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1 ���
���������������������5������ 5¡

, ¢�£�¤¦¥�§�¨�©�ª�«�¬��®1¯�°�¯²± [1] ®W³´�µ�¶
[2] ·²¸²¹»º�¼ [3] ½¿¾�À²Á²Â . Ã»Ä �5�¦�5���»�²�²Å5Æ»�5�Ç�ÉÈ�Ê (Direct

heat conduction problems(DHCPs), Ë�Ì�Í È=Ê ) Î2Ï �����5È=Ê (Inverse heat conduction

problems(IHCPs), Ë�Ì�Ï ÈHÊ ).
�������#� Ï ÈHÊ�Ð�Ñ�Ò����#���#Ó�Ô (1) Õ�Ö�×#Ø�Ï ÈÊ

. ÙPÃ�Ú»Û;Ü2×2Ø�Ý�Þ$Õ�Ö�ß�à²¥Pá�â ��ã ; (2) ä�å#Ï È;Ê [4]. ÙPÃ�Ú»Û;Ü2×2Ø�Ý�Þ$æ¡ å�ç$è�¥Wá$â �$ã ; (3) é#ê$Ï È=Ê . ÙHÃ2Ú¿Û=Ü$×$Ø�Ý#Þëé�ê5¥Wá2â �$ã . ì'Ï È=Ê5íWîïWð
, ñ#ò�ó�© �2���2��� Ï ÈWÊ ¥õô5ö$÷�ø�ù2ú , Djerrar[5] ½#ñ�û#ü�© Laplace ý#þ�ÿ� Í È;Ê ¥Wü���è , ����ä�å#Ï È;Ê ¥��	� , 
���¨ Tikhonov Í�2¬����2Ï��#ÿ � ; M.Nili

Ahmadabadi[6] ½$ñ������ � é������2±#ù�����¥�� � é È=Ê ; Nakamura et al.[7] Ã$Ú$ý$þ� � ��! �/Õ2Ö$×�Ø�� È=Ê ; "$#�% [8] ½$ñ�ó2ô�öPÏ È/Ê�&�' ¥PÍ��¬ ��( ���)�+*,� , -í ��.�/�Í�2¬ ��( ; 0�1�2 [9] ½�ñ����3����¨54,6 7 ��( ÿ � ¡$Ó�8 é�ê5¥ �$���$�2�
Ï È=Ê ; 9�Ä : [10] �2¨�;�� ( Î�< �2�2�#��( ó �$���$�2� ¥HÏ È;Ê ���3�Wô�ö ; =�> µ
[11] ?õó�;�� ( ÿ � �ë�#� ��ß È=Ê�@5í ��A B5¥�CED .F G ³�HJI�ó�Ï È=Ê ¥Wô�öE��K ,

Ò ïML í ñ2ò$ó ¡�N2�������$� Ï È=Ê ¥Wô�ö,O ��PQ
, R�S�ó�T N2�����$�2� ¥WÏ È;Ê ô�ö�O�U . V�W�X�Y íP¡ Z Ï���[ N��$���$�2� Õ#Ö�×
Ø#Ï È;Ê ¥+\�]#ÿ � ��(5Ô Ã�Ú Crank-Nicolson-Galerkin ^)_E` ( ó�[ N��$���2��� �	�a�b	c « , 
���¨ GMRES d ( ¥�*���d ( -RRGMRES ����ÿ � . e�f2ó�V�W�- í ¥Ed (
����� ÐëÑ ¥g\�] ��; .

2 h�ikj)lnm

2.1 o�p+q
∗ rts�uwv x 2022-01-09 y r�uwv : 2022-04-07z|{|}t~

: ��� (1963–), � , 0C%+%)& , �t� , �t�+9;:CEE� : p8-$�8(+E)F8NPORQ , �/-$�8o|�$�8ot�
q)r�� .
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∂u
∂t

= ∂2u
∂x2 + ∂2u

∂y2 0 < x < p, 0 < y < q, t > 0
∂u
∂x

∣

∣

x=0
= ∂u

∂x

∣

∣

x=p
= 0 0 < y < q, t > 0

∂u
∂y

∣

∣

∣

y=0
= ∂u

∂y

∣

∣

∣

y=q
= 0 0 < x < p, t > 0

u(x, y, 0) = f(x, y) 0 < x < p, 0 < y < q

(2.1)

� 4 u(x, y, t)
� á$â �$ã , f(x, y)

� Õ�Ö2×$Ø , x, y
� ±�ùHý�� , t

� ß#ùHý�� . �HÕ�Ö2×$Ø
f(x, y) Û/Ü , �,�$ÿ í 9�� t ßPà�¥;á�â ��ã u(x, y, t), Ù �$�ë�#�ë��� ¥HÍ È/Ê .

