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EXISTENCE OF CLASSICAL SOLUTIONS FOR THE
INCOMPRESSIBLE LIQUID CRYSTAL MODEL
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Abstract: In this paper we study a system of nonlinear partial differential equations mod-
elling the electrokinetics of a nematic electrolyte material consisting of various ions species contained
in a nematic liquid crystal. [The system coupling a Nernst-Planck system for the ions concentrations
with a Maxwell’s equation of electrostatics governing the evolution of the electrostatic potential,
an incompressible Navier-Stokes equation for the velocity field and a non-smooth Allen-Cahn type
equation for the nematic director field.] We use energy method to prove the local existence of
classical solutions with large initial data and the global existence of classical solutions with small
initial data.
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1 Introduction

In the 1960s, Ericksen[2, 3] and Leslie[8] established the kinetic theory of liquid crys-
tal models. Lin-Liu[9] proved the global existence of the weak solutions and the classical
solutions of a simplified Ericksen-Leslie liquid crystal equation, they also discussed unique-
ness and some stability properties of the system. For the general Ericksen-Leslie system,
Lin-Liu[10] proved the existence of classical solutions and the asymptotic stability of the
solutions. Jiang-Luo[6] proved the global existence of classical solutions with small initial
data for Ericksen-Leslie’s hyperbolic incompressible liquid crystal model. Then Jiang-Luo-
Tang|[7] attained the the global existence of classical solutions with small initial data for the
corresponding compressible system.

In this paper, we consider the system derived in [1] and modified by [4]. It describes
the electrokinetics of a nematic electrolyte that consists of ions that diffuse and advect in a
nematic liquid crystal environment, assuming certain simplifications commonly used in the
mathematical literature on liquid crystals.

The system can be written in terms of the following variables:

* the vector n modelling the local orientation of the nematic liquid crystal molecules,

* the macroscopic velocity v of the liquid crystal molecules,
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* the pressure p resulting from the incompressibility constraint on the fluid,
* the electrostatic potential ®,
* C), and C, denote the density of positive and negative charges.

Then the system takes the form

% +v-VC, =div((Id+nn @n)VC, + C,V®), (1.1)
acrn .
5 +v-VC, =div((Id+nmm @n)VC,, — C, V), (1.2)
—div((Id+mm @ n)V®) = C, — Cy, (1.3)
ov : .
5 +v-Vu+ Vp =aydivD(v) — div(Vn © Vn)
+div(V® @ V®)(Id + nn @ n))
+div(er (D(w)n -n)n @n + asn @ n + azn @ 1)
+ div(asD(v)n ® n 4+ agn @ D(v)n), (1.4)
dive = 0, (1.5)
ng +v-Vn—Q)n+ Dw)n = An+n(V® @ V®)n — F'(|n|*)n, (1.6)
(1}, n, va Cm, (I))|t:0 = (vmv nmv C;nv C:;Lv (I)in)v (17)
where
T _ T
D(v) = w, Qv) = w, n=n,+v-Vn—Q)n

and 7 is a constant that can be small enough. The coefficients satisfy the following relation

ar >0, k=14,5,6; (1.8)

Oéﬁ—a5:1, 046+C¥52 ]., CMQZO, C¥3:—1.

According to [1], this relation is necessary to ensure the variational structure of the system
of equations and thus the equivalency of the equation of balance of linear momentum to
that derived via the Onsager’s principle.We denote the material derivative 0; + v - V, and
n = 0 + v - Vn represents the material derivative of n.

The Nernst-Planck type equations (1.1)-(1.2) correspond to the continuity equation
for ions with the electric potential ® satisfying the Maxwell’s equation of electrostatics
(1.3). The Navier-Stokes equations (1.4), with the incompressibility constraint (1.5), rule
the evolution of the liquid crystal flow.

2 Main Results
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In this section, we will state our main results and give the outline of this paper. We
consider the case s = 4 for simplicity. In fact, the method works equally well for s > 4 cases.

We introduce the following energy function
E(t) = |lvliz. + IVallzs + 1Collzs + [1CmllEe
the energy-dissipation
D(t) = VGl + IV Conlly- + SVl + 3
and initial energy
B = e + [V e + iR + IO 3

Theorem 2.1 If v, Vn'™, C}", Ci7', VO™ € H*(T?), [n""| < 1, then there exists a
T > 0, such that the Cauchy problem of the system (1.1)—(1.7) admits a solution

v,Cp, Cp, V® € L=(0,T; H*(T?)) N L*(0, T; H¥(T?)),
Vn € L>(0,T; H*(T?)), n e L*(0,T; H**(T?)).

Moreover, the solution (v, n, C,, C,,, ®) satisfies

sup ([|vll%. + IVallE. + 11013 + 1CmllEre)
0<t<T

T
Qg .
+/ (VG- + VOl + 7HWII?{S + 1)l 3.)dr < M,

0

where M and T depend on E™ and the coefficients.
Theorem 2.2 There is a constant ¢y > 0, if £ < ¢y, then the system (1.1)—(1.7)

exist a global solution

v, Cp, Crn, V® € L°(0, 00; H*(T?)) N L*(0, 00; H*T(T?)),
Vn € L=(0,00; H*(T%)), 7 € L*(0,00; H*'(T?)).

what’s more, the solution (C,, C,,, ®,v,n) satisfies

sup(olfy. + Val% + Gyl + [Cal)
> Qy . i
+ [ VG B+ 19C By + STl + il )ar < CE™,
0

where C'is independent of (C,, Cy,, ®,v,n).

