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1 ³µ´
¶#·'¸

, ¹)º«»)¼¾½F¿#À'ÁµÂ4ÃÅÄ,Æ#Ç«ÈªÉËÊ;Ì«Í)À«Á'Î#Ï¾ÄvÐªÑ#ÒÔÓdÕ×Ö . ØFÙ , Ú'Û
[1–3] ÒÔÓÔÜY»ª¼µ½,¿«Ý'Þ'ß¾½,¿6àªáËÂFÃ¾Ä×âvÖ)È#É , Ú«Û [4–6] ÒÔÓÔÜY»ª¼µ½,¿«Ý'Þ'ß¾½
¿«à)áãÂ4ÃÅÄ,ä#å'ÈªÉ , Ú'Û [7] Ò×Ó×Ü,»)¼¾½F¿«æ#ç)è'Ç#éªê¾ÄYä#å«ÈªÉ . ë#Ú#ì Lm

θ í'î
m ï@½F¿ , ð«ñªò#Ù«ó :

Lm
θ := {x = (x1, x̄) ∈ R× Rm−1| ‖x‖cosθ ≤ x1},

ô'õ
θ ∈ (0, π

2
) ö'Ð)Ñ#÷#ø'ù@ú ‖ · ‖ í'î6û)ü

õªý'þ Æ . ÿ θ = π
4 � , ½F¿ Lm

θ � Í#Ù«ó����
¿ Km

Km := {x = (x1, x̄) ∈ R× Rm−1| ‖x̄‖ ≤ x1}.� Ú'Û [8] Ävñ�� 2.1 	�
 , Lm
θ ÄFè
�ª¿«Í

(Lm
θ )∗ = Lm

π

2
−θ = {x = (x1, x̄) ∈ R × Rm−1| ‖x‖sinθ ≤ x1}.���

, ÿ θ 6= π
4 � , ½F¿ Lm

θ � ö��zè
�ÅÄ ,
���
� ö'Ð��
�)è��#¿ .� ë#Ú�� , ���������«ò@½F¿«à)áãÂFÃ , ð#Æ� "!$#ªÍ : »)¼ (x, y, t) ∈ Rn × Rn ×R` %ý

x ∈ Lθ, y ∈ L∗
θ, 〈x, y〉 = 0, F (x, y, t) = 0, (1.1)

ð&� x = (x1, ..., xr) ∈ Rn, y = (y1, ..., yr) ∈ Rn, xi, yi ∈ Rni , 〈·, ·〉 í¾îãûÔü
õ@ý â"' ,

F : Rn ×Rn × R` → Rn+` ö'Ð)Ñ�(
)�	�*,+vÆ , Lθ ⊂ Rn ß L∗
θ ⊂ Rn -�. ö'Ð�/@½F¿'ß �

�ÅÄFè
�ª¿¾Ä�0�1�2�' , �
Lθ = Ln1

θ × · · · × Lnr

θ , L∗
θ = (Ln1

θ )∗ × · · · × (Lnr

θ )∗,
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ð�� r, n1, ..., nr ≥ 1 j n =
r
∑

i=1

ni. �«ò@½F¿«à)áãÂ4Ã'ö'Ð�k
�
lªÇ ý Ò×Ó×Ä,Æ$ "!m# . Ð)én ö � ÍÔÿ θ 6= π
4 � , o¾ÂFÃ«ö«Ð�k��ªè
�«¿«À6ÁËÂFÃ , prqtsªè$u
�ªè
�«¿'À6ÁËÂ,ÃµÄvÒ

Ó)Ì$v
w � ö
x?y . z«Ð#é n ú{�×ò¾½Y¿×à#á Â,Ã6ö6Ð�k$�$l��$|µÄUà#á,}$~ , ð����«Ú6Û
[1–6] �,ÒÔÓ×Ä'½,¿6àªá ÂFÃ����ã½Y¿6Ý«ÞãÂ,ÃµÄE�'Àm���
� .

