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1 ���
�"�"���y���"�"�����g�"���"�y�y�

.  ,¡ , ¢D£"¤�¥�¦ �"§�¨�©�ª¬«T­�®�¯�°�±������������²�³�´
. Diederik Korteweg µ Gustav de Vries[1] ¶ 1895 ·"¸ ³=� KdV ¹�º ��»¼"½=¾B¿�²=�HÀ�Á���Â�Ã"Ä ¹�º ,

��������Å�Æ ¹�º �HÇ"°�È"É . Ê(Ë�¸ ³ KdV ¹�º ,
§�Ì

ÍyÎ�Ï�Ð ¹yº�Ñ�Ò�Ó�Ô�Õ�Ö�×�Ø «ÚÙyÛ��=� . Ü�Ý�Þ [2] ß�¶ Crank-Nicolson ¹�à Î KdV

¹�ºyá"â�ã�ä�åBæ"ç�è � Ð�é�ê �"� Ô=ë�Ö�ì Ä"í Ö , Ò�î�ï�ð ­yñ O(τ + h2). ò"ó"ô [3]Î�õ ä � KdV ¹"º�ç¬è � Ð�ö ð�÷ ê �y� ì Ä"í Ö . Poochinapan ø § [4]
Î�ù�ú ã�ä �

KdV ¹�ºyç�è é�Ð¬û ð�ü�ý � £=þgì Ä�í Ö .  �!�#�ø § [5]
Î

KdV ¹�ºyç�è � Ð¬û ð�÷ê �"�yÿ�� £=þgì Ä"í Ö , ����� «���í Ö �
	 Î���õ � . 
���Ô
� � (RLW) ¹�º���� �
Peregrine[6] ç�è �Ú�����
��������� � ���H¯�° . Santarelli[7]

����«�� �
RLW ¹�º�! éÐ�" ª"���g�
#"��$�%

. Chegini et al.[8] & �y� ¥�'yÖ�( ) (NPS) ß+* ­
, - 
��"Ô�� �
(RLW) ¹�º ��.�/�0 . Koide µ Furihata[9]

Î
RLW ¹�º"ç=è « û � 132"í Ö , � �
4�Æ65Û à��7� « Ò+! �8��í Ö ­�9�0=� �"õ � µ�îÚï � .

Ghiloufi et al.[10]
Î

RLW-KdV ¹yº�ç è �
�������:1�2 ì Äyí Ö ,
�"í Ö�;7<�=�>ö ð�î"ï , ;7?+=�> û ð�î"ï . @ �+5"Û à �A� «3.6/�0 �8B ; � µ�ì Ä�í Ö � îyï � .

Rouatbi et al.[11] ç¬è «Ú��� C�0��y�y�yÅ�Æ RLW-KdV ¹"º �8D ð �y�y�
E�1 ì Ä"í Ö
¹�à . @ � Brouwer F ²6G õ�H �I� «�0¬��B ; � . J
K , �I� « ì Ä�í Ö �ML )�N ��õ �
µ�O �"� . ; 4�Æ L∞- P ­�Q , �R� «3� ¹yà
;:?�=8> � û ðyî�ï , ;+<6=8> � ö ðyî�ï .

J6K , S T è « F�U �+�=� " ª�� �8V6W X�� . Rouatbi µ Omrani[12] ç è «Ú������Å"Æ
RLW-KdV ¹�º � é ��E 1 ì Ä�í Ö . Y ����í Ö � ö ð ���"� ë�Ö , Y ö �"� ÷ ê ��� ë
Ö , �7� «Z0=�[B ; � .

��4�Æ 5ÚÛ à��7� « Ï�é ��í Ö � O ��\�0 µ L )�N �yõ � , �8]�;
L∞- P ­ >
^�£ ö ð"î�ï � , ç�è «g����C�0��"�"��í Ö �M_�È ` à . Bayarassou ø § [13]
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Î
RLW-KdV ¹�º�ç è «T� Ð�� ­��6��ñ�� Î�� �6��� ÷ ê ��� Ô�ë�Ö í Ö , �8@ ��4�Æ 5Û à��7� «���í Ö3; ?�=M> û ð�î�ï , ;6<
=M> ö ð�îÚï .�� �¡�¢ ��£ ÷yð �T����� RLW-KdV ¹�º [13]

ut − uxxt + αuxxx + ux + βupux = 0, (x, t) ∈ [xl, xr] × (0, T ], (1.1)

u(x, 0) = u0(x), x ∈ [xl, xr], (1.2)

u(xl, t) = u(xr, t) = 0, ux(xl, t) = ux(xr, t) = 0, t ∈ (o, T ], (1.3)

Ò+! u0(x)
� ¢Z¤ ��¥�¦ * ­ , α µ β

�8§ ¨�©�­
.
��  @ � Taylor ª�«"Ö ©�ª=«T� Ð ÷ ê�y��ÿ�� ì Ä"í Ö , ;+<6=8> ñ ö ðyî�ï , ;:?�=8> ñ û ðyî�ï ,

í Ö � � ­
�+� ¬ £ ­ Î�
,
Ï
® � Î
� V7¯±°�²=«D¿�`�Û

.