The rest of this paper can be organized as follows. In section 3, we establish a priori
estimate of system (1.1)—(1.7). In section 4, we show the local existence of (C,,C,,) for
a given (v,n,®) and the local existence of (v,n) for a given ®, which will be employed in

the constructing the iterative approximate system of (1.1)—(1.7). In section 5, we construct
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the approximate system of (1.1)—(1.7) by iteration. In section 6, we prove the local well-
posedness of (1.1)—(1.7) with large initial data by obtaining uniform energy bounds of the
iterative system (5.1). In section 7, we globally extend the solution of (1.1)—(1.7) constructed

in section 6 under the small initial energy condition with the same coefficients.

3 The a Priori Estimate

In this section we derive the a priori estimate. We assume (C,, C,,, ®,v,n) is a smooth

solution of the system.

Lemma 3.1 Assuming (C,,C,,, ®,v,n) is a smooth solution to the system (1.1)-
(1.7). Then there exists a constant C' > 0 such that

IV@[f7s < CUICH T + ICmll7s + IVnllzs) < CE(). (3.1)

Proof Thanks to Lemma2 of [1], we have ® € L*°(0, +-00; L>(T?)), which is the key
point to prove this lemma. For all 0 < k < s, we act V¥ on equation(1.3 )and take L2-inner
product with V¥®.

IVEV (L.

(VH(Cp = Cn), VF®) — (V¥ [(n @ n) VO], VFVP) (3.2)
<(IV*Cplize + [V CornllL2) IV*®| 12 — n(nin; V*0,;®, V*0;®)
—n > (V' Vi, VoD, VFo,®)

a+b+c=k
c<k
|VFV |2,
<C(IC[Igs + ICmll74) + # + Cnl|V | ||| 4 [ ][
[VEVe7.

10 12
<C(ICpll5a + IComllFa) + + CnlIVnll F [Vl g4,

4

where we use the following Sobolev interpolation inequality || f|| g+ < C’||f||ioo ||Vf||i4 Using

Young inequality and summing up for all 0 < k < s, we arrive at
V@7 < CUICIFs + 1Cm I + 11V nls).
Lemma 3.2  Assuming (C,, C,,, ®,v,n) is a smooth solution to the system. Then

3 IVEC T2 + IVEVE |

2 dt
<Cllvllz=1Cyll5 + Cullnllzz- 1Cpll = Vo 12+
+ il ICo - IV Gl [V @l e + CIV Gl |1 Coll e IV L1+
35 IVFCnllL: + VPV Cnll7
<ClllaICullzzs + Cullnllzr: |Com |l a2+ IV Conl 2+
+ Cnllnl g 1Con | = IV Conll = [V @ s + CIVConll e [ Con | 15 [ V| 1+
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Proof For all 0 < k < s, via acting V* to equation (1.1), and taking L2-inner product
with Vka, we have

FlIVEC |7 + VPV 7. = = (VE(v - VE,), VEC,) = n(VH((n @ n)VC,), VIV E,)
- 77<vk((n ®n)CpVe), VkVCp) - <Vk(Cqu>)7 VkVCp>

4
i=1

Now we estimate the four terms on the right-hand side term by term for 0 < k < s.

1
2

We take advantage of the Holder inequality, Sobolev embedding inequality and the fact
that dive = 0 to get that

Ay = —(VFw-VC,),VFC,) = — (VFv-VC,, V*C,) — (v-VFVC,, VFC,)
—(Vu-VFC,, VEC,) — Y ([V™||V'C,|, VG,

a+b=k
a,b<k—1
ol lCollz + D> IVl IV Coll sl VFCy | 2
a+b=k
a,b<k—1

<Cllllz1Coll -
For A,, thanks to n{((n ® n)V¥VC,),VFVC,) > 0 and s — 2 > 2, we estimate that

—n(V¥((n®n)VC,),V*"VC,)

{((n®@n)V*VC,), VEVC,) + n(|VEn||n||VC,|, VFVC,)
+n(|V* || V||V C, |, VEVC,) + (| VE1n||n||V2C,|, VEVC,)
{

+n(IVnl[nl|VEC, |, VEVC) + > (|Vn[[VPn||VEC, |, VFVC,)

a-+b+ct+d=k
a,b,c<k—2

<Vl N Coll oIV Collas +0 Y IV e Vonl 16 | VCyl| [ VFVCy | 22

a+b+ct+d=k
a,b,c<k—2

<-7n

<OVl Cylla: IV Coll e
For A3 and A4, we use Holder inequality and Sobolev embedding inequality to get

(Vk((n ®n)C, V), VFVC,)
—n{((n@n)V*C,V®),V*VG,)
+n([VEnl[n]|Gy| [V @[, V*VC,) + n{|n[|n||Cy|[VFV @], VEVC,)
+n(VE | [[Vn] |G| [V @] + [n]|[VC, V| + [n]|Gy|[V2@]], VEVC,)
+n([VEC IVl [n|[ V@] + [n|ln]| V2], VFVC,)
+n([VEIV [Vl [n]|Cy| + [n]l[n|VC,|], VFVC,)
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+ > VeV VEC, [ VIVe|, VRV C,)

a+b+c+d=k
a,b,c,d<k—2

<CnlInll3 1Collzz= IV Copl 12+ |V @+,

= <Vk(CpV(I)), VkVC'p> S<|chp||vq)|v VkVCp> + <|(Cp|‘vkvq)|7vkvcp>
+ ) (IV||VIVO|, VEVC,)
a+b=k
a,b<k—1

<C||VC,|

HS
Combing all these estimates, we obtain

35 IVEGlIL: + VPV G 1L < Cllollas Gyl + Crllnll [ Coll -

+ Ol Gyl IV Cyllz- V@[l + CIVCy [l [ Cop L+ V@17

Similarly, for C,, we get the following inequality

35 IVECllL: + VPV CR[IE: < Cllollas ICwlI: + Cullnlli: | Conll - IV Con 2+
+ Cnllnlz | Conll = [V Con |2V @ e + CIV Coa | 2| Con | 1+ [ V| 1+

Lemma 3.3 If (C,,C,,, ®,v,n) is a smooth solution to the system(1.1)—(1.7), for all
0 <k < s, we have

35 (IV™llL: + [IVFVnllL:) + $IVEVolL: + [ VFall7.