���
, ÿ θ = π

4 � , �6òÅ½,¿
à)áãÂ4Ã � ÍªÚ'Û [9,10] �FÒ×Ó6Ä����U¿«à)áãÂ4Ã .� ë#Ú�� , �������'ÜYÐ)Ñ��ÅÄY»)¼��«òÅ½F¿6à)áËÂ4Ã¾Ä,ä'å�##ÈªÉ . �)Ú'Û [4–6] �FÒ
Ó×ÄYä'å$���'É ��� , ���¾ÄvÈ#É��«ìµÜvÐ��
�¾ÄE�
���
�$�ªÆ����$�
��� .

��� ÿC���Ôó ,

�������#Ü,ÈªÉ� 6ó n�¡ Ñ$¢�£
��¤ : (a) ÈªÉ�¥
¦@ÄM§�¨�©�ª@Ä¬«�­$®'Ö�¯#öµÂ4Ã (1.1) Ä
¼ . (b) Ù
v�§�¨
©$ª� 6Ð#Ñ
°$±µÄ�®6Ö , ²�³'Ñ
§�¨
©$ª�´,¢�£mµ�o$®«Ö . (c)

�
¶ 	µØM�·�¸�¹ ¹����×ó , ³#Ñ�§�¨�©�ª�º�»��
¼�¢�£
uµÂFÃ (1.1) ÄvÐ)Ñª¼ . Æ#Ç�½"¾$¿�v í �M���
ÄYÈªÉ'ö��
l� �ÀÔÄ .

2 Á�ÂÄÃPÅ
Æ�Ç

, �
�$È���ÉmÊ$�
�m�)¿ Km := {x = (x1, x̄) ∈ R × Rm−1| ‖x̄‖ ≤ x1} Ë$Ì¾Ä û#üõªý�Í ÿ�¨'Æ . è�u�«mÎ×Ä x = (x1, x̄) ∈ R × Rm−1, y = (y1, ȳ) ∈ R ×Rm−1, ñªò Í ÿE''Í
x ◦ y = (xT y, x1ȳ + y1x̄),

ð
��Ï�Ð'ö em := (1, 0, ..., 0)T ∈ Rm. �«ñ x = (x1, x̄) ∈ R × Rm−1, ñªò)è���Ñ,Ò
Lx :=

[

x1 x̄T

x̄ x1Im−1

]

,

ô'õ
Im−1 ∈ R(m−1)×(m−1) Í���Ï�Ñ,Ò . ÓE
)è�«mÎ×Ä x, y ∈ Rm ¯�  Lxy = x ◦ y.
è�u�«mÎ x = (x1, x̄) ∈ R× Rm−1, ð�Ô - ¼«Í

x = λ1(x)c1(x) + λ2(x)c2(x),

ð��
λi(x) = x1 + (−1)i‖x̄‖, ci(x) =

{

1
2

(

1, (−1)i x̄
‖x̄‖

)

, x̄ 6= 0,
1
2

(

1, (−1)iω
)

, x̄ = 0,
i = 1, 2,

Í�Õ�Ö#Ç��«ð
Ë�ÌÅÄ�Õ$Ö�×�Ø ,
ô«õ

ω ∈ Rm−1 ö�Ù�Ú ‖ω‖ = 1 ÄM«,Î?×MØ . Û'ì
Õ�Ö#Ç -
¼ , ���«ñªò

x2 := λ1(x)
2c1(x) + λ2(x)

2c2(x).�
�
, Ù�v x ∈ Km, Ü�Ý λ2(x) ≥ λ1(x) ≥ 0, Þ����«ñªò

√
x :=

√

λ1(x)c1(x) +
√

λ2(x)c2(x).

ÓE
 x2 = x ◦ x, x =
√
x ◦ √x.ß ó ¸ , �
�
à��×ò¾½Y¿×à#á Â,Ã$á$â6ø«Á6ÌÔÐ'Ñ«ä6åm�$�$�'é«ê,ã . Í � , èmu�«?Î

θ ∈ (0, π
2
), ���«ñªò�Ñ,Ò

Am :=

[

tanθ 0

0 Im−1

]

∈ Rm×m.
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���
Am ö��#ñÔÄ ,

� Ä���Ñ,Òdö

A−1
m :=

[

ctanθ 0

0 Im−1

]

∈ Rm×m.

� Ú'Û [8] �ªÄvñ�� 2.1 	�

Lm

θ = A−1
m Km, AmL

m
θ = Km.