2.2 ��p+q
� Û/Ü

u (x, y, T ) = g (x, y) , (2.2)

� 4 T > 0, Ï�ÿ t = 0 ß�¥ u(x, y, 0), ÙPÿ�Õ�Ö2×$Ø f(x, y), �� �S�[ N2�������$� Õ�Ö2×
Ø2Ï È/Ê .¡�¢��2�

(2.1), £�¤�¥ î�Ô ó�¦ ¡ À2Õ#Ö#×�Ø f(x, y) §�¨�û �2� (2.1) û T ßëà�¥ ¡
À �3© \ u(x, y, T ), ÙE¨#û ¡ À�÷ f(x, y) � u(x, y, T ) ¥,ª�«���d�¬ A1( Ù A1 [f(x, y)] =

u(x, y, T ));  (2.2) ® Ò Ü , ¨$û ¡ À2÷ u(x, y, T ) � g(x, y) ¥�«���d ¬ A2( Ù A2 [u(x, y, T )] =

g(x, y))). ¯�° , ÿ ��± Õ2Ö$×�Ø2Ï È/Ê Ù+S$ÿ � ��² ¥�ª�«���d ¬ ��� [12]
Ô

A2 [A1 [f(x, y)]] = g(x, y). (2.3)

³ � �õó�©$è D (2.2) ´�µ�¥ ¶�·$×�Ø , T ßPà�¥;á�â ��ã u(x, y, t) Ã�Ä S�Ã$Ú�¸�������¥ ,¹ º�» ¨$û ¡ Þ�¥�¼ 7 . ¯�° , Ï È/Ê  Ò Ë D � Ã$Ú�¸���\ ½�¾ ¿#ø$Ü�Õ2Ö2×�Ø f(x, y).

õ©�Ï ÈõÊ ¥$ÿ � SÁÀ	Â�û²Í ÈëÊ T�Ã�â�ÿ � ¥�üÁ��è ,
��Ä ��¨ Crank-Nicolson-

Galerkin ^Á_�` ( ó�[ N$�ë�#�ë��� ¥PÍ È=Ê ���$ÿ � .

3 ÅÆh�ikj3ÇÉÈ
Ê	Ë)© \ u(x, y, t) Ì ��Í�Î , Ω = [0, p] × [0, q]. ó �#� (2.1) Ï ¡ ®�¥�Ð�å ��Ñ�Ò ï

H1
0 (Ω) 4�¥ © \ v(x, y), Ó�û Ω è < ��Ô

∫∫

Ω

ut(x, y, t)v(x, y)dxdy =

∫∫

Ω

∆u(x, y, t)v(x, y)dxdy. (3.1)

ó�è�®�¥+Ô�Õ#ê���¨�Ö�×�Ø�® , 
 ¡�¢ å�ç$×2Ø , Ùëß ³ ��� v ∈ H1
0 (Ω),  (3.1) ® Òï|Ú ¬ �

d

dt

∫∫

Ω

u(x, y, t)v(x, y)dxdy = −

∫∫

Ω

ux(x, y, t)vx(x, y) + uy(x, y, t)vy(x, y)dxdy. (3.2)

� Û ©�Ü�Ý , Þ Q ��� ¥�H|<�Þ ß Ô
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ó�© © \ ϕ, ψ ∈ L2(Ω), Þ ß L2(Ω) 4�¥�H|<
(ϕ, ψ) =

∫∫

Ω

ϕ(x, y)ψ(x, y)dxdy. (3.3)

ó ϕ, ψ ∈ H1
0 (Ω), Þ ß H1

0 (Ω) ×H1
0 (Ω) è�¥gþ�«���¤ © Ô

A∗(ϕ, ψ) =

∫∫

Ω

ϕx(x, y, t)ψx(x, y) + ϕy(x, y, t)ψy(x, y)dxdy. (3.4)

$ÿ � ��� (2.1) ¥HÍ È/Ê2Ò ï|Ú ¬ ����� ¥ Galerkin ÿ���® Ô
ÿ u : t ∈ [0, T ] → u(t) ∈ H1

