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1 �7�
�����t���������

Xt,s =

∫ t

0

∫ s

0

b(Xu,v) du dv + W
α,β
t,s , (t, s) ∈ [0, T ]2, (1.1)

���
b ��� � Lipschitz ¡t¢ , £>¤�¥!� ��¦ ¢ Lb > 0, §�¨

|b(x) − b(y)| ≤ Lb|x − y|, x, y ∈ R, (1.2)

(Wα,β
t,s )(t,s)∈[0,T ]2 © ��� � ¢�ª7«#¬ , £W­ © ����®!¯�°!� 0, ±�°!� 0 ²t³�´�¢¶µ�·�¸ � ,��¹���º ¡t¢�§�¨

E
[

W
α,β
t,s Wα,β

u,v

]

=
1

2

(

t2α + u2α − |t − u|2α
) 1

2

(

s2β + v2β − |s − v|2β
)

, t, s, u, v ∈ [0, T ].

»�¼
, α, β ∈ (0, 1) � Hurst ´�¢ . ½�¾�¿ , À α = β = 1

2 Á , ­ © ����Â�Ã�ª�«t¬ , ´�Ä�ÅÆ
[1].Ç�È

� ��É�Ê!Ë!Ì (E, d) , Í�Î F © (E, d) ÏÐ² σ Ñ�¢ , §�¨ d(·, ·) © F ×F ÒÓ ² . Î M(E) � E Ï�Ô�Õ�Ö�× Ó É�Ø�Ù�²<Ú�Û .

Ç�È�Ü
��Ö�× Ó É µ, ν ∈ M(E),

È�Ý
µ Þ ν ß�Ì�² Wasserstein à�á��

Wp,d(µ, ν) = inf
π∈Π(µ,ν)

(∫

E

∫

E

d(x, y)pdπ(x, y)

)1/p

, p ≥ 1. (1.3)

�7�
Π(µ, ν) ©�â�ã Ë¶Ì E × E Ï�ä�å � ª � ¾�� µ æ ν ²<Ö�× Ó É�ç�è . ν é�ê µ

²>ë�ì�í
È�Ý
�

H(ν | µ) =







∫

E

ln
dν

dµ
dν, î ν � µ;

+∞,
� ­ .

(1.4)

∗ ï,ð�ñóò�ô 2021-01-18 õ ï�ñóò : 2021-03-09ö(÷(ø&ù
: ú2ûDü (1997–), ý , 3(4(þ&ÿ , ��� , ���,:N;DK�� : H@I(?	� .
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' Ö�× Ó É µ §�¨ (E, d) Ï ² Lp (*)*+-,/. , î�¤�¥¶���!¦�¢ C ≥ 0 , 021�ì2354
²>Ö�× Ó É ν ∈ M(E),

Wp,d(µ, ν) ≤
√

2CH(ν | µ). (1.5)

6-7-8�»29 é2:-;*< µ ∈ Tp(C).
�7�

, p = 1 æ p = 2 ²>=*?-1/@BADC*E*F*G*H�²�IKJ ,

­ 7 Þ Ó É¶Ú �MLON2P ë¶é . (O)O+*,5. Þ log-Sobolev +*,5. , Poincaré +*,5. ß�ÌRQ�ÕSON-P*T : , ´!Ä�Å Æ [2] , . U*V , (/)/+2,O. ¥/WOXKY[ZR\K] �*^ Q�Õ*C/E ²M_/` , a/b
Lacker ¥!Å Æ [3]

�>c `�Ú � +2,O.*d*e AW���/`¶ê*f d*g*h L*iBjlkKm ²>nOo , Massart

¥�Å Æ [4]
�Dc `�Ú � +R,*. IOJOA k/mqp*r��2^ ²/sut .6O7wvMx �Ky!é�ê ��� ( z )

�Ð�¶�¶� ² (K)K+O,B. ²-{O| . Talagrand[5] é�êÐµ!· Ó
ÉK}5~2�w�OA T2(C), �5� Feyel æ Üstünel[6]