ë#Ú��'ì'Ù«ódä#å,+vÆ :

ψAm
(µ, a, b) = Ama+ A−1

m b−
√

(Ama)2 + (A−1
m b)2 + 2µ2em,

ô×õ
em := (1, 0, ..., 0)T ∈ Rm. ó n
	 ���P�×Ü ψAm

Ä)Ð�/$��¤ , ð���
$���C	����«Ú×Û
[11] �ªÄvñ�� 1 ß«ñ�� 2.���

2.1 (i) ψAm

� «mÎ×ÄdÖ (µ, a, b) ∈ R++ × Rm ×Rm � ö�(
)�	�*ÅÄ , ��j� 
(ψAm

)′µ = −2µL−1
w em, (ψAm

)′a = (Im − L−1
w LAma)Am, (ψAm

)′b = (Im − L−1
w LA

−1
m b)A

−1
m ,

ð�� w :=
√

(Ama)2 + (A−1
m b)2 + 4µ2em.

(ii) ψAm
Ù
Ú#à)á���¤ , � ψAm

(0, a, b) = 0 ⇐⇒ a ∈ Lm
θ , b ∈ (Lm

θ )∗, 〈a, b〉 = 0.�
z := (µ, x, y, t) ∈ R×Rn×Rn×R`. Û#ì ψAm

, ���«ñªòm+vÆ H : R1+2n+` → R1+2n+`

Í

H(z) :=

















µ

F (x, y, t)

ψAn1
(µ, x1, y1)

...

ψAnr
(µ, xr, yr)

















.

� Ú'Û [11] �ªÄ��'Ã 1 	�

x ∈ Lθ, y ∈ L∗

θ, 〈x, y〉 = 0 ⇐⇒ xi ∈ Lni

θ , yi ∈ ( Lni

θ )∗, 〈xi, yi〉 = 0 (i = 1, ..., r),

Þ ��	 � 2.1 	�
 H(z)
� «mÎ'Ö z ∈ R++ ×Rn × Rn × R` � (
)�	�* , ��j�Ù
Ú

H(z) = 0 ⇐⇒ µ = 0 j (x, y) ö��«ò@½F¿«à)áãÂ4ÃÅÄF¼ .
Í���� H Ä ¶�� Ø^Ñ,Ò"	�� , ë#Ú��'Ù«ó ¹ ¹ . �!

2.1 " (F ′
t(x, y, t)) = `, �
j«è,u
«�ÎÅÄ Λ ∈ R`, u = (u1, ..., ur) ∈ Rn1 × · · · ×

Rnr , v = (v1, ..., vr) ∈ Rn1 × · · · ×Rnr , (u, v) 6= 0 ¯�Ù
Ú
F ′(x, y, t)(u, v,Λ) = 0 =⇒ # � i0 ∈ {1, ..., r} % ý (ui0 , vi0) 6= 0 j 〈ui0 , vi0〉 ≥ 0.

¹ ¹ 2.1 Ê%$��
|�&#ì
u -�' »)¼�(��#À«ÁãÂFÃ¾ÄYä'å$���'É , ØFÙªÚ'Û [9,10].
�
¹ ¹

2.1 ���×ó×ú8���� 'Ù«ó 	 � , ð���
����M	����ªÚ'Û [11] �ªÄvñ�� 3.
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���
2.2 ÿ ¹ ¹ 2.1 Ì�± � , H(z) Ä ¶�� Ø^Ñ,Ò H ′(z)

� «mÎ'Ö z ∈ R++×Rn×Rn×R`

� ö�� ·�¸ Ä .

3 )+*
ë�,����vÐ)Ñ'»)¼��«ò@½F¿«àªáãÂFÃÅÄ����ªÆ#ä'å'È#É .-�.

3.1 ( Ð)Ñ����)Æ#ä#å'ÈªÉ )/�0
0 1�2��«Æ λ1, λ2, τ, δ ∈ (0, 1). 1�2�3�4@Ö z0 := (µ0, x

0, s0, y0) ∈ R++ × Rn ×
Rn × R`. 1�2��«Æ γ ∈ (0, 1) Ù$Ú µ0 ≥ γ. 1�26Ð#Ñ���©mª {ηk} Ù$Ú ∑∞

k=0 ηk ≤ η < ∞,ôµõ
η > 0 öµÐ@Ñ��ãñ Ä$l@Æ .