0 (Ω), ���
{

d
dt

(u(t), v) + A∗(u(t), v) = 0 ∀v ∈ H1
0 (Ω)

u(0) = u0 = f(x, y)
(3.5)

�,Ä ó È/Ê (3.5) ���$ÿ � Ô��� � ����� ¥�� a�b È/Ê�Ô Y#Þ u0,h ∈ Vh, ÿ © \ uh : t[0, T ] → uh(t) ∈ Vh, ���
{

d
dt

(uh(t), v) + A∗(uh(t), v) = 0 ∀v ∈ V

uh(0) = u0,h = f(x, y)
(3.6)

Ê�Ë � 4 Vh S V ¥�^�_ N ¬�±�ù ,
��N \ � d = d(h).

��Û ©2ÿ � ,
î ó �$� (3.6) �� ý�� .

Ê�Ë ±#ù Vh ¥ ¡
	 ü � {ϕ1, ϕ2, · · · , ϕd},  uh(t) ∈ Vh

Ò�� µ �

uh(t) =

d
∑

j=1

ξj(t)ϕj , t ∈ [0, T ] (3.7)

Õ�] Ò�� µ �
u0,h(t) =

d
∑

j=1

ξ0,j(t)ϕj . (3.8)

X (3.7) ® (3.8) ®,/ Q ��� a�b È/Ê (3.6) ®Á4 ,
Ò X È/Ê (3.6)

� µ �






d
∑

j=1

(ϕj , ϕi)
dξj(t)

dt
+

d
∑

j=1

A∗ (ϕj , ϕi) ξj(t) = 0 1 ≤ i ≤ d

ξ
i
(0) = ξ0,i

(3.9)

X (3.9) ®�Ý�
�����J����® �
{

M dξ(t)
dt

+Kξ(t) = 0

ξ(0) = ξ0
(3.10)

� 4 M = [(ϕj , ϕi)],K = [A∗(ϕj , ϕi)], ξ(t) = [ξ1(t), ξ2(t), · · · , ξd(t)]
T
, ξ0 = [ξ0,1, ξ0,2, · · · , ξ0,d]

T
.

°�ß ,
�$�

(3.10)
��8 ^ d À�ø2Ü�\5¥PÄ ���$�$� ,

î ó�Ä ���$�$� (3.10) �2¨ θ
��( ó�ß

ù a�b ,
Ò ��� ��� ¥�� a�b ���5Ô

{

1
∆t
M (ξn+1 − ξn) +K [θξn+1 + (1 − θ)ξn] = 0

ξ0 = ξ0
(3.11)
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Ù
(M + θ∆tK)ξn+1 = (M − θ∆tK)ξn n = 0, 1, 2, · · ·N − 1. (3.12)

��� θ = 1
2
ß , (3.12) ®ëÌ � Crank-Nicolson Ö�® . ��½ (3.12) ® , ��� .�/�� í ξ(t),


,X � / Q � (3.7) ®Á4 , ����� íW�ë�#�ë��� (2.1) Í È/Ê ¥g\�] � .

ó�Õ5Ö�×�Ø��3��Ï��¿ß , ��¨ Crank-Nicolson-Galerkin ^ _�` ��( ó3[ N����²���� � � a�b , e��)� � ¡ À5«3� �5��	 Ax = b,
� 4 A S  ^ _�`3� �Ç¥��)\ �!� ,

b = [g(x1, y1), g(x2, y1), · · · , g(xn, y1), g(x1, y2), · · · , g(xn, yn)]
T
, x
��"2�$# Ö�%�&ëè f(x, y)

¥g] , Ù x = [f(x1, y1), f(x2, y1), · · · , f(xn, y1), · · · , f(xn, yn)]
T
.

4 ')(+*+, j GMRES -!.
_õº�]�Â�¥ GMRES d ( S$ó GMRES d ( [13] ¥ ¡�Z *�� ,

� ü�V�/�0�� GMRES

d ( �3Ù , §�S X a b f�����¥+«�� �$��	 Ax = b 1�2��ëæ�À Krylov ¬�±�ù [14]Km è �
�$ÿ � , ÙHÿ xm ∈ x0 +Km, ���

‖rm‖ = min
x∈x0+Km

‖b− Ax‖ . (4.1)

_2º	]�Â¦¥ GMRES d ( ÁS�¨ Km = Km(A,Ab) = span{Ab,A2b, · · · , Amb} 3�/
GMRES d ( [15] 4�¥ Krylov ¬#±#ù .