2 ³7´�µ·¶I¸A¹·º:»�¼
Î C�0I½Ú�

[xl, xr] × [0, T ] ×�Ø+¾ í ¿yÄ , À 
�Á ­ J,N , ��Â�?�=8Ã
� ñ h = (xr −

xl)/J Ñ6<
=MÃ�� ñ τ = T/N , ¾ í G (xj , t
n)
õ ��ñ

xj = xl + jh, 0 ≤ j ≤ J µ tn = nτ, 0 ≤

n ≤ N . Ä un
j = (xj , t

n)
ñ ü�Å 0 , Un

j ≈ (xj , t
n)
ñ�­�9�0

.
õ �

Z0
h = {U = (Uj)|U−1 = U0 = U1 = UJ = UJ+1 = 0, −1 ≤ j ≤ J + 1}.

Î § ¨
Un, V n ∈ Z0

h,
õ ��Æ
Q ì Ä�`�Ç+Èt�±É µ�P ­

(Un
j )x =

Un
j+1 − Un

j

h
, (Un

j )x̄ =
Un

j − Un
j−1

h
, (Un

j )x̂ =
Un

j+1 − Un
j−1

2h
,

(Un
j )t =

Un+1
j − Un

j

τ
, (Un

j )t̂ =
Un+1

j − Un−1
j

2τ
, Ūn

j =
Un+1

j + Un−1
j

2
,

〈Un, V n〉 = h

J−1
∑

j=1

Un
j V n

j , ‖Un‖2 = 〈Un, Un〉, ‖Un‖∞ = max
1≤j≤J−1

|Un
j |.

Â
w = uxxt − αuxxx − ux −

β

p + 1
(up+1)x, (2.1)

��¹�º (1.1)
\7Ê�Ë3Ì

w = ut. Í Taylor ª�«"Ö ,
,

wn
j = (∂tu)n

j = (Un
j )t̂ + O(τ 2), (2.2)

wn
j = [(Un

j )xx̄t̂ −
h2

12
(∂4

x∂tu)n
j ] − α[(Un

j )xx̄x̂ −
h2

4
(∂5

xu)n
j ] − [(Un

j )x̂ −
h2

6
(∂3

xu)n
j ]

−
β

p + 1

{

[(Un
j )p+1]x̂ −

h2

6
(∂3

xup+1)n
j

}

+ O(h4). (2.3)

Í (2.1) Ö ,
\�,

α(∂5
xu)n

j = −(∂2
xw)n

j + (∂4
x∂tu)n

j − (∂3
xu)n

j −
β

p + 1
(∂3

xup+1)n
j . (2.4)
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ã
(2.4) Ö È�ä (2.3) Ö ,

,

wn
j = (Un

j )xx̄t̂ − α(Un
j )xx̄x̂ − (Un

j )x̂ −
β

p + 1
[(Un

j )p+1]x̂ +
h2

6
(∂4

x∂tu)n
j −

h2

12
(∂3

xu)n
j

−
βh2

12(p + 1)
(∂3

xup+1)n
j −

h2

4
(∂2

xw)n
j + O(h4). (2.5)

� ö ðÚü�ý�×"Ø8å . , £
(∂4

x∂tu)n
j = (Un

j )xxx̄x̄t̂ + O(h2), (2.6)

(∂3
xu)n

j = (Un
j )xx̄x̂ + O(h2), (2.7)

(∂3
xup+1)n

j = [(Un
j )p+1]xx̄x̂ + O(h2), (2.8)

(∂2
xw)n

j = (Wn
j )xx̄ + O(h2). (2.9)

ã
(2.6)–(2.9) Ö È�ä (2.5) Ö , æ Ì�,
-+Ê�Q�ÿ8� ì Ä�í Ö
(Un

j )t̂ − (1 −
h2

4
)(Un

j )xx̄t̂ + (α +
h2

12
)(Ūn

j )xx̄x̂ + (Ūn
j )x̂ −

h2

6
(Ūn

j )xxx̄x̄t̂ +
β

p + 1
[(Un

j )p(Ūn
j )]x̂

+
βh2

12(p + 1)
[(Un

j )p(Ūn
j )]xx̄x̂ = 0, 1 ≤ j ≤ J − 1, 1 ≤ n ≤ N − 1, (2.10)

U 0
j = u0(xj), 0 ≤ j ≤ J, (2.11)

Un
0 = Un

J = 0, (Un
0 )x̂ = (Un

J )x̂ = 0, 0 ≤ n ≤ N. (2.12)

Í ¶ ì Ä�í Ö (2.10)–(2.12)
� ÷ ê ��� ëÚÖ í Ö , ç Ê�èÚ�
Q3é � é�ê ����í Ö ±8ê�` U 1

(U 0
j )t − (1 −

h2

4
)(U 0

j )xx̄t + (α +
h2

12
)(U

1

2

j )xx̄x̂ + (U
1

2

j )x̂ −
h2

6
(U

1

2

j )xxx̄x̄t +
β

p + 1
[(U 0

j )p(Ū
1

2

j )]x̂

+
βh2

12(p + 1)
[(U 0

j )p(Ū
1

2

j )]xx̄x̂ = 0, 1 ≤ j ≤ J − 1, (2.13)

Ò+! U
1

2

j = 1
2
(U 1

j + U 0
j ).