�
C0 := ‖H(z0)‖, β0 := γmin{1, ‖H(z0)‖2}.

�
p :=

(1, 0, 0, 0) ∈ R1+2n+`.
�
k := 0./50

1 Ù�v ‖H(zk)‖ = 0, ²�6�7�§�¨ ./50
2 8�9'»)¼«Ù«ó����ªéªê�ã

H(zk) +H ′(zk)∆zk = βkp, (3.1)

ý µ"���ªé�× ∆zk := (∆µk,∆x
k,∆yk,∆tk) ∈ R ×Rn × Rn × R`./50

3 Ù�v
‖H(zk + ∆zk)‖ ≤ τ‖H(zk)‖ − λ1‖∆zk‖2, (3.2)

² � αk := 1, ø�:�; 5./50
4
�
lk ö�Ù
Ú«ó�ª � á�<���=ÔÄ���>�³#Æ l

‖H(zk + δl∆zk)‖ ≤ (1 + ηk)Ck − λ2‖δl∆zk‖2. (3.3)

�
αk := δlk , ø�:�; 5./50

5
�
zk+1 := zk + αk∆z

k.
�
τk := 1

1+ηk+1
. º«È

Ck+1 := (1 − τk)Ck + τk‖H(zk+1)‖, (3.4)

βk+1 := min{γ, γ‖H(zk+1)‖2, βk}. (3.5)
�
k := k + 1, ø�:�; 1.? �

3.1 Ù
v ¹ ¹ 2.1 Ì
± , Ü$Ý'È#É 3.1 	P��¥$¦6Ð#Ñ���@�©$ª {zk = (µk, x
k, sk, yk)}

��jªè�A� ÅÄ k ≥ 0 ¯�  µk > 0 ß ‖H(zk)‖ < (1 + ηk)Ck.B ¹ ¹)è�C'Ñ k Ù
Ú zk ∈ R++ ×Rn ×Rn ×R` ß ‖H(zk)‖ < (1 + ηk)Ck.
��	 � 2.2

	�
 H ′(zk) ö�� ·�¸ Ä , AP�D:�; 2 ö�	�E@Ä .
� Í

lim
l→∞

‖H(zk + δl∆zk)‖ = ‖H(zk)‖ < (1 + ηk)Ck = lim
l→∞

[(1 + ηk)Ck − λ2‖δl∆zk‖2],

Þ�F�G�# � Ð«Ñ,�H>
³×Æ l Ù,Ú (3.3).
ô
í ��:�; 4 öm	�EãÄ .

���
, �$�,	�� � :�; 5

� ý µ�I k + 1 Ñ�§
¨ÅÖ zk+1 = zk + αk∆z
k. J � �
�
� � zk+1 ∈ R++ × Rn × Rn × R`

ß ‖H(zk+1)‖ < (1 + ηk+1)Ck+1. K ½¾æ , LNMãé¾ê ã (3.1) �¾Ä�I ÐÅÑ�áO<�	 � ý µ
∆µk = −µk + βk, P�¿�Q αk ∈ (0, 1] �T� βk > 0 	�


µk+1 = µk + αk∆µk = (1 − αk)µk + αkβk > 0. (3.6)
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ô
í � zk+1 ∈ R++ ×Rn × Rn × R`.

�
�
,
� :�; 5 	�


Ck+1 =

(

1 − 1

1 + ηk+1

)

Ck +
1

1 + ηk+1

‖H(zk+1)‖,

R p
	 ý
(1 + ηk+1)Ck+1 = ηk+1Ck + ‖H(zk+1)‖ > ‖H(zk+1)‖.��� �,��	&� ý µÔÙ¾ó,¿TS : Ù?v zk ∈ R++ × Rn × Rn × R` ß ‖H(zk)‖ < (1 + ηk)Ck

è?u�CÔÑ k Ìm± , Ü?Ým	 � È6É 3.1 ¥,¦ zk+1 ��jmÙ,Ú zk+1 ∈ R++ × Rn × Rn × R` ß
‖H(zk+1)‖ < (1+ ηk+1)Ck+1.

� Í z0 ∈ R++ ×Rn ×Rn ×R` ß ‖H(z0)‖ = C0 < (1+ η0)C0,

Þ � Æ� �U�VªÉ
	�
'ñ��ªÌ�± .