8 {/|/�/CB@�AM�B��² Wiener Ë Ì .
c `

Girsanov �5��æ5�O�K�
È5�

, Djellout, Guillin æ Wu[7] ���5A ���Ð�Ð�¶��� ¥ Cameron-

Martin É!Ê�æ L2 É!Ê5yÐ² T2(C), �/� Wu æ Zhang[8]
85� {2�2�2C5@�A#�-��É!Ê54

Ý
y . Saussereau[9] I5J5A � ¢�ª�«>� h/�-h ² �W���!����� ² T2(C).

c ` Lyons ²>�2�2�� � � , S. Riedel[10] IBJBA5�t�-�Ðµ�·!¸ � �*h ² � �¶�¶����� ² T2(C). ��ì � � z ������
, Wu æ Zhang[11]

c ` Galerkin �/V*IKJKA L2 É!Ê5yÐ² T2(C); ��ì �W�O����� ,

Boufoussi æ Hajji[12] ¥¶Ò2� Á Ë��> R¡ Á é!ê¶�-��É¶Ê*�¢�*A T2(C), ¥¶Ò â Á Ë��> R¡
Á é�ê L2 É!Ê2���*A T2(C), Shang æ Zhang[13] ¥¶Ò â Á Ë��> R¡ Á é�ê!�-��É!Ê2���A T2(C); ��ì �t�2£ h ��� , Li æ Wang[14] ¥2�R¤ L2 É�Ê/yM�¥�-A T2(C).¦ Å 8 ¥��-��É!Ê5yl�¢� ��� (1.1) ² (/)/+2,O. . Å5§ � Õ

Ü
�¥¨>©Bª : � © 627 ��7� ²

Ü
��´�¢ t, s ± © Þ Á Ì<ë�éÐ²-« » Þ ( Z �#�/����� � ² Á Ë ³�´�¢�Õ2¬*­ ²R®t¾ ,

��AD¯O° » ��¨±© ,
6-7 ¥*�*²R��� �q³l´-c `/@Rµ�² Girsanov �2� ; ¶ © ��� � ² �#�/·

� � ¢�ª7«#¬ ,
» Q 8 ¥ 627 �/²�²>\O¸�¸ � �M¹ �!�

È
²*¨>© ,

¦ Å c `�A<Ú � +2,O. �ºl» » �R©5ª .¦ Å�²±n*o*b/y : ¥2¼/¶/§ � ,
6-7 Ç�½ � ¢�ª�«#¬�² L2¾ æ ��� ¯ ²<¤�¥  � L ²>�

� ; ¥-¼2¿/§ � ,
6R7 ¥!�l��É�Ê/yM�¥�-A ��� (1.1) ² T2(C); ¥-¼¥À�§ � ,

6R7 ÇB½ �RÁ�Õ
` ²±�2� .

2 Â�Ã�ÄÆÅ�Ç¥È�ÉËÊ�Ì�ÍÏÎÏÂ¢Ð�Ñ
2.1 ÒRÓlÔ5ÕlÖ*×MØ2Ù

6-7 }2Ú vDx � ¢�ª�«#¬�² L2¾ , ´ � Å Æ [15] ¼/¶/§ � {-� , À α, β ∈ (0, 1) Á ,

È
Ý
� � Volterra Û¶¡t¢ Kα(t, s) , À s < t Á ,

� ? . � :

Kα(t, s) = cα((
t

s
)α− 1

2 (t − s)α− 1

2 − (α −
1

2
)s

1

2
−α

∫ t

s

uα− 3

2 (u − s)α− 1

2 du), (2.1)

���
, ¦ ¢ cα §�¨*y .

cα =

√

2αΓ( 3
2
− α)

Γ(α + 1
2
)Γ(2 − 2α)

,
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»�¼
Γ � Gamma ¡t¢ . À α ∈ (0, 1) Á ,

� ¢�ª «±� h W α
t Þ Â�Ã�ª «±� h Wt Õ/yqßé-: ( ´�Ä�Å Æ [16],

ÈR�
5.2) à

Wα
t =

∫ t

0

Kα(t, s) dWs. (2.2)È�Ý
Kα(t, s) ²±á2¸Râ K−1

α (t, s),

K−1
α (t, s) = c1

α

(

(

t

s

)α− 1

2

(t − s)
1

2
−α −

(

α −
1

2

)

s
1

2
−α

∫ t

s

uα− 3

2 (u − s)
1

2
−αdu

)

, (2.3)

���
, ¦ ¢ c1

α §�¨
c1
α =

√

Γ(α + 1
2
)Γ(2 − 2α)

β( 3
2
− α, α + 1

2
)
√

2αΓ( 3
2
− α)

,

β � Beta ¡t¢ . � (2.2) æ-á2¸Râ ²
È�Ý

, Ò¥ã�1
½
{R� ( ´�Ä�Å Æ [16],

ÈR�
5.2)

Wt =

∫ t

0

K−1
α (t, s) dW α

s . (2.4)

y ^ ,
6R7 ��� ³�´�¢ Á ²±=2? .