3 µ·¶I¸A¹·º�ë�ìRí
î[ï

3.1
[14]
Î § ¨ é�Ð ¾ í * ­ Un, V n ∈ Z0

h, �
〈Un

x̄ , V n〉 = −〈Un, V n
x 〉, 〈Un

x̂ , V n〉 = −〈Un, V n
x̂ 〉, 〈Un

x̂ , Un〉 = 0, 〈Un
xx̄x̂, Un〉 = 0,

〈Un
t̂
, 2Ūn〉 = ‖Un‖2

t̂
, 〈Un

xx̄, U
n〉 = −‖Un

x ‖
2 〈Un

xxx̄x̄, Un〉 = ‖Un
xx̄‖

2.

ð ï
3.1 Ä u0 ∈ H2

0 [xl, xr], u(x, t) ∈ C6,3
x,t [xl, xr], ��ì Ä�í Ö (2.10)–(2.12) ñ ¶ Ê�Q4�Æ�ò�Û µ 4�Æ 5ÚÛ��
1�2=� , ó

Qn = Qn−1 = · · · = Q0, (3.1)

En = En−1 = · · · = E0, (3.2)
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Ò+!
Qn = h

J−1
∑

j=1

(Un+1
j + Un

j ),

En = ‖Un+1‖2 + ‖Un‖2 + (1 −
h2

4
)(‖Un+1

x ‖2 + ‖Un
x ‖

2) −
h2

6
(‖Un+1

xx̄ ‖2 + ‖Un
xx̄‖

2)

+
βτh

3(p + 1)

n
∑

`=1

J−1
∑

j=1

[(U `
j )p(Ū `

j )]x̂(Ū `
j−1 + 10Ū `

j + Ū `
j+1), 0 ≤ n ≤ N.

ô ã
(2.10) Ö é�õ�ö Ê h ÷ Î j

C µ , ø�ù�ãyä8)�N (2.12),
\�,

h

J−1
∑

j=1

(Un+1
j − Un−1

j ) = 0,

ó h
J−1
∑

j=1

(Un+1
j + Un

j ) = h
J−1
∑

j=1

(Un
j + Un−1

j ), Ë�ú (3.1) Ö , � .
ã

(2.10) Ö é�õ�® 2Ūn
X��

É
, Í3û H 3.1

\�,
‖Un‖2

t̂
+ (1 −

h2

4
)‖Un

x ‖
2
t̂
−

h2

6
‖Un

xx̄‖
2
t̂
+

β

p + 1
〈[(Un)p(Ūn)]x̂, 2Ūn〉

+
βh2

12(p + 1)
〈[(Un)p(Ūn)]xx̄x̂, 2Ūn〉 = 0. (3.3)

Í3û H 3.1, £
β

p + 1
〈[(Un)p(Ūn)]x̂, 2Ūn〉 +

βh2

12(p + 1)
〈[(Un)p(Ūn)]xx̄x̂, 2Ūn〉

=
12βh

6(p + 1)

J−1
∑

j=1

[(Un
j )p(Ūn

j )]x̂(Ūn
j ) +

βh

6(p + 1)

J−1
∑

j=1

[(Un
j )p(Ūn

j )]x̂(Ūn
j+1 − 2Ūn

j + Ūn
j−1)

=
βh

6(p + 1)

J−1
∑

j=1

[(Un
j )p(Ūn

j )]x̂(Ūn
j+1 + 10Ūn

j + Ūn
j−1). (3.4)

ã
(3.4) Ö È�ä (3.3) Ö ,

\�,

‖Un‖2
t̂
+ (1 −

h2

4
)‖Un

x ‖
2
t̂
−

h2

6
‖Un

xx̄‖
2
t̂
+

βh

6(p + 1)

J−1
∑

j=1

[(Un
j )p(Ūn

j )]x̂(Ūn
j+1 + 10Ūn

j + Ūn
j−1)

= 0. (3.5)

ó
‖Un+1‖2 + ‖Un‖2 + (1 −

h2

4
)(‖Un+1

x ‖2 + ‖Un
x ‖

2) −
h2

6
(‖Un+1

xx̄ ‖2 + ‖Un
xx̄‖

2)

+
βhτ

3(p + 1)

J−1
∑

j=1

[(Un
j )p(Ūn

j )]x̂(Ūn
j+1 + 10Ūn

j + Ūn
j−1)