<+ Clnli: vl m Vol + Cllvl-
+ ClIVallz- IV ollas + CnlV @I Z. (0l I Vollm: + Inlla: 7]l
+ ClIVO 3 Vol + ClIVall g vl eIl s + ClIVRlE. [0l 7]V olla--

Proof Forall 0 <k < s, we act V¥ on equation(1.4) and take L2-inner product with

V*u, we obtain

(VF(v - Vo), VFo) + (VF((Vn ® Vn), VFV0)

—(V*(V® @ V®)(Id + nn ®n)), VFVv)

—(VF( 1 (D(v)n-n)n @ n + asin @ n + azn @ n), VFVv)
(V(

—(V¥(asD(v)n ® n + agn @ D(v)n), VFVu). (3.3)

salVFolge + S IVEVlL. = -

Again, via acting V* on equation (1.6) and taking L2-inner product with V¥n, we get

1
2

LIVETR|3. + V72 =(VF(Q(v)n — (D(v)n)), VFA) + (VF An, V(v - Vn))
+(VF(V® @ V®)), VFn) — (VE(F'(In]*)n), VFn).  (3.4)



No. 1 Existence of classical solutions for the incompressible liquid crystal model 7

We add up (3.3) and (3.4) to get

Qg .
55 (VR[22 + [VEVn|72) + 7\|V’“Vv\liz + [[VFal7:

= — (V*(v- V), V) — (VH(er(D(v)n - n)n @ n), VEVv) + (VH(F'(|n]*)n), V*0)
+ (V¥ An, V(- Vn)) + (VE(Vn© Vn), VFVY) + n(VH((VE @ V®)n), VEn)
—n(VF((V® @ V®)(n®n)), VFVv) — (VH(VE @ V), VFVv)
—(V¥(D(v)n), VER) + (VF(Q(v)n), VFA) — (VF(aen @ n + azn @ n), VFVv)
— (V¥(asD(v)n @ n + agn @ D(v)n), VEVY) + (VF(aQ(v)n @ n + asn @ Q(v)n), VFVY)

=Y B (3.5)

As what we do before, we estimate the terms on the right-hand side term by term.

Thanks to dive = 0, we have

Bi = — (V*(v- V), VFv)
< — (VFo - Vo, VR0) — (v VW0, VE0) — (Vo - VR, VRo) + Y ([V90]|VP0], [VEo))

<Clv]|3.. (3.6)

Since

- <Vk(D(v)n ‘n)n @ mn, VkVU> = — a1<VkD(v)pqnpnqninj, VkD(v)ij + VkQ(v)ij>
=—a1|n"V*D(v)n|? <0,

we estimate that

B? = — a(VF((D(v)n - n)n @ n), V*Vv)
< — ar(VED(v)pgnyngning, VED(v)y; + VFQ(v)i;) + C{ V|| Val[n[[n]n], [VEVo])
(IVol[VEnl[nllnlln], [VFVo]) + (V20| [V* ol n|n], [VE Vo)
(IV*=[[V2nllnlln||n], [V*Vo]) + C(IV ol [Val[Vallnln], [VEVol)
Y. CUVHlV || Venl[Vinl[Venl, [V* Vo))
a+b+ctd=k+1
a,b,c,d<k—2
<Clnll5- ol gVl &
+ Y OVl VOl s [ VEn s | V| 18 [Von 1 VE V0 2
a+b+etd=k+1
a,b,c,d<k—2

<ClInl[3-lv|

+C
+C
+

Hs

Vol e (3.7)
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Using F(r) € C5°(—3, 3), we obtain

B} = — (VE(F'(|nf*)n), V¥n)
<C(V*nl||Vallnl, [V*il) + C(V allnllnl, [V¥2l) + C ) (IVnl[VPn||[Venl, |VFa)

a+b+c=k
a,b,c<k—2
<CIVnleliln: +C Y IV nlwe[Vonlre|Von o] V¥l e
a+b+c=k
a,b,c<k—2
<C|IValli. )l me- (3.8)

(3.6) along with (3.7) and (3.8) yield that

By = — (V*(v - V), VF0) — a (VF((D(0)n - n)n @ n), VEVY) — (VE(F'(|n*)n), VEn)
<Clnllz- Il z- Vol + Cllollz. + ClIVAllg. 7] - (3.9)

For Bs, thanks to dive = 0, we have (V*9,n;,v,;0;0,V¥n;) = 0. So we estimate that

B,

VE(Vn © Vn), VFVY) + (VP An, VE(v - Vn))

VFE(0in0m), VEO ;) + (VF0,0,n:, VF (v;0,m,))

VFE(Oinomn), VEO ;) — (VFO,n,, VF(0,0;0,m:)) — (VFO,n:, VF(v;0,0,1))
<C(|V*Vn||Vn|, |VE*Vo|) + C Z (IV*Vn||VPVn|, [V*Vu|) + C{|V*Vn|, [V*Vv||Vn|)

(
{
(

a+b=k
1<a,b<k—1
+ VAV VAR Vo) + € Y ([VVR|[ VPV, [VEVA))
1§%Tbb§:k]-€—1
+C(IV*Vn|, [VR0[|V2n]) + C(IVEVl, Vol [VF )y + € Y ([V™|VPVnl, [VFVn))
2205
<O|Valfy- Vol +C Y [VVn|p| V'Vl VAT o
a+b=k
1<a,b<k—1
+C > VR VIV s VR e + C > V0] 14| VPVR[14|VF VR 12
a+b=k a+b=k
1<a,b<k—1 2<a<k—1
<C|Val.Volla. (3.10)

On account of Holder inequality and Sobolev embedding inequality, we can easily get
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that