�2ÐëÑ d (�4
52�
Step1

Ô76 Õ2Ö�] x0, Ã�â ε, ¿�d
8�9 �J� r0 = b−Ax0,
ï ·$Õ2Ö�Í�:$�J� v1 = Ar0

‖Ar0‖
;

Step2
Ô
Arnoldi Ú �5Ô ÿ í {vi}

m

i=1 Î H̄m

2.1 Í;:�¬ Ô hij = vT
i Avj , i = 1, 2, · · · , j,v̂j+1 = Avj −

j
∑

i=1

hijvi, j = 1, 2, · · · ,m,

hj+1,j = ‖v̂j+1‖2;

2.2 <�=$¬ Ôâ� hj+1,j < ε,  Ú Step4, >  , ? vj+1 = v̂j+1/hj+1,j , j = j + 1;

2.3 ÿ í�@ ¥ Vj+1 Î H̄j

Ô
Vj+1 = (Vj , vj+1), H̄j =

[

H̄j−1 h̄j

0 hj+1,j

]

,

� 4 h̄j =
[

h1j h2j · · · hjj

]T

;

Step3
Ô � eBA [ Ò²È/Ê :

‖rm‖ = min
xm∈x0+Km(A,Ab)

‖b− Ax‖ = min
zm∈Km(A,Ab)

‖r0 − Az‖ = min
ym∈Rm

‖r0 − AVmy‖

= min
ym∈Rm

∥

∥r0 − Vm+1H̄my
∥

∥ = min
ym∈Rm

∥

∥Vm+1(‖r0‖ e1 − H̄my)
∥

∥

= min
ym∈Rm

∥

∥‖r0‖ e1 − H̄my
∥

∥ ,

��� ym, Ù�^ xm = x0 + zm = x0 + Vmym;

Step4
Ô ¿)d ‖rm‖ = ‖b− Axm‖,

�
‖rm‖ < ε, �C$DÁ.	/ , E í xm, >	 , ? r0 =

rm, x0 = xm, v1 = rm

‖rm‖
,
Ú

Step2.

5 FG*GH!I
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� �KJ�L�V�W ��( ¥g^BM � , \�] ��;�ß , Þ ß ��ó�¼ 7

Re =

√

n
∑

i=1

m
∑

j=1

[fT (xi, yj) − f(xi, yj)]
2

√

n
∑

i=1

m
∑

j=1

[fT (xi, yj)]
2

, (5.1)

� 4 fT (xi, yj)
� & (xi, yj)

c ¥gÃ$Ý � , f(xi, yj)
� & (xi, yj)

c ¥g\�] � .N
O�P
Q � ����� ¥�[ N
R � �ë�#�ë���






















∂u
∂t

= ∂2u
∂x2 + ∂2u

∂y2 0 < x < 1, 0 < y < 1, t > 0
∂u
∂x

∣

∣

x=0
= ∂u

∂x

∣

∣

x=1
= 0 0 < y < 1, t > 0

∂u
∂y

∣

∣

∣

y=0
= ∂u

∂y

∣

∣

∣

y=1
= 0 0 < x < 1, t > 0

u(x, y, 0) = f(x, y) 0 < x < 1, 0 < y < 1

(5.2)

��;�ß , £�S � Y í Õ2Ö$×�Ø f(x, y) ¥UT � , �$¨ Crank-Nicolson-Galerkin ^Á_�` ��(
¿�d í u(x, y, T ) ¥g] . Ó��$¨ u(x, y, T ) Ï2ÿëÕ2Ö$×�Ø f(x, y),

ïWV�X ´�- í;��( ¥g^BM � .

V�Y)4g£�S Ë T � u(x, y, t) = e−2π2t cos(πx) cos(πy),  u(x, y, 0) = f(x, y), Ù f(x, y) =

cos(πx) cos(πy). °�I , Y í ¶�·$×�Ø
u(x, y, T ) = e−2π2T cos(πx) cos(πy). (5.3)

� n = 61, ÙgX)ZWÂ [0, 1] × [0, 1]
"$�  7200 ÀBA ��[�\ ` .