È�Ý
Û¶¡t¢ Kα,β(t, s, v, u) §�¨-b*yM�-ä .

Kα,β(t, s, u, v) = Kα(t, u)Kβ(s, v), t > u, s > v, t, s, u, v ∈ [0, T ], (2.5)

åRæ Å Æ [1]
� §qç 3.1 ²�{R� ,

6R7 1*@2ylè . â
W

α,β
t,s =

∫ t

0

∫ s

0

Kα,β(t, s, u, v) dWu,v. (2.6)

éRê ¿ ,
��� á2¸Râ

K−1
α,β(t, s, u, v) = K−1

α (t, s)K−1
β (u, v), t > u, s > v, t, s, u, v ∈ [0, T ], (2.7)

Ò-ë ,

Wt,s =

∫ t

0

∫ s

0

K−1
α,β(t, s, u, v) dW α,β

u,v . (2.8)

» ���N¥�³�´�¢�²l4
Ý
y ,
� ¢�ª�«t¬�Þ�Â�Ã�ª�«#¬�ß ÌlQ2ì�Õ!é T*L . £#Ò�ã c `*Û

¡t¢ Kα,β(t, s, u, v) í�¸�³�´�¢ ²>Â�Ã�ª�«<¬2�2î-ï�³�´�¢ ² � ¢�ª�«t¬ , ð�¸2�2{R�2Q ©
Ù e ² .

Ø2Ù 2.1 î Kα,β(t, s, u, v) ��§�¨ (2.6) ²>Û¶¡t¢ , ñ�Õ
∫ t

0

∫ s

0

K2
α,β(t, s, u, v) dudv = t2αs2β.

ò
∫ t

0

∫ s

0

K2
α,β(t, s, u, v) dudv =

∫ t

0

K2
α(t, u) du ·

∫ s

0

K2
β(s, v) dv = t2αs2β
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,*. Ù e .

2.2 ó5×qôlõ/öR÷RØ
ø

E= C([0, T ]2, R) �
È�Ý
¥*ù [0, T ]2 @ R Ï�Ô�Õ*ú °-û2²¶¡t¢�ç�è , ¥ E ÏRü*ý��l�

É�Ê
d(ξ, γ) = sup

(t,s)∈[0,T ]2
|ξ(t, s) − γ(t, s)|, ∀ξ, γ ∈ E.

þDÿ
2.2

[17] Í�Î u(x, t), v(x, t) � [0, T ]2 ÏÐ²����qû2²¶¡#¢�« ì!êR354���¢ c , §
¨ . â u(x, t) ≤ c +

∫ t

0

∫ x

0

v(η, υ)u(η, υ) dη dυ, ñ u(x, t) ≤ c exp

(∫ t

0

∫ x

0

v(η, υ) dη dυ

)

.þ±ÿ
2.3

[21] [Borell-TIS +-,/. ] î E ����������Ë¶Ì , {fz}z∈E � E Ï�±�°���	�²#µ
·�¸ � , ‖f‖E = sup

z∈E
|fz|, ¥ E Ï�
���
�
�Õ�� ,

ø
δ2

E = sup
z∈E

E|fz|
2, ñ δ2

E, E (‖f‖E) ±�¥ E

Ï�Õ�� , ��ì�êl3O4 u > 0,

P (‖f‖E > E (‖f‖E) + u) < exp

(

−
u2

2δ2
E

)

.