= ‖Un‖2 + ‖Un−1‖2 + (1 −
h2

4
)(‖Un

x ‖
2 + ‖Un−1

x ‖2) −
h2

6
(‖Un

xx̄‖
2 + ‖Un−1

xx̄ ‖2). (3.6)
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; (3.6) Ö é�õ U�<�ü�> βhτ

3(p+1)

n−1
∑

`=1

J−1
∑

j=1

[(U `
j )p(Ū `

j )]x̂(Ū `
j+1 + 10Ū `

j + Ū `
j−1),

,

‖Un+1‖2 + ‖Un‖2 + (1 −
h2

4
)(‖Un+1

x ‖2 + ‖Un
x ‖

2) −
h2

6
(‖Un+1

xx̄ ‖2 + ‖Un
xx̄‖

2)

+
βhτ

3(p + 1)

n
∑

`=1

J−1
∑

j=1

[(U `
j )

p(Ū `
j )]x̂(Ū `

j+1 + 10Ū `
j + Ū `

j−1)

= ‖Un‖2 + ‖Un−1‖2 + (1 −
h2

4
)(‖Un

x ‖
2 + ‖Un−1

x ‖2) −
h2

6
(‖Un

xx̄‖
2 + ‖Un−1

xx̄ ‖2)

+
βhτ

3(p + 1)

n−1
∑

`=1

J−1
∑

j=1

[(U `
j )

p(Ū `
j )]x̂(Ū `

j+1 + 10Ū `
j + Ū `

j−1), (3.7)

ó , En = En−1.
�

`
È ý

(3.5) Ö � n, þ�÷ Î ` Ë 1
-

n
C µ ,

,

‖Un+1‖2 + ‖Un‖2 + (1 −
h2

4
)(‖Un+1

x ‖2 + ‖Un
x ‖

2) −
h2

6
(‖Un+1

xx̄ ‖2 + ‖Un
xx̄‖

2)

+
βhτ

3(p + 1)

n
∑

`=1

J−1
∑

j=1

[(U `
j )

p(Ū `
j )]x̂(Ū `

j+1 + 10Ū `
j + Ū `

j−1)

= ‖U 0‖2 + ‖U 1‖2 + (1 −
h2

4
)(‖U 0

x‖
2 + ‖U 1

x‖
2) −

h2

6
(‖U 0

xx̄‖
2 + ‖U 1

xx̄‖
2), (3.8)

ó En = En−1. (3.7) Ö�µ (3.8) Ö É � En = En−1 = · · · = E0. ��ÿ .

4 µ·¶I¸A¹·º����Aí������Aí
î[ï

4.1
[14]
Î § ¨��

Un ∈ Z0
h, ��£ ‖Ux̂‖

2 ≤ ‖Ux‖
2.î[ï

4.2
Î § ¨��

Un ∈ Z0
h, £ ‖Uxx‖

2 ≤ 4
h2 ‖Ux‖

2.

ô
‖Un

xx‖
2 = h

J−1
∑

j=1

(Un
j )2xx = h

J−1
∑

j=1

[

(Un
j )x−(Un

j−1
)x

h

]2

≤ 2
h

J−1
∑

j=1

[(Un
j )2x+(Un

j−1)
2
x] = 4

h2 ‖U
n
x ‖

2.î[ï
4.3

[14] (
4�Æ

Sobolev F�ø"Ö )
Î § ¨��

Un ∈ Z0
h, � B ; é�Ð 
	� ­ C1 µ C2 
,

‖Un‖∞ ≤ C1‖U
n‖ + C2‖U

n
x ‖.î[ï

4.4
[14] (
4�Æ

Gronwall F�ø"Ö ) Ä {Gn}∞n=0

�����Ú­�

, ]	���

G0 ≤ A, Gn ≤ A + Bk

n−1
∑

i=0

Gi, n = 1, 2, ...,

Ò+! A µ B � ñ���� � ­ , � Gn ≤ AeBnk, n = 0, 1, 2, ....ð ï
4.1 Ä u0 ∈ H2

0 [xl, xr], ��ì Ä�í Ö (2.10)–(2.12)
�[0 ��� Q�
 F�ø"Ö

‖Un‖ ≤ C, ‖Un
x ‖ ≤ C, ‖Un‖∞ ≤ C.

ô ��­y®���� à ± �I� . Í�� 9 )�N (2.11) £ ‖U 0‖2 ≤ C. Í é�ê í Ö (2.13)
\IÊ[`

è U 1, ç Ê £ ‖U 1‖ ≤ C, ‖U 1
x‖ ≤ C, ‖U 1‖∞ ≤ C. ��Ä

‖Uk‖ ≤ C, ‖Uk
x‖ ≤ C, ‖Uk‖∞ ≤ C, k = 0, 1, ...., n. (4.1)
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ã
(2.10) Ö é�õ
® 2Ū