4 WYX+Z\[^]

4.1 _�`�a�b�c
���

4.1 ¹ {zk = (µk, x
k, yk, tk)} ö#ÈªÉ 3.1 ¥
¦@ÄM§�¨�©�ª , ²)è�u�A� ÅÄ k ≥ 0 Ù

Ú µk ≥ βk ß µk ≥ µk+1.

�P� Ù
v µk ≥ βk è$u�C«Ñ k Ì
± , ² � (3.6) 	

 µk+1 ≥ (1 − αk)βk + αkβk = βk ≥
βk+1.

� Í µ0 ≥ γ ≥ β0, Þ � Æ$ �U�V#É�	�
#èmu�A� µÄ k ≥ 0 Ù�Ú µk ≥ βk. Û'ì ô Ñ$¿
S , ���
	�� � (3.6)

R Ð�: ý µ µk+1 ≤ (1 − αk)µk + αkµk = µk.���
4.2

� ÈªÉ 3.1 ¥
¦@Ä¬©�ª {Ck} ¢"£ .

��� Ù�v αk

� :�; 3 ¥
¦ , ²�L�M6ñ�� 3.1 	�

‖H(zk+1)‖ ≤ τ‖H(zk)‖ < ‖H(zk)‖ < (1 + ηk)Ck; (4.1)

d ² αk

� :�; 4 ¥
¦ , ����e� 
‖H(zk+1)‖ ≤ (1 + ηk)Ck. (4.2)

f
(4.1) ß (4.2) 	�
)è�u�A� ÅÄ k ≥ 0 ¯�  ‖H(zk+1)‖ ≤ (1 + ηk)Ck,

R p � (3.4) 	 ý
Ck+1 = (1 − τk)Ck + τk‖H(zk+1)‖

≤ (1 − τk)Ck + τk(1 + ηk)Ck

= (1 + τkηk)Ck

=

(

1 +
ηk

1 + ηk+1

)

Ck

≤ (1 + ηk)Ck.

� Í ∞
∑

k=0

ηk <∞, Þ � Ú'Û [12] �ªÄ 	 � 2.2 	�
 {Ck} ¢"£ .
���

4.3 ¹ {zk} ö � ÈªÉ 3.1 ¥
¦@ÄM§�¨�©�ª , ²�  lim
k→∞

‖zk+1 − zk‖ = 0.

��� Ù�v αk

� :�; 3 ¥
¦ , Ü�Ý αk = 1 ��j
‖H(zk+1)‖ ≤ τ‖H(zk)‖ − λ1‖∆zk‖2 < (1 + ηk)Ck − λ1‖αk∆z

k‖2; (4.3)
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d ² αk

� :�; 4 ¥
¦ , ² � (3.3) 	 ý

‖H(zk+1)‖ ≤ (1 + ηk)Ck − λ2‖αk∆z
k‖2. (4.4)

�
λ := min{λ1, λ2}, ² � (4.3) ß (4.4) 	�
)è�u�A� ÅÄ k ≥ 0 ¯� 

‖H(zk+1)‖ ≤ (1 + ηk)Ck − λ‖αk∆z
k‖2. (4.5)

���
, è�u�A� ÅÄ k ≥ 0,

�
(3.4), (4.5) �T� 1

1+η
≤ τk = 1

1+ηk+1
< 1 	�


Ck+1 = (1 − τk)Ck + τk‖H(zk+1)‖
≤ (1 − τk)Ck + τk[(1 + ηk)Ck − λ‖αk∆z

k‖2]

= (1 + τkηk)Ck − τkλ‖αk∆z
k‖2

≤ (1 + ηk)Ck − λ

1 + η
‖αk∆z

k‖2,

R p
	 ý
λ

1 + η
‖αk∆z

k‖2 ≤ (1 + ηk)Ck − Ck+1. (4.6)

� Í {Ck} ¢
£H��j lim
k→∞

ηk = 0, Þ � (4.6) 	 ý lim
k→∞

‖αk∆z
k‖ = 0, P?¿�Q zk+1 − zk =

αk∆z
k 	�
 	 �ªÌ�± .? �

4.1 ¹ {zk = (µk, x
k, yk, tk)} ö � È#É 3.1 ¥�¦ÅÄ�§�¨
©$ª , ² {zk} ÄM«,Î
®«Ö

z∗ ¯#ö H(z) = 0 ÄF¼ .