�
5-1 Î � 5-2

� Ñ Y í
� ¶+·2×$Ø54 T = 0.1 Î T = 0.5 ß , f(xi, yi) û i = 1, 2, · · · , 10

c ¥�\�] � � Ã2Ý � ¥ ¡]
. ^ 5-1 Î ^ 5-2

� Ñ Y í T = 0.1 Î T = 0.5 ßE\�] � ��Ã$Ý � ¥=ó�_ .
� 4 T = 0.1 ß

¥g��ó�¼ 7 � 1.281711596334807e-04.

`
5-1 T = 0.1 f(xi, yi) a xi = 0.1i, y = 0.1i(i = 1, 2, · · · , 10) b�cWd�e�fhg

i Ã$Ý � fT (xi, yi) \�] � f(xi, yi)

1 0.904508497187474 0.904491140297636

2 0.654508497187474 0.654502861662627

3 0.345491502812526 0.345516968540359

4 0.095491502812526 0.095461083395465

5 0.000000000000000 -0.000075047926523

6 0.095491502812526 0.095461085035917

7 0.345491502812526 0.345516987642071

8 0.654508497187474 0.654502905677444

9 0.904508497187474 0.904491487299937

10 1.000000000000000 1.000880041516344
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i
5-1 T = 0.1 j , k�lhm
n�o�p�m�cWq$r

`
5-2 T = 0.5 f(xi, yi) a xi = 0.1i, y = 0.1i(i = 1, 2, · · · , 10) b�cWd�e�fhg

i Ã$Ý � fT (xi, yi) \�] � f(xi, yi)

1 0.904508497187474 0.904528556218751

2 0.654508497187474 0.654548276134121

3 0.345491502812526 0.345598791340830

4 0.095491502812526 0.095721992933228

5 0.000000000000000 0.000267252337693

6 0.095491502812526 0.095721992919449

7 0.345491502812526 0.345598791292070

8 0.654508497187474 0.654548276125725

9 0.904508497187474 0.904528556201046

10 1.000000000000000 1.000352186570205

i
5-2 T = 0.5 j , k�lhm
n�o�p�m�cWq$r

�,Ä�� �Bs � \ ½Bt��Bu�v
w�x�2�y#¥Uz�{ . V�W 6 ��T�|�u�v , Ù
bδ = b+ δ randn(size(b)), (5.4)

��Ñ ��u�v�}�~ δ = 0; 0.01; 0.001; 0.005. ^ 5-3 Y í u�v�}�~ � 0.001 ß�¥�Ã2Ý � � \�] �
¥=ó�_ ;

�
5-3 Y í � T = 0.5 ß , £�Ùhu�v�}
~ � ¥g��ó�¼ 7 .



No.6 àâáäã : åäæèçêéìëäíèîäïñðèòèóèôöõø÷�ùú�ñûñüèý 519

`
5-3 T = 0.5, δ = 0; 0.01; 0.001; 0.005 j��hq����

δ ��ó�¼ 7 Re

0 2.973757086604748e-04

0.01 0.012836257318155

0.001 0.001233250021596

0.005 0.005838388842017

i
5-3 T = 0.5 j , �U�h�U��� 0.001 �
�����h�
���������W�$�

���
, ������� (6), � n = 21, ���;�h� [0, 1] × [0, 1] �B��  800 ¡�¢)£�¤�¥B¦�§ . ¨

5-4 ©)ª�«�¬U�®
¯�° T = 0.5 ± , f(xi, yj) ² xi = 0.1i, y = 0.1i(i = 1, 2, · · · , 10) ³�£�´�µ¶�·
¸�¹�¶ £hº�» . ¼�½���¾�¿BÀ 0.002806218328866. Á 5-4 © ª T = 0.5 ±�´�µ ¶�·
¸�¹¶ £���Â .

Ã
5-4 T = 0.5 f(xi, yi) Ä xi = 0.1i, y = 0.1i(i = 1, 2, · · · , 10) Å��WÆ�Ç�ÈhÉ

i
¸�¹
¶

fT (xi, yi) ´�µ ¶ f(xi, yi)