XI�±É
, �8] ¿�� û H 3.1,

\�,

‖Un‖2
t̂
+ (1 −

h2

4
)‖Un

x ‖
2
t̂
−

h2

6
‖Un

xx̄‖
2
t̂

= −
β

p + 1
〈[(Un)p(Ūn)]x̂, 2Ūn〉 −

βh2

12(p + 1)
〈[(Un)p(Ūn)]xx̄x̂, 2Ūn〉. (4.2)

Í3û H 3.1 µ:û H 4.1,
,

−
β

p + 1
〈[(Un)p(Ūn)]x̂, 2Ūn〉 −

βh2

12(p + 1)
〈[(Un)p(Ūn)]xx̄x̂, 2Ūn〉

=
2βh

p + 1

J−1
∑

j=1

(Un
j )p(Ūn

j )(Ūn
j )x̂ +

βh

6(p + 1)

J−1
∑

j=1

(Un
j )p(Ūn

j )(Ūn
j+1 − 2Ūn

j + Ūn
j−1)x̂

≤ C(‖Un‖2 + ‖Un+1‖2 + ‖Un−1‖2 + ‖Un+1
x ‖2 + ‖Un−1

x ‖2). (4.3)

Â
An = ‖Un+1‖2 + ‖Un‖2 + (1 −

h2

4
)(‖Un+1

x ‖2 + ‖Un
x ‖

2) −
h2

6
(‖Un+1

xx̄ ‖2 + ‖Un
xx̄‖

2). (4.4)

��� û H 4.2, £
An + An−1 = ‖Un+1‖2 + 2‖Un‖2 + ‖Un−1‖2 + (1 −

h2

4
)(‖Un+1

x ‖2 + 2‖Un
x ‖

2 + ‖Un−1
x ‖2)

−
h2

6
(‖Un+1

xx̄ ‖2 + 2‖Un
xx̄‖

2 + ‖Un−1
xx̄ ‖2) (4.5)

≥ ‖Un+1‖2 + 2‖Un‖2 + ‖Un−1‖2 + (
1

3
−

h2

4
)(‖Un+1

x ‖2 + 2‖Un
x ‖

2 + ‖Un−1
x ‖2).

Í (4.2)–(4.5) Ö ,
\�,

An − An−1 ≤ Cτ(‖Un+1‖2 + ‖Un‖2 + ‖Un−1‖2 + ‖Un+1
x ‖2 + ‖Un−1

x ‖2)

≤ Cτ(An + An−1),

ø�ù+û H 4.2 µ:û H 4.4, � τ ��� � 
 , 2Cτ ≤ N−1
2N
< , £

An ≤ A0e4Cτ

≤

[

‖U 1‖2 + ‖U 0‖2 + (1 −
h2

4
)(‖U 1

x‖
2 + ‖U 0

x‖
2) +

h2

6
(‖U 1

xx̄‖
2 + ‖U 0

xx̄‖
2)

]

e4Cτ

≤

[

‖U 1‖2 + ‖U 0‖2 + (
5

3
−

h2

4
)(‖U 1

x‖
2 + ‖U 0

x‖
2)

]

e4Cτ . (4.6)

Í (4.1) Ö ,
,

(4.6) Ö ��� ã An £"ä . �IÍ3û H 4.2,
,

‖Un+1‖2 + ‖Un‖2 + (
1

3
−

h2

4
)(|Un+1

x ‖2 + ‖Un
x ‖

2)

≤ ‖Un+1‖2 + ‖Un‖2 + (1 −
h2

4
)(|Un+1

x ‖2 + ‖Un
x ‖

2) −
h2

6
(‖Un+1

xx̄ ‖2 + ‖Un
xx̄‖

2)

= An ≤ C.
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� h ��� � < , £ ‖Un‖ ≤ C, ‖Un
x ‖ ≤ C. Í3û H 4.3 ó \�, ‖Un‖∞ ≤ C. ��ÿ .ð ï

4.2 ��Ä u0 ∈ H2
0 [xl, xr], ��ì Ä�í Ö (2.10)–(2.12)

��0
Un � L∞ P ­ î�ï -

(1.1)–(1.3)
� ü�Å 0 , �8]yîÚïyð ñ O(τ 2 + h4).ô Ä en

j = un
j − Un

j , � (2.10)–(2.12) Ö � �"!�# ì ñ

rn
j = (en

j )t̂ − (1 −
h2

4
)(en

j )xx̄t̂ + (α +
h2

12
)(ēn

j )xx̄x̂ + (ēn
j )x̂ −

h2

6
(ēn

j )xxx̄x̄t̂

+
β

p + 1
[(un

j )p(ūn
j )]x̂ −

β

p + 1
[(Un

j )p(Ūn
j )]x̂ (4.7)

+
βh2

12(p + 1)
{[(un

j )p(ūn
j )]xx̄x̂ − [(Un

j )p(Ūn
j )]xx̄x̂}, 1 ≤ j ≤ J − 1, 1 ≤ n ≤ N − 1,

e0
j = 0, 0 ≤ j ≤ J, (4.8)

en
0 = en

J = 0, (en
0 )x̂ = (en

J)x̂ = 0, 0 ≤ n ≤ N. (4.9)

