , ũn+1

h , pn+1
h , un+1

h

) 0 ��� (3.3-3.6)
¼ � , a�k N ; c�l���U'ý :

(
E (un+1, dn+1, qn+1) + δt

2
‖∇pn+1‖2

)
−

(
E (un, dn, qn) + δt

2
‖∇pn‖

)
≤ 0 (3.7)

ä@ñ
, E (u, d, q) =

∫
Ω

1
2
|u|2 + λ

2
|∇d|2 + λε2

4
q2.m [

(3.3) #�4 S�n λ
γ

dn+1
−dn

δt o@prq w

λ
γ
‖W‖2 − λ

γ
(W, ũn+1 · 5dn) +

(
λqn+1dn, dn+1

−dn

δt

)
+ λ

ε2 ‖d
n+1 − dn‖2

+ λ
2δt

(‖∇dn+1‖2 − ‖∇dn‖2 + ‖∇(dn+1 − dn)‖2) = 0.
(3.8)

` (3.3) #�$ S�n ũn+1 o@prq ,
w

1
2δt

(‖ũn+1‖2 − ‖un‖2 + ‖ũn+1 − un‖2) + ν‖∇ũn+1‖2 + (∇pn, ũn+1)

+λ
γ

(
(5dn)

T
W, ũn+1

)
= 0.

(3.9)

` (3.4)
Ç
δtpn o@prq I ó·w Þ

δt

2

(
‖∇pn+1‖2 − ‖∇pn‖2 − ‖∇

(
pn+1 − pn

)
‖2

)
−

(
∇pn, ũn+1

)
= 0. (3.10)

j
(3.5) #�4 S$Ü 
 n un+1

Ç
δt
2 o@prq ,

w

1

2δt

(
‖un+1‖2 − ‖ũn+1‖2 + ‖un+1 − ũn+1‖2

)
= 0. (3.11)

1

2δt
‖un+1 − ũn+1‖2 =

δt

2
‖∇

(
pn+1 − pn

)
‖2. (3.12)

(3.6)
Ç
λqn+1 o@prq ,

w

λε2

4δt

(
‖qn+1‖2 − ‖qn‖2 + ‖qn+1 − qn‖2

)
= λ

(
dn (dn+1 − dn)

δt
, qn+1

)
. (3.13)
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' �
(3.8–3.13) ,

w
λ
γ
‖W‖2 + λ

2δt
(‖∇dn+1‖2 − ‖∇dn‖2 + ‖∇ (dn+1 − dn) ‖2) + λε2

4δt
(‖qn+1‖2 − ‖qn‖2

+‖qn+1 − qn‖2) + 1
2δt

(‖un+1‖2 − ‖un‖2 + ‖ũn+1 − un‖2) + ν‖∇ (ũn+1) ‖2

+ δt
2

(‖∇pn+1‖2 − ‖∇pn‖2) + λ
ε2 ‖d

n+1 − dn‖2 = 0.

(3.14)

! U$ê�w�s .

` Th

y'ò
Ω  Qt R�#�L 0 h

¼ ,�4�u�v Ü , Xh

Ç
Yh

Ü 
 y
H1

0 (Ω)
Ç
H1(Ω)

¼FÍ>^
w�x�y

,
*
Mh = Yh

⋂
L2

0(Ω) := {qh ∈ Yh;

∫

Ω

qhdx = 0} ,
j
Xh

Ç
Mh

Ü 
 y�í ��/½Ç î �
/@¼%T�U x�y�z ñ , a�4 U<{±ò 4�� ð'é C

L w

sup
uh∈Xh

(∇ · uh, qh)

‖uh‖2
≥ C‖qh‖

2
L2 , ∀qh ∈Mh. (3.15)

/ �B3 (3.3–3.6)
¼|g M�N R�S ,

Á�}îÐ
(ψh, vh, gh,mh, ϕh, ) ∈ Yh ×Xh ×Xh × Yh × Yh,

��� (dn+1
h , qn+1

h , ũn+1
h , pn+1

h , un+1
h ) ∈ Yh × Yh ×Xh ×Mh ×Xh,

L w
Step 1:





(Wh, ψh) + γ
(
∇dn+1

h ,∇ψh

)
+ γ

(
qn+1

h dn
h, ψh

)
+

( γ
ε2

(dn+1
h − dn

h), ψh

)
= 0,

(
ũn+1

h − un
h

δt
, vh

)
+ ν

(
∇ũn+1

h ,∇vh

)
+

(
B

(
un

h, ũ
n+1
h

)
, vh

)
+ (∇pn

h, vh)

+
γ

λ

(
(∇dn

h)
T
Wh, vh

)
= 0,

(3.16)

ä@ñ
, Wh =

d
n+1

h
−dn

h

δt
+ ũn+1

h · 5dn
h.