1 0.904508497187474 0.905021529199914

2 0.654508497187474 0.654464236866621

3 0.345491502812526 0.346358677509044

4 0.095491502812526 0.097530529309429

5 0.000000000000000 0.002552281665553

6 0.095491502812526 0.097465708851332

7 0.345491502812526 0.346418677664941

8 0.654508497187474 0.654414102463863

9 0.904508497187474 0.904929017714247

10 1.000000000000000 1.006637820205693

Ê�Ë �BÌBÍ�Î�Ï�Ð�Ñ £�Ò�Ó�²BÔ�Õ�Ö ��× ´$±�´�µ�º�»)£�Ø�Ù . ¨ 5-5 © ª T = 0.5 ±
Î�Ï RRGMRES Ò
Ó
��Ú�Û�®
¯�ÜBÝ�Þ�ß�± , àB��Ö � Ô
Õ × ´)£U½���¾�¿Bº�» ; Á 5-5 ©
ª�«�Ö � Ô
Õ × ´ k

· ½
�B¾
¿$á�£Uâ�ã .
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è
5-4 T = 0.5 �����h�
���������W�$�

Ã
5-5 T = 0.5 �UéBêìëhí
îU�B�Wïh��ð�ñ

k ½
�B¾
¿ Re k ½
�B¾
¿ Re

50 0.002024743606383 250 2.927234789115101e-04

100 2.973757086604748e-04 300 2.927316825723321e-04

150 2.924464427249648e-04 350 2.927137727197997e-04

200 2.926263068745231e-04 400 2.926736013457817e-04

è
5-5 ëhí
îU����ïh��ð�ñB�Kòhó è

ô ¨ 5-1 õ�¨ 5-2 ö�÷ ªUÐ�Ñ £�ø
ùBõ�ú ¶ �BÓ��BÚBÛB®�¯�£UÞBßBû�À�ü ¹ , ¼�½���¾
¿�ö�ý 10−4;

� ± ô Á 5-1 þÿÁ 5-2 ö
÷)ª�´�µ ¶�·�¸�¹�¶ Á�� £������Bû	� , ��
�´�������� £�������� , Á 5-3 ����� ªBÁ���û	�$£������ . ��� ,
ô ¨ 5-1 õ�¨ 5-4 ö �"!
÷ ª�²

������Ï Crank-Nicolson-Galerkin # $h§�ø�ù)± , �;�h� [0, 1] × [0, 1] �B��%�&	' , �$� n

£h��µ�&)( , ¼B´Bµ ¶ £ ¸ ��&�� . µ�%�*,+$£.- n £"/	(��	0 1"2�Ò�Ó;£"3�Ý�4�� .
ô ¨

5-5 �
ö65�÷)ª , 7�Ï�Ð�Ñ�Ò
Ó
��ÚBÛ�®�¯�ÜBÝ�Þ�ß�± , Ô
Õ × ´&�8 ,
¶ £�½
�B¾
¿�9&�¢ .

��� ,
ô Á 5-5 ö
÷)ª�:�Ô
Õ × ´�(�;�<�= 120

× ± , ¼�½
�B¾
¿>�Ð?B��@ � , A ¸ ��B�C
² 10−4.
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6 bdc
Ð�Ñ	e	= Crank-Nicolson-Galerkin #6$�§���ÓB�)f	# Neumann g,h�®B¯�£�i	j�k ×l�m	n �
��ÜBÝ�ø�ù�³�o , p�©)ª�Ï�q���Ó�ú ¶ ¼	r sut £"o�Í��v . ²��>�w�x , Î�Ï,$"y

µ�� £ GMRES Ò�Ó��B¼�ÚBÛ�®�¯�Ü�Ý�Þ�ß . ²B´�µ	z�{�° , ��|�}�~�«�����´��	�����	�
������õ����	��������5�������Ö � ´���¤B¥�¦�§ £�Ø�Ù , ����º�»
¨��"q
��Ó���# ��� £
ö�Ý��
õ�#��� .
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NUMERICAL SOLUTION OF THE INITIAL CONDITION

INVERSE PROBLEM FOR THE TWO-DIMENSIONAL HEAT

CONDUCTION EQUATION

MIN Tao, HAN Ying-ying

(School of Science, Xi & an University of Technology, Xi & an 710054, China)

Abstract: In this paper, the inverse problem of initial conditions for two-dimensional heat

conduction equation is studied. The two-dimensional heat conduction equation is discretized by

using Crank-Nicolson-Galerkin finite element method, and the solution method of its forward

problem is given. On the basis, the GMRES algorithm(RRGMRES) of limited range is proposed.

Numerical simulation results show that the proposed method is feasible and effective.

Keywords: two-dimensional; heat conduction equation; Crank-Nicolson-Galerkin; finite

element method;restricted range; GMRES algorithm
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