By =n(V*((V® @ V&)n), V') —n(VE(VE ® V@)(n @ n)), V*Vv) — (VE(VE ® V&), VEVv)
<Cn{|VEVR||V|[n|, [V 2l) + Cy(|VR|[V ||V nl, [VErl)
+Cn(|VF V||V [nf, [VFal) 47 Y (IVUV||VIVR([Ven|, [ VFa)
a+b+c=k

a,b<k—2
c<k-—1

+ Cn(|[VEV ||V | [n|nl, |V*Vo]) + Cn(| V|| V|| V*n|n], |[V* V)
+ C{|VFI V[ VV | [nfn], [V*Vol) 47 Y ([VOVS|[V'VR||Vn|[Vnl, [VF Vo))

a-+b+ct+d=k
a,b<k—2
¢,d<k—1
+ C{|V*V ||V, [V*Vu|) + § (IVeV®|| VPV |, |VFnl)
a+b=k
a,b<k—1

<OVl Val:lIVolla: + Coll Ve[ [Vall a:[17] a: + CIVe|. [Vl a
0 Y VOV | VIV Lo Vol e, [VFnle + D [VOVD| s VPV 14| VEV 12

a+b+c=k a+b=k
a,b<k—2 a,b<k—1
c<k—1

0 Y VOV VIV s [Von| s [ V0 s |V V0 2
a+b;—c+d=k:

<k—2
c,d<k—1
<Cnl|Ve| Val:lIVolla: + Coll V|3 [Val a-llal me + CIV @[3 [Volla-. (3.11)
For B,, thanks to as = 0 and a3 = —1, we have

B4 = — Q> (anm], ka(v)ij> — Q3 (thjni, ka(U)”> + (VkQ(v)ijnj, anz>
- 042<Vkmnj, ka(U)”> — 043<th]-71¢, VkD(U)ij> - <VkD(v)ijnj, anz> =0.

So we estimate that

B, = — (VE(D(v)n), VEn) + (VF(Q(v)n), V) — (VF(an @ n + asn @ 1), VFV0)
= — ap(VFin;, VEQ(v)i;) — as(VFang, VEFQ(v)y) + (VEFQ) i, Vi)
— a(VFnn;, VFD(v);) — a3(VFing, VED(v)i;) — (VFD(v)inj, Vi)
—az Y AV, VRO —as Y (V' VEOu;)

a+b=k a+b=k
a<lk—1 b<k—1
+ Z <VGQ(v)iijnj,V’“m> - Z (V“D(v)ijvbnj,vkhﬁ
a+b=k a+b=k

a<k—1 a<k—1
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= — Qg Z (V‘l@jhivbnj + V“hivbajnj, Vkvi)

a+b=k
a<lk—1
— Q3 Z <V“8jnivbhj + V“nivbajhj, Vkvi)
a+b=k
b<k—1
+ Z <VaQ(v)iijnj,Vkm> - Z <V“D(v)ijvbnj,vkm>
a+b=k a+b=k
a<k—1 a<k—1
<ClIVallas vl 7] - (3.12)

As for Bj, by using ag — a5 = 1, ag + a5 > 1 and |VFD(v)n|? > |V*Q(v)n|?, we obtain
—(a5 + ag)|[V*D(v)n]? + |V*Q)n|? + (ag — as — 1)(V*Q(v)n, VFD(v)n) < 0.

Thus, we have

= — a5(V"D(v)
— QO Z <V“D(U)ipvbnpvcnj, Vkajvz) — Qg Z <VaniVbD(v)ij0np, Vkajm)
SO Ty

+ Z <V“niVbQ(v)ijcnp, Vkﬁjvl)
a+b+c=k
b<k—1
< — (a5 + ) |VED(0)n* + [V*Q)n]* + (s — a5 — 1)(VFQ(v)n, VFD(v)n)
+ CIVnlli ol IV

<OV 3 vl s | Vo - (3.13)

Now plugging the inequalities (3.9), (3.10), (3.11), (3.12) and (3.13) into the equation(3.5),
we obtain
sa IVl + IVFVnl[72) + SHIVEVlfT: + ViR 2.
<+ Clnlly-llvllz: IV ollz: + Cllvlly. + ClIVally. Il + C|IVn]
+ OV (Inl7- Vol e + lInll s 1]l me) + CIVO| F [ V] 124
+ CIVallgsllvll a2l a: + C||Vn|

VUHHS

2
HS

we 0l Vo e

Lemma 3.4 Let (Cp, C,,, ®,v,n) be asufficiently smooth solution to the system(1.1)-
(1.6) complemented with the initial condition(1.7) and satisfying the coefficient relation(1.8).
Then for any M > E™, there is a T > 0, which depends only on E and M, such that there
holds the energy inequality

sup E(t) + /T D(t)dt < M.

te[0,T)
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Proof Taking Lemma 1.2 and Lemma 1.3 into consideration, summing up for all
0 < k < s, we obtain the inequality that
3o (G T +1CwlEe + ol + 1VnllEe) + IVCIle + IVCallfe + SVl + 2l
<Clvlla=Cyllzr- + Cullnllzz-IColl = IV Cll s + Cullnllzz 1Cpll = [V Cop | 12|V 2
+ CIIVC Gl IVl 11 + Clloll e |Com 3 + CllnllZs | Coall+ [V Cin|
+ Ol | Conll - IVCrall = IV @ e + CIVConll12 |Cr | 1+ [ VO 1
+ Cllnllz- ol a1V ol e + Cllvllg. + ClIVallg. [l + CIVAlE. Vol
+ Cnl|V @[3 (InllF Vol e + Il wellllme) + ClIV |3 [ Vol
+ C||Vn| 0| wzs + Ol V|3, Vol g (3.14)

Hs

Hs

|

Id |

vl

vl

Hs Hs Hs

We can handle the terms that contain ||V®| - on the right-hand side by Lemma 3.1. There-

fore we have 1L E(t) + D(t) < CE(t)? + CK;lQE(t)%D(t)% < C(1+ E(t) + 1D(1),
which follows that -

4E(t)+ D(t) < C(1+ E(t)". (3.15)
We solve the ode inequality that
E(t) <[(L+E™)™° = Ct] 755 — 1= p(1),

where the function () is strictly increasing and continuous and ¢(0) = E™. So for any
M > E™ there is a Ty > 0 such that ¢(t) < M for any t € [0,T}]. We integrate on [0, ¢] for
any t € [0,7] to get that

E(t) + /O75 D(s)ds <E™ + C’/Ot(gp(s) +1)2ds < E™ 4 Ct(p(t) + 1) = ¢(t).