� ÿ
2.4 Í�Î b §�¨ (1.2), Hurst ´�¢ α, β ∈ (0, 1) , ®�° X0,0 = 0 ,

���
(1.1) ¥¶Ë

Ì E Ï ¤�¥  �q¯ , �R¯�§�¨
E

[

sup
(t,s)∈[0,T ]2

| Xt,s |2

]

< ∞. (2.9)

� ÿ
2.4 × ò�� �>ê b �!����ç�� Lipschitz ¡W¢ , ñ b §!¨�� L�������� : ¤�¥�¦

¢ K > 0, 0-1
|b(x)|2 < K(1 + |x|2). (2.10)� È

w ∈ Ω, îRï�� � Picard �*è ,










X
(n+1)
t,s =

∫ t

0

∫ s

0

b(X(n)
u,v ) dudv + W

α,β
t,s , (t, s) ∈ [0, T ]2,

X
(0)
t,s = X0,0 = 0.

(2.11)

������Ò-ë , ì�êl3O4¶² n ≥ 1, Õ
E[|X

(n+1)
t,s − X

(n)
t,s |

2] = E

[

∣

∣

∣

∣

∫ t

0

∫ s

0

(b(X(n)
u,v ) − b(X(n−1)

u,v )) dudv

∣

∣

∣

∣

2
]

≤ T 2

∫ t

0

∫ s

0

E[|b(X(n)
u,v ) − b(X(n−1)

u,v )|2] dudv

≤ L2
bT

2

∫ t

0

∫ s

0

E[|X(n)
u,v − X(n−1)

u,v |2] dudv.

 
E[|X

(0)
t,s |

2] = 0, � E[|X
(1)
t,s |

2] < ∞, ñ¶À n = 0 Á , ¤�¥!� ��¦ ¢ a, 0-1 E[|X
(1)
t,s −X

(0)
t,s |

2] ≤

a Ù e . !�¸�"�Ñ , Ò¥ã�1*@�#R\ .
sup

(t,s)∈[0,T ]2
E[|X

(n+1)
t,s − X

(n)
t,s |2] ≤

a(L2
bT

4)n

n!
,
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Ò-ë
E

[

sup
(t,s)∈[0,T ]2

∣

∣

∣
X

(n+1)
t,s − X

(n)
t,s

∣

∣

∣

2
]

= E

[

sup
(t,s)∈[0,T ]2

∣

∣

∣

∣

∫ t

0

∫ s

0

b(X
(n+1)
t,s ) − b(X

(n)
t,s ) dudv

∣

∣

∣

∣

2
]

≤ L2
bT

2

∫ T

0

∫ T

0

E[|X
(n+1)
t,s − X

(n)
t,s |

2] dudv

≤ T 4L2
b sup

(t,s)∈[0,T ]2
E[|X

(n)
t,s − X

(n−1)
t,s |2]

≤
a(L2

bT
4)n

(n − 1)!
.

ùRF
∞
∑

n=1

E

[

sup
(t,s)∈[0,T ]2

| X
(n+1)
t,s − X

(n)
t,s |2

]

=

∞
∑

n=1

a(L2
bT

4)n

(n − 1)!
< ∞.

� Borel-Contelli $
�

, {X
(n)
t,s }(t,s)∈[0,T ]2 
���
�
 © Ë¶Ì E Ï ² Cauchy è , �Nê E ©�%& ² , ñ {X

(n)
t,s }(t,s)∈[0,T ]2 
���
�
�')(*@ {Xt,s}(t,s)∈[0,T ]2, ì�ê��*è (2.11) *�+,�tÒR1

Xt,s =

∫ t

0

∫ s

0

b(Xu,v) dudv + W
α,β
t,s .

ñ X = Xt,s © ��� (1.1) ²t� �R¯ .

yq�2¯7²  � L . Í�Î ��� (1.1) ¤�¥
Ü
�-¯ Xt,s, Yt,s, Þ�Ï-ß-����-�. é-ê ,

c `/$
�

2.2 Ò e £>1*@ : E[| Xt,s − Yt,s |2] ≡ 0, ñ  � L 1R� .