Step 2:

(
5 · ũn+1

h , gh

)
+

(
4

(
pn+1

h − pn
h

)
, gh

)
= 0. (3.17)

Step 3: {(
un+1

h − ũn+1
h , gh

)
+ δt

(
∇

(
pn+1

h − pn
h

)
, gh

)
= 0,

(
∇ · un+1

h ,mh

)
= 0.

(3.18)

Step 4:
ε2

2

(
qn+1

h − qn
h

δt
, ϕh

)
=

(
dn

h

dn+1
h − dn

h

δt
, ϕh

)
. (3.19)

g M�N R�S ��� b M�N R�SÀ¼<l���T�U ,
ä�~������±ö

.

4 ��� �B�
� L��¹ñ , ��� FreeFem

d�e±é�+ 
�, v�}�s � Y c�2�M�N R�Sæ¼�Í�� � . 6�� ������ I�J K Y�Z [16–18].
L��

P1 � � z��Px�y Yh , ��� Yh ×Xh � P1 × P1b �����X�P����P�
.
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¹�º
, »�¼�½¿¾ Ω = {(x, y) : x2 + y2 < 1} À�Á�Â T = 0.1 Ã L2 Ä ��Å�Æ�Ç�ÈPÉ�Ê�Ë�ÌÍ�Î

, Á�Â�Ï�Ð�Ñ Ç
Euh

= ‖ut
hi

− ut
hi+1

‖L2 , Eut = ‖uti

h − u
ti+1

h ‖L2 ,

Ruh
=
log

(
E(uhi

)/E(uhi+1
)
)

log (hi/hi+1)
, Rut =

log (E(uti)/E(uti+1))

log (ti/ti+1)
,

Ò@Ó
, Euh Ô�Õ Á�Â�Ö�× u Ã , Ø�Ã ��Ù�ÚÜÛ<Ý Ã\Þ � ��Ù�Ú ��ß�àÜáPâ�ãÜÈ � � É�Ê ( äå�æ�ç � � É�Ê ); Eut Ô�Õ Á�Â�Ö�× u Ã , Ø�� ��ÙPÚ¿Û Ý ÃXÞPÃ ��Ù Ú ��ß�à\áèâ�ã¿È Ã� É�Ê (
å�æ�ç Ã � É�Ê ). Ruh Ô�Õ Ö�× u È � � É�Ê�Ì Í�é�Î ; Rut Ô�Õ Ö�× u È � � É

Ê�Ì Í�é�Î . Ã ��ê�� � Ý ç [0,0.1], ë ß ç

u0 = 0, q0 =
(d0)

2
− 1

ε2
, p0 =

λ

2
|∇d0|

2 +
λε2

4
q20,

d0 = (sin (a) , cos (a)) , a = π
(
x2 + y2

)2
.

Ò�ì�í ��î Ý ç γ = λ = ν = 1,ε = 0.05.

ï
1 ð�ñ (3.16-3.19) ò�ó ô<õ�ör÷ ø�ù�ú (h = 1/64 )

δt Edt Rdt Eut Rut Ept Rpt

0.0125 0.0476206 - 0.000272922 - 0.0881279

0.0625 0.0248925 0.935873 0.000143444 0.928001 0.0461008 0.934809

0.03125 0.0126949 0.971468 7.43651e-05 0.94779 0.0233511 0.981303

ï
2 ð�ñ (3.16-3.19) ò�ó ô<õ�ör÷ ø�ù�ú (δt = 0.001 )