The same as (), for any M > E™ there is a T > 0 such that ¢(t) < M for any ¢ € [0,T].
Then we have

sup E(t) + /T D(t)dt < M.

te[0,T)

4 Approximate Solution

Lemma 4.1 For s — 2 > 2 and T, > 0, let vector fields (Ci*,Cim v, Vn,V®)
satisfy C)* € H®, Ci» € H®, v € L*(0,To; H*)(\L*(0,To; H*™'), Vn € L>(0,Ty; H*®)
and V® € L>(0,Ty; H®). Then there exists some 0 < T < Tp, depending only on C;*, C},
n, V® and v, such that the following system

% +v-VC, =div(({d+nmm @n)VC, + C,V®), (4.1)
88% +v-VC, =div((Id+nm @ n)VC,, — C, V),

Cpli=o = C;n7 Crnli=o0 = C::’
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has a solution C, € L*>(0,T; H®) (\L*(0,T; H**') and C,,, € L>=(0,T; H*) (\ L*(0,T; H**').
Proof Let radial function p € C°°(R3) such that

plah € CF®), p<0. [ plo=1,
RB

and p(z) = 0 for |z| > 1. We then define p¢(z) € C>=(T?) by p(z) = & > p(ZH) for any

€ €
lel3

€ > 0, where L? C R? is some 3-dimensional lattice. Then we define a mollifier J, as
(hta) = fa) = [ (o= s
We construct the following approximate system such that
0:Cp + Jc(v - VJ.C) =Jdiv((Id +nn @ n)(VJ.C, + J.CoVP)), (4.2)
Cpli=o :JEC;".
By ODE theory, we can prove that there is a maximal time 7. > 0 such that the

approximate system(4.2) admits a unique solution Cy € C([0,7°); H*). Acting V* on the
equation(3.3) and taking L? — inner product with V’“C;, we obtain that

Ld

5 dt\v’“C;|2+|v’“VJEC;|2 = —(V¥(v-VJI.C),VFI.CS) — (VH(J.CoV @), VF IV CS)

—n(V*(n®@nVJ.C,), VI VCS) — n(VF(n®@nJ.C,V®), V* I VCE).
As what we do in Lemma 1.2, we get the following energy inequality that

41O 3 A IV Ce 3 < Clolgs|JCol3e + C1ICl s J VOl 1= I3

V..  (4.3)

2
HS

Now we let B¢, = |Cy|3. and Dg = |J.VCy|};.. We define

T = sup{r € [0,Tp); sup Eg (t) +/ D¢, (t)dt < 2FE¢, }
te[0,7] 0

According to the above energy inequality we have
el el
swEe, + Dg, < C(Eg, + B D¢).
By the Young inequality, it follows that
GEE, (1) + D¢, (t) < CLEE, (1),

where (] is a constant that is independent of e.

Solving the ODE inequality, we have

E¢ (t) < B e < B¢, et
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We can find a T' > 0 independent of € such that fOT eCrtdt < C%
For all t € [0,T7], we have

t t t
E¢ (1) —|—/ D¢ (r)dr < / CiEg, (T)dr + Egp < / ClEgpeCndT + Egp < 2Egp.
0 0 0

Hence T¢ > T > 0 for all € > 0. Therefore, for all € > 0 and ¢ € [0,7T], we have
t
Eg (t) + / D¢, (T)dr < 2E, .
0

¢
Namely, we obtain the following uniform energy bound |Cj|3. < 2E¢ , / PAYENRES
0

2E¢, , for all € > 0 and ¢ € [0, T]. By the bounds we know that there is a
C, € L>(0,T; H*) N L*(0,T; H*™)

such that C, obeys 4.1 after passing limits in (4.2) as e — 0. Similarly, we can get a
C,, € L®(0,T; H*) N L2(0, T; H*+)

that obeys 4.1.
Lemma 4.2 For s—32 > 2and T} > 0, let vector fields (v'", n™", V®) satisfy v € H*,
Vn™ € H® and V® € L>=(0,T}; H*). Then there exists some 0 < T' < Ty, depending only

on v, ™ and V® such that

% +0-Vo+ Vp =audivD(v) — div(Vn @ Vn)

+div((Ve @ VO)(Id +nn®@n))

+ div(a1(D(v)n-n)n @n + asn @ n+ azn @ n)

+ div(asD(v)n @ n + agn @ D(v)n), (4.4)

dive =0,
ne+v-Vn—Q)n+ Dw)n = An+n(Ve @ VO)n — F'(|n|*)n,
(v,n)]t=0 = (v, n"")
which has a unique solution v € L>(0,T; H*)(L*(0,T; H**'), Vn € L>(0,T; H*) and
n € L?(0,T; H®).
Proof As what we do in Lemma 3.1, we construct the following approximate system

such that

vt + J(Jv - VI ) + Vp*
—ayJ divD(S) — J.div(VJ.n © V) + Jdiv[(V® @ V&) (Id + nJ.n @ J.nc)]
+ Jdiv[ay (J.D(v)Jn® - Jon)Jn® @ Jn® + agn® @ Jn® + agJn @ nf (4.5)
+ Jdiv(as J D (v)Jn® @ Jn® + agJn® @ J.D(v)Jn),

dive® = 0,
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ng + J (v - VIn®) — J(Qv)Jn®) + J(D(ve)Jn)
=AJ*n +nJ.((V® @ V®)Jne) — J(F'(|Jn|?) Jnc),
ne =ng + J. (v - VJn) — J(Q)Jn®), v = J™", n|i=o = Jn"
By ODE theorem, we can prove that there is a maximal time 7. > 0, depending only
onV®, vy, dy and Ty such that the approximate system admits a unique solution n¢ €
C([0,T.]; H**1) and v¢ € C([0,T.]; H*). We point out that T. < Ty for all € > 0, which is
determined by the regularity of V®.