�P� ��	 � 4.2 	

�# � ÐªÑ$lªÆ C∗ ≥ 0 % ý limk→∞ Ck = C∗.
� u lim

k→∞
ηk = 0, Þ

lim
k→∞

τk = 1,
R p � (3.4) 	 ý

lim
k→∞

‖H(zk)‖ = lim
k→∞

[

Ck

τk−1

− (1 − τk−1)
Ck−1

τk−1

]

= C∗. (4.7)

ó n �����P� C∗ = 0.
���

, Ù
v� 
��@$y×Ä k % ý (3.2) Ì
± , � ‖H(zk+1)‖ ≤ τ‖H(zk)‖
è$u���@$y×Ä k ¯#Ì
± , ²�  C∗ ≤ τC∗, P$¿�Q τ ∈ (0, 1) 	 ý C∗ = 0. J � ��� ¹ ñ�# �g�h

k̄ > 0, ÿ k ≥ k̄ � αk ¯ � :�; 4 �«ñ .
� Í z∗ ö {zk} ÄC®'Ö , ��i Ð�j�� , ��� ¹ ¹

lim
k→∞

zk = z∗, ² � H(z) ÄM(
)���	 ý

lim
k→∞

‖H(zk)‖ = ‖H(z∗)‖ = C∗. (4.8)

� Í {βk} ����k�l�j
 ×ó�m , Þ�# � β∗ ≥ 0 % ý limk→∞ βk = β∗. J ��¹ ¹ β∗ > 0, ���
à�n���o�p .

�
βk Ävñªò�	�
)è�u�A� ÅÄ k ≥ 0  

βk ≤ min{γ, γ‖H(zk)‖2} ≤ γ‖H(zk)‖, (4.9)

R p
	 ý
‖H(z∗)‖ ≥ 1

γ
β∗ > 0. (4.10)
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J � ����q���� - Ì�rªÑ
» - .

I 1 » - .
¹ ñdè�A� ÅÄ k ≥ k̄ ¯�  αk ≥ c > 0,

ô'õ
c ö'Ð)Ñ�l)Æ . Ü�Ý � (3.3) 	 ý

λ2c‖∆zk‖2 ≤ λ2‖αk∆z
k‖2 ≤ (1 + ηk)Ck − ‖H(zk+1)‖.

ô ß (4.8) �^� lim
k→∞

ηk = 0 í � lim
k→∞

∆zk = 0.
�E�

,
�

(3.1) Äsr�t k → ∞ 	 ý H(z∗) =

β∗p. P�¿�Q (4.10) 	 ý ‖H(z∗)‖ = β∗ ≤ γ‖H(z∗)‖.
� u γ ∈ (0, 1), ����  ‖H(z∗)‖ = 0,

ô
ß (4.10) Ë�o�p .

I 2 » - .
¹ ñ lim

k→∞
αk = 0.

�
α̂k := αk/δ, Ü�Ý lim

k→∞
α̂k = 0, ��jÔÿ k ≥ k̄ � ¯� 

‖H(zk + α̂k∆z
k)‖ > (1 + ηk)Ck − λ2‖α̂k∆z

k‖2

> ‖H(zk)‖ − λ2‖α̂k∆z
k‖2.

���
‖H(zk + α̂k∆z

k)‖ − ‖H(zk)‖
α̂k

> −λ2α̂k‖∆zk‖2. (4.11)

��	 � 4.1 	�
 µ∗ = lim
k→∞

µk ≥ lim
k→∞

βk = β∗ > 0.
ô
í � H(z)

�
z∗ � ö�(
)�	�*ÅÄ , Þ �

(4.11) �ªÄur�t k → ∞ 	 ý
H(z∗)TH ′(z∗)∆z∗ ≥ 0. (4.12)

z#Ð)é n ,
f

(3.1) 	 ý

H(z∗)TH ′(z∗)∆z∗ = −‖H(z∗)‖2 + µ∗β∗ ≤ −(1 − γ)‖H(z∗)‖2, (4.13)

ôãõ � áO<ÅÌ�±ãö � Í µ∗ ≤ ‖H(z∗)‖ ��� β∗ ≤ γ‖H(z∗)‖.
�

(4.12) ß (4.13) 	�

(1 − γ)‖H(z∗)‖2 ≤ 0.