Í Taylor ª�«"Ö \�,

max
j,n

|rn
j | ≤ C(τ 2 + h4). (4.10)

ã
(4.7) Ö é�õ
® 2ē

XI�±É
, ] ¿�� û H 3.1,

,

‖en‖2
t̂
+ (1 −

h2

4
)‖en

x‖
2
t̂
−

h2

6
‖en

xx̄‖
2
t̂

= 2〈rn, ēn〉 −
β

p + 1
〈[(un)p(ūn) − (Un)p(Ūn)]x̂, 2ēn〉

−
βh2

12(p + 1)
〈[(un)p(ūn) − (Un)p(Ūn)]xx̄x̂, 2ēn〉. (4.11)

ø�ù+û H 3.1, û H 4.1 Ñ õ�H 4.1,
\�,

−
β

p + 1
〈[(un)p(ūn) − (Un)p(Ūn)]x̂, 2ēn〉 =

2βh

p + 1

J−1
∑

j=1

[(un
j )p(ūn

j ) − (Un
j )p(Ūn

j )](ēn
j )x̂

=
2βh

p + 1

J−1
∑

j=1

[(un
j )p(ūn

j ) − (un
j )p(Ūn

j ) + (un
j )p(Ūn

j ) − (Un
j )p(Ūn

j )](ēn
j )x̂

=
2βh

p + 1

J−1
∑

j=1

(un
j )p(ēn

j )(ēn
j )x̂ +

2βh

p + 1

J−1
∑

j=1

(ēn
j )

[ p−1
∑

k=0

(un
j )p−1−k(Un

j )k

]

(Ūn
j )(ēn

j )x̂

≤ C(‖en‖2 + ‖ēn
x̂‖

2 + ‖ē‖2). (4.12)
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U H , £

−
βh2

12(p + 1)
〈[(un)p(ūn) − (Un)p(Ūn)]xx̄x̂, 2ēn〉

=
βh3

6(p + 1)

J−1
∑

j=1

[(un
j )p(ūn

j ) − (Un
j )p(Ūn

j )](ēn
j )xx̄x̂

=
βh

6(p + 1)

J−1
∑

j=1

(un
j )p(en

j )(ēn
j+1 − 2ēn

j + ēn
j−1)x̂

+
βh

6(p + 1)

J−1
∑

j=1

(en
j )

[ p−1
∑

k=0

(un
j )p−1−k(Un

j )k

]

(Ūn
j )(ēn

j+1 − 2ēn
j + ēn

j−1)x̂

≤ C(‖en‖2 + ‖ēn
x̂‖

2 + ‖ē‖2). (4.13)

ã
(4.12)–(4.13) Ö È�ä (4.11) Ö \�,

‖en‖2
t̂
+ (1 −

h2

4
)‖en

x‖
2
t̂
−

h2

6
‖en

xx̄‖
2
t̂
≤ C(‖en‖2 + ‖ēn

x̂‖
2 + ‖ē‖2) + ‖rn‖2. (4.14)

Â Gn = ‖en+1‖2 + ‖en‖2 + (1 − h2

4
)(‖en+1

x ‖2 + ‖en
x‖

2) − h2

6
(‖en+1

xx̄ ‖2 + ‖en
xx̄‖

2), � (4.14) Ö\7Ê�Ë3ÌIÊ�Q Õ�Ö Gn −Gn−1 ≤ Cτ(Gn + Gn−1) + 2τ‖rn‖2. ×�ú�£ (1−Cτ)(Gn −Gn−1) ≤

2CτGn−1 + 2τ‖rn‖2. � τ ��� � 
 , 1 − Cτ > 0 < , £
Gn − Gn−1 ≤ CτGn−1 + Cτ‖rn‖2. (4.15)

Î
(4.15) Ö"Ë 1

-
n
C µ ,

,
Gn ≤ G0 + Cτ

n−1
∑

k=0

Gk + Cτ
n
∑

k=1

‖rk‖2. Í (2.13) Ö \RÊ�C
,
U 1, ç Ê £

‖e1‖ ≤ C(τ 2 + h4), ‖e1
x‖ ≤ C(τ 2 + h4), ‖e1

xx‖ ≤ C(τ 2 + h4). (4.16)

� Í (4.10) Ö µ (4.16) Ö ,
\+,

Gn ≤ Cτ
n−1
∑

k=0

Gk + C(τ 2 + h4)2. Í�û H 4.4,
,

Gn ≤

C(τ 2+h4)2eCT ≤ C(τ 2+h4)2, óT£ ‖en‖ ≤ C(τ 2+h4), ‖en
x‖ ≤ C(τ 2+h4), ‖en

xx‖ ≤ C(τ 2+h4).

Í3û H 4.3, £ ‖en‖∞ ≤ C(τ 2 + h4). ��ÿ .$ /
\ �7� Q3é � �"õ � õ�H .ð ï
4.3 ;���� õ�H 4.2

� )�N Q , ì Ä�í Ö (2.10)–(2.12)
��0 ; 4�Æ�� L∞ P ­ Q� �"õ �

.