For all 1 <1 < s, we act the [-order derivative operator V! on the first equation of the
approximate system and take L?-inner product by multiplying V'v¢. Similarly, we act V'
on the third equation of the approximate system and take L2-inner product by multiplying

Vine. Using integration by parts we obtain

14|V Joo|7, + |VIVIne|T2) + [V + [V F. = —(VH(Joo® - VJ©), VIV I
+ (VH(VJin® © VJn), VIVJI) — (V{[(VE @ V) (Id+nVn® Vn)], VIV.Je)
— (V'ay(J.D(v)Jn - Jn€)Jn @ Jn® + apn® @ Jon + azJn® @ n], VIVJ.0)
—(VY(asJ.D(v)Jn® @ Jn® + agJn® @ J.D(v)Jn), V'V J0e)

+ (V! [T(Qv) Jn) — J(D(v)Jn)], Viac) + (VIAT?n, V. (v - VJ.nc))
+(V'nJ (VO @ V®)J.n), Vi) — (VLI (F'(|Jn?) Jn), Vin©).

According to Lemma 1.3, we have

5 ar (V' I2e + IV TVne|[:) + SV T Voe||2e + [ Vine||Z,

<CITVnE [ [0 = [ VoS L2+ + Clloc e + CIV Tenf e [0ll 22 + CNV Ten |37V v |12+
+ CnlIVe 3 (IV Jen 7 1V | s + IV Tenf| s [0l 7+) + CIV @[ [V e

+ CIV I o e Il z + CNV Ten [ [ a2+ 1V v 1+ (4.6)

Now we let ES  (t) = |[v||3. + ||V Jenc||3. and D5, (t) = S|Vt ||3. + |73 . Then
we obtain that

33 Bon(t) + D5 (1) < CE(1) + C(L+ Euiu(t) Do)
Thanks to Young inequality, we get that
G Eon(t) + D5, () < C(L+ Ef (1)

We solve the ODE inequality that ES () < [(1 + E5,(0))™* — Ct]~1 — 1. Therefore

t
/ D5 (r)dr <C / (1+ B, (1)) dr + By (0)
0

§C/t[(1 + Eyn(0)* — Cr]~%dr 4 E, ,(0).
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t

We let h(t) = C/ [(1+4 E,,.(0)~* = C7]~tdr + E,,(0), which is nonnegative and h(0) =
0

E, (0). Since h(t) is continuous in ¢t and independent of ¢ > 0, there is a T > 0 such that

h(t) <2E, ,(0) for all t € [0,7]. Now we obtain the energy bound

t
(1) + / D (P)dr < h(t) < 2B, 1(0),
0

for all ¢ > 0 and ¢ € [0,7]. By the bound we get that there is a (v,n) satisfying Vn €
L>(0,T; H®), n € L*(0,T; H*) and v € L>(0,T; H*) (| L*(0, T; H**') such that (v, n) obeys
the system (4.4) after passing limits in the approximate system as e — 0. Therefore, we

have completed the proof of the lemma.

5 The Iterative Approximate System

In this section, we construct the approximate system by iteration. More precisely, the

iterative approximate system is constructed as follows: for all integer & > 0

8ck+1

Tpt + 0" VO = div((Id + nqn* @ n*)VCIT + CEHIVOF),
k+1

8(’(;*; + 0% VOF = div((Id 4 nn* @ nF)VCET — oIy ek),

—div((Id 4+ nn* @ n*)Ver*h) = C¥ — CF
Ot kL W 4 PRt = qudivD (0Pt — div(VaF T @ Vet
+ div[(VO* @ VOF)(Id 4 nn*™ @ n* )]
+ div[a1<D(vk+l)nk+l . nk+1)nk+1 ® nk+1

k+1 ® nkJrl k+1 ® ﬁk“rl]

+ aan
+ div(as D(vF ) n T @ nF T 4 agnftt @ DRk,
divo**t = 0,
PP 4 R gL QR Rt L Do)
— A (VP @ VO RE T = FY(jnk 1 2)nk

k+1 k+1 k+1 k+1 k+1 _ mn mn mn in in
(U , N )Cp 7Cm a(b )|t:0_<v , T 7Cpacmaq> )a

+ asn

(5.1)

k41 k+1\T okl v (k)T .
where D(vFt+1) = Yo V0T ) *Z(” L Quktty = Yo =Y 2(” )\ and Akt = phtt g kil

Vnktt — Qv nk+1 The iteration starts from k = 0, i.e.,
(0, n°,CY,C,,®%) = (v, n"™, CL, Cl @),

Now we state the existence result of the iterative approximate system (5.1) as follows.
Lemma 5.1 Suppose that s—3 > 2 and the initial data (v, n"", C;", G, @) satisfies
V", Vn' O, O and VO € H®. Then there is a maximal number T}, ; > 0 such that the
system (5.1) admits a solution (v*+!, n**1 CHH1 CE¥! &) satisfying v" !, CFH1 CEF! €
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L>(0, Ty, 1 H) (Y L2(0, Ty HETY), Vbt e L(0, Ty 43 H®), nFt € L*(0,T},,; H®) and
Vor+l ¢ L°°(0,T; H?).
Proof For the case k + 1, the function (vk,nk,Cj’;,Cﬁl,‘bk) is given. Namely, the

electrostatic potential equation of ®**! is a divergence type elliptic equation
—div((Id + gn* @ ")V = CF - Ck . o,y = o™,
which admits a solution V®**' € L>(0,T}?,; H*). Moreover, the equations of C¥*' and