� u γ ∈ (0, 1), Þ
	 ý ‖H(z∗)‖ = 0,
ô ß (4.10) o�p .

�E�
, ����	ý

β∗ = 0.
�
βk Ädñ'ò , v�# � Ð#Ñ
©mª {zkn} % ý lim

kn→∞
‖H(zkn)‖ = 0,

ô ß (4.7) í �
C∗ = 0, � lim

k→∞
‖H(zk)‖ = 0,

R p�P � H(z) ÄM(
)���	 ý H(z∗) = 0.? �
4.2 ¹ {zk} ö � È'É 3.1 ¥$¦¾ÄE§
¨�©mª . Ù�v {zk}  ×Ð#Ñ
°$±µÄ�®6Ö z∗, ²

lim
k→∞

zk = z∗.B ��	 � 4.3 ß#Ú'Û [13] �ªÄ��'Ã 8.3.10 	�

¿�SªÌ�± .

4.2 `�w�x�y�a�b�c
? �

4.3 ¹ z∗ ö � È#É 3.1 ¥�¦ÅÄ�§�¨
©$ª {zk} ÄM«,Î
®«Ö , ��j F ′
�
z∗ Ö � º

» Lipschitz (
) . Ù�v�A� ÅÄ V ∈ ∂H(z∗) ¯#ö�� ·�¸ Ä , Ü�Ý {zk} ¢"£�µ z∗, ��j� 
‖zk+1 − z∗‖ = O(‖zk − z∗‖2), ‖H(zk+1)‖ = O(‖H(zk)‖2).

B � Ú'Û [11] �ªÄ 	 � 6 	�
 H(z)
�
z∗ Ödö�z�{)ä#åÅÄ , Þ�k�|�uªÚ'Û [14] ñ�� 8

Ä¬��� , ���
	��T� ý è�A� �} - ß ¶ u z∗ Ä zk ¯� 
‖zk + ∆zk − z∗‖ = O(‖zk − z∗‖2), (4.14)
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‖H(zk + ∆zk)‖ = O(‖H(zk)‖2). (4.15)� u�A� ÅÄ V ∈ ∂H(z∗) ¯#ö�� ·�¸ Ä , Þ � Ú'Û [15] �ªÄ��'Ã 3.1 	�
�# � Ð)Ñ�l)Æ C > 0% ý è�A� �} - ß ¶ u z∗ Ä zk ¯� 
‖H ′(zk)−1‖ ≤ C. (4.16)

���
,
�

(3.1), (4.9) ß (4.16) 	�
)è�A� �} - ß ¶ u z∗ Ä zk ¯� 
‖∆zk‖ ≤ ‖H ′(zk)−1‖‖βkp−H(zk)‖ ≤ C(γ + 1)‖H(zk‖.

ô
í �4è�A� �} - ß ¶ u z∗ Ä zk ¯� 

‖∆zk‖2 = O(‖H(zk)‖2). (4.17)

�
(4.15) ß (4.17) 	�
)è�A� �} - ß ¶ u z∗ Ä zk ¯� 

‖H(zk + ∆zk)‖ + λ1‖∆zk‖2 ≤ τ‖H(zk)‖.
�C�

, è�A� �} - ß ¶ u z∗ Ä zk, αk = 1 ¯
Ù$Ú (3.2), � zk+1 = zk + ∆zk. Pm¿�Q (4.14)

ß (4.15) 	�
'ñ��ªÌ�± .

5 ~Y�\�^�
ë�,
���ªè«ÈªÉ 3.1

R EªÆ#Ç�½"¾ . �#Æ�2ªÇ'Í
λ1 = 0.01, λ2 = 0.01, τ = 0.5, δ = 0.8, µ0 = 10−3, γ = 10−4, ηk = 0.95k.

� 7��
²#Í ‖H(zk)‖ ≤ 10−6.