5 %�&('*)
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@ ��+�,�- Ö�ª�« ,
\�,

(Un
j )t̂ =

Un+1
j − Un−1

j

2τ
, (5.1)

(Ūn
j )x̂ =

1

4h
(Un+1

j+1 − Un+1
j−1 + Un−1

j+1 − Un−1
j−1 ), (5.2)

(Ūn
j )xx̄x̂ =

1

2h3
(Un+1

j+2 − 2Un+1
j+1 + 2Un+1

j−1 − Un+1
j−2 )

−
1

2h3
(Un−1

j+2 − 2Un−1
j+1 + 2Un−1

j−1 − Un−1
j−2 ), (5.3)

(Un
j )xx̄t̂ =

1

2τh2
(Un+1

j+1 − 2Un+1
j + Un+1

j−1 ) −
1

2τh2
(Un−1

j+1 − 2Un−1
j + Un−1

j−1 ), (5.4)

(Un
j )xxx̄x̄t̂ =

1

2τh4
(Un+1

j+2 − 4Un+1
j+1 + 6Un+1

j − 4Un+1
j−1 + Un+1

j−2 )

−
1

2τh4
(Un−1

j+2 − 4Un−1
j+1 + 6Un−1

j − 4Un−1
j−1 + Un−1

j−2 ), (5.5)

[(Un
j )pŪn

j ]x̂ =
1

4h
[(Un

j+1)
pUn+1

j+1 − (Un
j−1)

pUn+1
j−1 ]

+
1

4h
[(Un

j+1)
pUn−1

j+1 − (Un
j−1)

pUn−1
j−1 ], (5.6)

[(Un
j )pŪn

j ]xx̄x̂ =
1

2h3
[(Un

j+2)
pUn+1

j+2 − 2(Un
j+1)

pUn+1
j+1 + 2(Un

j−1)
pUn+1

j−1 − (Un
j−2)

pUn+1
j−2 ]

+
1

2h3
[(Un

j+2)
pUn−1

j+2 − 2(Un
j+1)

pUn−1
j+1 + 2(Un

j−1)
pUn−1

j−1 − (Un
j−2)

pUn−1
j−2 ], (5.7)

ã
(5.1)–(5.7) Ö È�ä (2.10) Ö , ��ì Ä�í Ö (2.10)–(2.12)

\7Ê�Ë3ÌIÊ�Q�� ¹�º�.0/


























c1 d1 e1

b2 c2 d2 e2

a3 b3 c3 d3 e3

. . .
. . .

. . .
. . .

. . .

aJ−3 bJ−3 cJ−3 dJ−3 eJ−3

aJ−2 bJ−2 cJ−2 dJ−2

aJ−1 bJ−1 cJ−1





















































Un+1
1

Un+1
2

Un+1
3

...

Un+1
J−3

Un+1
J−2

Un+1
J−1



























=



























c1 b1 a1

d2 c2 b2 a2

e3 d3 c3 b3 a3

. . .
. . .

. . .
. . .

. . .

eJ−3 dJ−3 cJ−3 bJ−3 aJ−3

eJ−2 dJ−2 cJ−2 bJ−2

eJ−1 dJ−1 cJ−1





















































Un−1
1

Un−1
2

Un−1
3

...

Un−1
J−3

Un−1
J−2

Un−1
J−1



























, 1 ≤ n ≤ N,
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Ò+! ,

aj = −
τ

24h
−

1

6h2
−

ατ

2h3
−

βτ

24h(p + 1)
(Un

j−2)
p, j = 1, 2, ..., J − 1,

bj =
1

4
−

5τ

12h
−

1

3h2
+

ατ

h3
−

5βτ

12h(p + 1)
(Un

j−1)
p, j = 1, 2, ..., J − 1,

cj =
1

2
+

1

h2
, j = 1, 2, ..., J − 1,

dj =
1

4
+

5τ

12h
−

1

3h2
−

ατ

h3
+

5βτ

12h(p + 1)
(Un

j+1)
p, j = 1, 2, ..., J − 1,

ej =
τ

24h
−

1

6h2
+

ατ

2h3
+

βτ

24h(p + 1)
(Un

j+2)
p, j = 1, 2, ..., J − 1.

& �	1�2 à Î Ê > � ­��6�Úñ ­ Î�� ���y� ¹�º3.�4 ê C�0 .ñ�5 � ÿ8� ì Ä�í Ö (2.10)–(2.12)
��1�2"� µyîÚï � , æ Ì�6 À Ê�Qg¯y° [13]:

ut − uxxt + uxxx + ux + uux = 0, x ∈ [0, 100], t ∈ [0, 10], (5.8)

u(x, 0) = Asech2[B(x − x0)], x ∈ [0, 100]. (5.9)

¹�º (5.8)–(5.9) ü�Å 0"ñ
u(x, t) = Asech2{B[x − x0 − (1 + c)t]}, x ∈ [0, 100].