CH+1 are linear system with given v*, n* and @,

6%): I ’Uk . VCII)C-H :diV((Id + nnk ® nk)vcll)c—i-l + Cllf-i_lv(bk),

aca’?l + % VO =div((Id + nn* @ n*)VCEF — CEFIy k),
(C:-l‘l’ C;fn-‘rl) o = (C;H,Cf:),

which, by lemma2.1, has a solution (C}*!, CkH) satisfying C}*! e L>(0, T} 1 H*) N
L2(0, T H*t) and CEYY e L(0, Ty H*) (Y L*(0, T3y H*H'). Finally, for the system
0T L R 4 Vpk T =y divD (0P — div(VnF Tt @ Vit
+ div[(VO* @ VOr)(Id + nn* Tt @ n*t1)]
+ diV[al(D(Uk+l)nk+l . nk+l)nk+1 ® nk+1

ok+1 ® nk-i—l k+1 ® ﬁk-i-l]

+ aan + asn
+ div(ag)D(ka)nkH ® nk+1 4 a6nk+1 ® D(ka)nkH),
divo*tt = 0,

AL ML gL QAT gL g D (gt )t

— Ank+1 4 n(vq)k ® V@k)nkH o F'(|nk+1|2)nk+1,
(vk+1’ nk+1)‘t:0 — (’Um, nin),
by Lemma 2.2, we obtain a solution (v**1, n**t1) satisfying v**1 € L>(0,T,)}; H*)
L2(0, T HotY), Vinb e (0, T} HY) and nFtt € L2(0, T}y ; H®). We denote by
Ty, = min{Tl?ﬂvT/ffll»Tl:ﬁ )

and the proof of lemma 5.1 is finished.

6 Local Well-posedness with Large Initial Data

In this section, we prove the local well-posedness of system(1.1)-(1.7) with large initial
data. The key point is to justify the positive lower bound of T}; ;, and the uniform energy
bounds of the iterative approximate system (5.1), which will be shown in Lemma 4.1. In the
end, by the compactness argument, we can pass to the limits in the system(5.1) and then

reach our goal, which is a standard process. We define the following energy functions

Ejpa () =[0" e + 1V 5 + 1G5 e + 10 15
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and
Dia(t) =[IVCI 13 + IV e + S IVOF 5 + 125 |3

Lemma 6.1  Assume that (0", nF+! CE+L CFFL M) s the solution to the

iterative approximate system (5.1), and we define
Tio1 = sup{7 € [0, Ti}4]; S}lp} B () +/ Dy (t)dt < M},
te[0,T 0

where T}, > 0 is the existence time of the iterative approximate system(5.1). Then for
any fixed M > Ej there is a constant T > 0, depending only on M and Fj, such that
T >T > 0.

Proof By the continuity of the functionals Ej.1(t), we know that T}y > 0. If the
sequence {T}; k = 1,2,...} is increasing, the conclusion immediately holds. So we consider
that the sequence Ty, is not increasing. Now we choose a strictly increasing sequence {kp};,‘:l
as follows:

ky=1, kyp =min{k;k >k, T, < Ty }.

If A < oo, the conclusion holds. Consequently, we consider the case A = co. By the definition
of k,, the sequence {k, o1 1s strictly decreasing, so that our goal is to prove lim, o Ty, > 0.

As what we do in a priori estimate, we have
%%Ek—&-l + Dk+1 SC{E]?EIC-H + El?+1 + [Ek+1 + Elf—&-l + EI?+1
+ (Ek-i-l + EE+1)E2 + El? + EI?EI?+1 + EkEk5+1 + EEEEH}DEHL
which follows that
G Bt + Dy < C(L+ Ei(1))° (1 + By ())°. (6.1)

Recalling the definition of the sequence {k,}, we know that for any integer N < k,,, Ty > T}, .
We take k = k, — 1 in the inequality(6.1), and then by the definition of T}, we have for all
te [0, Tk:p}

LBy, (t) + Dy, (t) < C(1+ M) (1 + Ey,)°.
We solve the ODE inequality that for all ¢ € [0, T, ],
By, (t) < [(1+ Eo) ™" = C(1+ M) 75 — 1 = a(t),

where the function z(t) is strictly increasing and continuous and z(0) = E,. Plugging
the above inequality into the ODE inequality(6.1) and then integrating on [0,¢], for any
t €[0,Ty,], we estimate that

Ekp(t) + /t Dk-p(T)dT < Eo + C(l + M)lo(l +.I'(t))5t — y(t),
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where y(t) is also strictly increasing and continuous and y(0) = Ey. Thus, by the continuity
and monotonicity of the function y(t), we know that for any M > E, and p € N, there is
a number t* > 0, depending only on M and initial energy Fjy, such that for all ¢ € [0, ¢*],

¢
Ey, (t) +/ Dy, (T)dT < M.
0

By the definition of T} we derive that T}, > t* > 0, hence T' = lim, .o, T, > t* > 0.
Consequently, we complete the proof of Lemma 4.1.