���«Ù«ó����
¼Ô½F¿'Ý#Þ :

min f(x) =
1

2
xTQx+ cTx s.t. Ax = b, x ∈ Lθ,

ô«õ
Q ∈ Rn×n ö«ÐªÑ�{��'ñ�Ñ?Ò , c ∈ Rn, A ∈ R`×n j b ∈ R`. o¾ÂFÃ¾Ä KKT �#À$�

���«Í#Ù«óC�«ò@½F¿«à)áãÂ4Ã :

x ∈ Lθ, y ∈ L∗
θ, 〈x, y〉 = 0, F (x, y, t) = 0, (5.1)

ð��
F (x, y, t) =

(

Qx−AT t− y + c

Ax− b

)

. (5.2)

� ÆÅÇ��?¾Ä� , �?��¥�¦@Ý?!µÍ n(= 2`), Lθ = Ln1

θ × Ln2

θ × Ln3

θ × Ln4

θ ß ni = n
4

(i = 1, ..., 4) Ä����µÂ4Ã . ��

p�� , ��� Æ�Ç ¥
¦'Ð)Ñ�E�Ù�"�Ñ,Ò A ∈ R`×n,
��� ¥
¦�×¬Ø

x̄ = (x̄1, x̄2, x̄3, x̄4) ∈ intLθ, ð�� x̄i = ((‖ai‖ + 1)ctanθ, ai) ∈ intLni

θ ß ai = rand(ni − 1, 1),�
b := Ax̄.

�$�
, �
��Û«ì$s n ¥$¦ x̄ Ävé«É�¥$¦ c ∈ intLθ, ��1�2 Q = nBBT /‖BBT ‖,ô6õ

B = rand(n, `). �
��1�2 x0 = y0 = (1, 0, ..., 0)T ß t0 = (0, ..., 0)T �6Í�3�4@Ö . �«Ñ
���µÂ4Ã
����¥
¦ 10 Ñ'È�� , Æ#Ç�¿�v�ª�u í 1, ð�� AIT ß ACPU

-�. í'î ÈªÉ�A��C§�¨¼���� CPU ����������� .
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³
1. ´�µ 3.1 ������¶�·�¸�¹

θ = π
3

θ = π
4

θ = π
5

n AIT ACPU AIT ACPU AIT ACPU

100 6.8 0.08 6.6 0.09 7.7 0.08

200 6.6 0.19 6.3 0.25 7.4 0.27

300 7.0 0.47 6.5 0.45 7.6 0.59

400 6.9 0.91 6.2 0.79 7.1 1.08

500 6.9 1.41 6.3 1.39 7.3 1.65

600 7.0 2.24 6.4 2.17 7.4 2.34

700 6.8 3.27 6.2 3.17 7.2 3.47

800 7.0 4.35 6.5 4.40 7.3 4.83

900 6.9 5.92 6.3 5.64 7.0 7.34

1000 7.0 8.44 6.4 7.84 7.2 10.77

º ³
1 »^¼¾½�¿ , ´�µ 3.1 À�Á�Â�Ã�ÄT� , Å�Æ��5Ç�È���É�Ê�Ë���� CPU ���uÌ�»^¼¾ÍÎ�Ï�Ð�Ñ�Ò�Ó�Ô �uÕ . Ö�× , Ø�Ù�Ú�Û�Ü�´�µ 3.1 Ý�ÕYÞ�ß�àH�T�sÉ�ÊTË���á�â�ã�ä
Þ�ß�åæ ��ç�è , é�ê�ë�´�µ�Ã�Ç�ìN��í�î�ï .
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A DERIVATIVE-FREE SMOOTHING ALGORITHM FOR SOLVING

GENERAL CIRCULAR CONE COMPLEMENTARITY PROBLEMS

SHAO Can-ran, TANG Jing-yong

(College of Mathematics and Statistics, Xinyang Normal University, Henan 464000, China)

Abstract: In this paper we study a derivative-free smoothing algorithm for solving the

general circular cone complementarity problem. By using a smoothing function, we reformulate

the general circular cone complementarity problem as a system of smooth equations and solve it

by Newton method. The algorithm adopts a new nonmonotone derivative-free line search and

it has global and local quadratic convergence under some suitable conditions. Numerical results

show that the algorithm is very effective.

Keywords: general circular cone complementarity problem; smoothing algorithm;

derivative-free line search; quadratic convergence
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