h Edh
Rdh

Euh
Ruh

Eph
Rph

1/32 0.0692471 - 0.000809027 - 0.0945234

1/64 0.0167182 2.05033 0.000145129 2.47885 0.0271367 1.80043

1/128 0.0039783 2.0712 3.35663e-05 2.11225 0.0083825 1.69479

Õ 1 ÕÜûèü�ý�þ�ÿ�� È|��ß Ú Ð���� þ�� È d, u Ë p Ã � É�Ê » L2 Ä ��Å�Æ�Ç�� �	�
���

. Þ Õ 2 ä�� ����� Ú Ð ��� È d, u È � � É�Ê » L2 Ä ��Å�Æ�Ç�È�Ì Í�é�
����	
 ,

p È�Ì Í�Î�ç 1.5.Ò	�
, »������ ê�� Ω = [−1, 1] × [−1, 1] À���� þ� �� Ú Ð È"! ×�# Ý�$ �&%	'�(�)+*Ó È-,/.�021�3�1�4�5�6¿È-7�8 $ .

Ý Æ Ericksen-Leslie ��9 È�:�;<! × ç :

E =
1

2
‖uh(t)‖2 +

λ

2
‖∇dh(t)‖2 +

ε2

4
qh(t)2. (4.1)

E Ô�Õ�=<> Ó-? %<@ È"A	! × ,
ÒÜÓ

, Eu = 1
2
‖uh(t)‖2 Õ	B�C ! , Ed = λ

2
‖∇dh(t)‖2 Õ	B	D$ ! . E���F È"! × ç :

Eapp = E
(
un+1, dn+1, qn+1

)
+
δt

2
‖∇pn+1‖2 (4.2)
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Ã � ç T = 1 ,
í ��� λ = γ = ν = 1 , ε = 0.05, h = 2−5, δt = 0.001. ë�J�K�L � :

u0 = 0, q0 =
(d0)

2
− 1

ε2
, p0 =

λ

2
|∇d0|

2 +
λε2

4
q20 ,

d0 = d̃/

√
|d̃|2 + ε2, d̃ =

(
x2 + y2 − 0.25, y

)T
.

(a) M�N�O�ö-PRQ (b) S�T�P (c) U�P
V

1 PRQ�W"X V

(a) t=0.10 (b) t=0.40

(c) t=0.60 (d) t=1.00

Y
2 Z\[�]<^<_ Y

`
1 a	b�c�d�e"f ! ×�»<g/h�i	9 Ó È Ö�j ,

Ò Ó
(a) ���ke þ� Ú Ð È�! ×<# Ý	$ .`

2 Ë ` 3 1�l '�(�eè»�m�n<o�g	h�i�9 Ó È ��pRq Ë é�
 q È Ö�j , r û|þ� Ú Ð�äs� 7
8 '�(�)�* Ó È-,/.�0t1�3	1�4�5�6 . u�� ` 1 0 ` 2 �&% ` 3 , ä��wv ��D $ !<Ë	A	! ×�»
g�h È Ã"x�y�z , { C ! »�g�h�Ã"|�}�@�~�� .

5 �\���s���
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(a) t=0.10 (b) t=0.40

(c) t=0.60 (d) t=1.00

Y
3 �<�<]<^<_ Y

ü�ý� +� e���� Ericksen-Leslie =<> È � 
���
 0�� $ # Ý È ��ß Ú Ð , 1���� ���se
� Ú Ð È # Ý�$ %���� $ . »���� È��/� Ó , äs�-u��/��� Ù Ú������	�\Ù�Ú�� ���  <� ÁÂ�� Î 0 ��
 .
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[12] Girault V, Guillén-González F. Mixed formulation, approximation and decoupling algorithm for a

penalized nematic liquid crystals model[J]. Mathematics of Computation, 2011, 80(274): 781–819.
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THE FIRST ORDER, LINEAR AND ENERGY STABLE

NUMERICAL SCHEME OF ERICKSEN-LESLIE EQUATION

HAN Yu-qian, NIU Li-fang, JIA Hong-en

(College of Mathematics of Taiyuan University of Technology, Shanxi 030024, China)

Abstract: The numerical solution of incompressible dynamic equations of liquid crystal

flow is studied in this paper. A first order and decoupled numerical scheme is proposed by using

the saddle point method and variational function. Through numerical simulation and theoretical

analysis, it is concluded that the proposed method can accurately describe the defects and

molecular distribution in liquid crystal and accord with the kinetic law. The content of solving

liquid crystal dynamic model is enriched.

Keywords: nematic liquid crystal; saddle-point structure; finite element methods; incre-

mental fractional-step method
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