Ò+! c = 0.3, A = 3c, B =
√

c/(4c + 8), x0 = 40.

Ä
‖e‖∞ = ‖Un − un‖∞ = max

1≤j≤J−1
|Un

j − un
j |,

Ò+! un
j = u(xj , t

n)
ñ ü�Å 0 , Un

j

ñ�í Ö (2.10)–(2.12)
�[0

.
Ä�7 õ � ?�=Tµ <
= � î�ï�ðñ

Order1 = log2

(

‖e(h, τ)‖∞/‖e(
h

2
,
τ

4
)‖∞

)

, Order2 = log2

(

‖e(h, τ)‖∞/‖e(h,
τ

2
)‖∞

)

.

Ä�7 À h = 0.5, τ = 0.25 µ h = 0.25, τ = 0.125
Î í Ö (2.10)–(2.12) ×"Ø ê
` ,

é � Ã�� Q
F:U�<98 �B­�9�0�:<; 1;

Ä�7 À h = 0.5 µ h = 0.25, τ = h2 < 1�2�Û (3.1)–(3.2)
�B­�9�¯

=�:�É
1; τ = h2, T = 1 < , F+U�Ã�� Q��># ì�µ ? =�î�ï�ð :�É 2; h = 0.05, T = 2 < , F

U�Ã�� Q��?# ì�µ <
=ÚîÚïyð :�É 3.

@
1 h = 0.5 A h = 0.25 B , C�D T E En A Qn FHG9I?J

h = 0.5, τ = h2 h = 0.25, τ = h2

T En Qn En Qn

1 12.25415998088 19.93588630631 12.26753817094 19.93588569295

5 12.25512688967 19.93589062219 12.26759884884 19.93589022241

10 12.25624611405 19.93588933340 12.26766291617 19.93588879448

15 12.25724700975 19.93587739611 12.26771970484 19.93587731560



No.5 ÎÐÏÒÑÔÓ : RLW-KdV ÕÔÖØ×ÚÙÐÛÔÜÞÝfßÔàÐáÒâ 435

0 10 20 30 40 50 60 70 80 90 100

x

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

U
T=0
T=5
T=10
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x

-0.1

0
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0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

U

T=0
T=5
T=10

K
1: h = 0.5, τ = 0.25( L ) A h = 0.25, τ = 0.125( M ) B?C�D B�N F�O>J9P

@
2 τ = h2 A T = 1 B FHQ>R A�S	T U?V�W

h ‖e‖∞ Order1í Ö (2.10)–(2.12) 0.5 4.3654× 10−4 X
0.25 2.7699× 10−5 3.9782

0.125 1.7368× 10−6 3.9953 �Y
[13] 0.5 5.8370× 10−4 X

0.25 3.6596× 10−5 3.9955

0.125 2.2879× 10−6 3.9996

@
3 h = 0.05 A T = 2 B FHQ>R A�B�T U?V�W

τ ‖e‖∞ Order2í Ö (2.10)–(2.12) 0.1 1.4309 × 10−4 X
0.05 3.5869 × 10−5 1.9961

0.025 8.9779 × 10−6 1.9983

0.0125 2.2455 × 10−6 1.9993 �Y
[13] 0.1 1.8289 × 10−4 X

0.05 4.5741 × 10−5 1.9994

0.025 1.1437 × 10−5 1.9998

0.0125 2.8609 × 10−6 1.9992

Ë ; 1
\IÊHZ è ,

í Ö (2.10)–(2.12)
�T­�9�0 ® ü�Å 0 ^�£�¤	[ �]\�^ ,

É
1
5 � «Bí

Ö ��ò�Û µ 5�Û=�3182�� ,
É

2
5 � «Bí Ö8;6? =�>
^�£ û ð � î�ï�ü�ý ,

É
3
5 � «Bí Ö

;:< =3>
^�£ ö ð � î�ï"ü�ý . _�K , Ë É 2 µ É 3
\�Ê Z è ,

í Ö (2.10)–(2.12)
�9# ì ¯ �Y

[13]
�?# ì � .

Ê >�`�a�� É �[ç�ç � ì Ä�í Ö (2.10)–(2.12)
��\�b �

.
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A COMPACT FINITE DIFFERENCE SCHEME FOR SOLVING

THE RLW-KdV EQUATION

DENG Ya-qing, WANG Xiao-feng, HE Yu-yu

(School of Mathematics and Statistics, Minnan Normal University, Zhangzhou 363000, China)

Abstract: In this paper, a three-level compact finite difference scheme for solving the

RLW-KdV equation is proposed. The compact finite difference scheme has conservation of discrete

mass and energy. The convergence and stability of the present scheme are proved by the discrete

energy method. The rate of the convergence is O(τ 2 + h
4). The numerical experiment shows that

the proposed scheme is efficient and reliable.

Keywords: RLW-KdV equation; compact finite difference scheme; conservation; stability;

convergence
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