According to Lemma 4.1 we know that for any fixed M > E° there is a T > 0 such that
for all integer k > 0 and ¢ € [0, 7]

sup {[lvesi e + 1Vnsallize + 1Co 0l + 11 Comis 172}

t€(0,T)
t
+/ (IVCppi s + IV Crpis e + S VORI + N1k [ 7 )dr < M.
0
Then, by compactness arguments, we get vector (C,, Cy,,, ®, v, n) satisfying C,, C,, and
v € L>(0,T; H)( L*(0,T; H*T') , Vn € L>(0,T; H*) and n € L*(0,T; H®), which solves

the system(1.1)—(1.6) with the initial condition(1.7). Moreover, (C,, C,,, ®,v,n) satisfies the
bound

#e + 1Com 7

sup [vl|3« + Vo). + |Gl
te[0,T]

t
« .
+/ (VG + IVCallFe + fIIVUII%s + [[l|3)dr < M.
0
Then the proof of the Theorem 2.1 is finished.

7 Global Existence with Small Initial Data

We set the following energy functionals:

E(t) = ||v]

i+ Il

i+ IVnllEe + 1G5 + 11Cnl

and

i + 1Al + 1Vl

~ (0%
D(t) = VCyllTs + [IVCinll3- + fIIWI

We observe that
C.E(t) < E(t) < E(t), and D(t) < D(t),

where C, is a constant which depends only on the Poincaré inequality in torus.

Lemma 7.1 If (v,n,C,, C,,, @) is the local solution constructed in Theorem 2.1, then

11

YL By + Dty < 03 By

k=1

S

D(t),
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where the positive constant C is independent of (v,n,C,, C,,, ®).

Proof Firstly, by lemma(3.2) and Poincaré inequality, we obtain

LTG5 + IV, I
< Ol u:[|Cpl 7= + Cllnllp- [ Copll 1 IV Co || 1
+ Cllnl3 Coll = IV Coll [V @ are + CIVCy |l |Co |1 [V || 1
< Cllollu: IVl + Cnllnll - IV Cyll 3
+ Cnllnl|H- IV O || H: IV [ s + CIIVCy 13|V e
< C(E@t): +E(t)+ E®t)? + E@t)?)D(t). (7.1)

By a similar argument, we also have
YV iz + IVFVC7: < C(E@®)? + E(t) + E(t)* + E(1)$)D(t).  (7.2)

Secondly, via acting V¥ on the equation (1.6) and taking L2-inner product with V¥n,
we get

35 IVFnllZ: + [V )2, =(VH(Q(v)n), VEn) — (VH(D(v)n)), V¥n)
+n(VF(V® @ VO)n), VFn) — (VF(F'(In|*)n), VFn).  (7.3)
Now we estimate the terms on the right-hand side of(7.3) term by term as follows:
Gy = (V¥Q(v)n = D(v)n], V*n) < Cllnllu:[|Volla-|Vnllz: < CE(#)*D(), (7.4)
Gy = n(V*[(V® ® V®)n], VFn) < Cn||VE|3.]|Vn|}. < CE(t)°D(t),
Gy = ~(VMF'(In*)n], V*n) < Clln||3.|IVn|lZ. < CE@®)D(t).

Plugging the inequalities in (7.4) into (7.3), we obtain

Ldghp|2, 4 ||V*n|2. < C(E(t)? + E(t)° + E(t))D(t). (7.5)

Now we estimate the terms on the right-hand side of (3.5) in other way by using Poincaré
inequality. Naturally, we can get the following estimates:

s < CE(t)D(t). (7.6)
In the light of lemmal.1l and Poincaré inequality, we obtain

IVel5. <CUICIE: + ICmlT + Vnll5)
<CUCplla=lVCpllzs + Conl 11+ ][V Crn

9\ ~ 1

<C(E(t)* + E(t)?)D(t)?,

e e+ [[Val5.)
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which implies that

By <OV 3 Vol Vol + Coll V|31V 0l e 1] 11 + CIVO|F [Vl (7.7)
<O V|4 IVal 31V ol + Cul V|3 Vol - ]|
+ C(IC 1 IV Cpll s + 1Comll 1+ IV Conll s + (V0| 1) [[ V0|11
<C(E(t)? + E(t)° + E(t) + E(t)?)D(t).

We plug inequalities(7.6) and (7.7) into (3.5) to obtain that

th(Hka”LQ + ||Vkvn||L2) FIVEV[IZe + [IV*0] 72

+ Ve 3. Va3 Vol s + Cnll V|3 1V 0l s |72 e
10
70

(7.8)

+ Cllolla= IVl a2l g= + CIVnlFs 0] g |V 1
<CEM)7 + Et)® + E(t)? + E(t)? + E(t))D(t).

Therefore, adding the inequalities (7.1),(7.2), (7.5) and(7.8) together and summing up
for all 0 < k < s, we obtain

B+ L Z

Then we complete the proof of Lemma 7.1.

N =
N\w

m\w

11
We define the following number T* = sup{r > 0; sup Z } > 0, where the
1

te(0,7]

l\)\H

constant €' > 0 is mentioned in Lemma 7.1.
Since C,E(t) < E(t) < E(t), there exists a positive number ¢, such that

CZE §§

when F(0) < ey. From the continuity of the energy function E(t), we can deduce that
T* > 0. Thus for all ¢ € [0,T%]

<

=
w\r—'

D..‘&

LE(t)+[1—C Y E(1)*]1D(t) <0,

N =

which 1mmed1ately means that E(t) < E(0) < " holds for all ¢ € [0,7%], and conse-

quently sup C Z E(t): < 1. We now can claim that 7 = +o0. Otherwise, if T* < 400,
tel0,7%] k=1

the continuity of the energy F (t) implies that there is a constant 6 > 0 such that

sup CZE 2

te[0,7*+6)

I\DR‘
OO\CO
l\')\r—t
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which contradicts to the definition of T™*. Therefore we get

b;glg(llv\lfr{s + [IVallz. + 1C 17 + 1Cmll )
e 2 2 ! 2 2 i
+/ IVCollzze + IVCnlle + 5 IVOle + 2] )dr < CE™,
0

where C is independent of (C,, C,,, ®,v,n), and as a consequence, the proof of Theorem 2.2
is finished.
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