U2�-��� X §�¨ E[ sup
(t,s)∈[0,T ]2

| Xt,s |2] < ∞, +10 ø λ := E[ sup
(t,s)∈[0,T ]2

|Wα,β
t,s |], � [15]

�
. â (3.8) Ò-ë

E

[

sup
(t,s)∈[0,T ]2

|Wα,β
t,s |

]

≤ C
√

T 2α + T 2β. (2.12)

���
C �l3O4�¦ ¢ , 2�3 c `�$

�
2.3 æ ��4 ã ��5 . , Õ

E

[

sup
(t,s)∈[0,T ]2

|Xt,s|
2

]

≤2E

[

sup
(t,s)∈[0,T ]2

∣

∣

∣

∣

∫ t

0

∫ s

0

b(Xu,v) dudv

∣

∣

∣

∣

2
]

+ 2E

[

sup
(t,s)∈[0,T ]2

|Wα,β
t,s |2

]

≤2T 2
E

[

sup
(t,s)∈[0,T ]2

∫ t

0

∫ s

0

b2(Xu,v) dudv

]

+ 2E

[

( sup
(t,s)∈[0,T ]2

|Wα,β
t,s |)2

]

≤2T 2K

∫ T

0

∫ T

0

(1 + E[|Xu,v |
2]) du dv + 2

∫ ∞

−λ

(r + λ) × P

(

sup
(t,s)∈[0,T ]2

|Wα,β
t,s | > r + λ

)

dr

≤2T 4K

(

1 + sup
(t,s)∈[0,T ]2

E[|Xt,s|
2]

)

+ 2

∫ ∞

−λ

(r + λ) × exp






−

r2

2 sup
t,s∈[0,T ]2

E|W α,β
t,s |2






dr

<∞.
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�¥�>{�6 .

3 Â�Ã�ÄÆÅ�Ç¥È�ÉËÊ�Ì�ÍÏÎÏÂ¢Ð�ÑËÊ�798;:=<9>
ø

z1 = (t1, s1), z2 = (t2, s2), z1, z2 ∈ [0, T ]2.

È�Ý
z��¶é*: : z1 ≤ z2 À)��?�À t1 ≤ t2,

s1 ≤ s2; z1 < z2 À@�1?ÐÀ t1 < t2, s1 < s2, � [z1, z2] = [t1, t2]× [s1, s2]. ¥�Ö�×�Ë!Ì (Ω,F , P)

Ï ,
ø

{Fz; z ∈ [0, T ]2} ����A F ²>â σ Ñ�¢ , ��§�¨�ì2354�² z1 ≤ z2 ,Fz1
⊂ Fz2

, F0B�C
F
� Ô�Õ ²�	 Ó Ú , Fz = ∩

z<z̃
Fz̃.��D

3.1
[19]
' � ��¸ � M = {Mz; z ∈ [0, T ]2} �R� , î�ì-3O4¶² z1 ≤ z2, E [Mz2

|Fz1
] =

Mz1
. � ÿ

3.2 {Xt,s, (t, s) ∈ [0, T ]2} � �¶� (1.1) ²  �*¯ , ¥7Ë�Ì E Ï ² � ªÐ� P .

α, β ∈ (0, 1), � b §�¨ Lipschitz
�1�

(1.2), ñ ¤�¥!� ��¦ ¢ Cα,β,T,Lb
= T 2(α+β)+2eL2

bT 4

, 0
1�Ö�× Ó É P §�¨

È�Ý
¥¶Ë!Ì E ÏÐ² T2(Cα,β,T,Lb

) +R,*. .ø
Q � E Ïl3O4W§�¨ Q � P ²>Ö�× Ó É , ¥ ¹ g ²>Ö�×�Ë!Ì (Ω,F , {Ft,s}(t,s)∈[0,T ]2 , P

)

Ï
È�Ý
� �-µ ²>Ö�× Ó É P̃, §�¨

dP̃ :=
dQ

dP
(X(., .))dP. (3.1)È�Ý

�@E ¥ g {Ft,s} ÏÐ² Radon-Nikodym F ¢ M(t, s) �
M(t, s) := E

P

(

dQ

dP
(X(., .))

∣

∣

∣
Ft,s

)

=
dP̃

dP

∣

∣

∣

Ft,s

, ∀(t, s) ∈ [0, T ]2. (3.2)

½�¾�¿ , M(t, s) ((t, s) ∈ [0, T ]2) ¥ Ó É P y �
Ü
´�¢-� .þDÿ

3.3 ¥�Ö�×�Ë!Ì (Ω,F , P)
� ¤�¥!� ��G-_�¸ � h = {h(t, s)}(t,s)∈[0,T ]2 , §�¨

P

{
∫ T

0

∫ T

0

h2(u, v) dudv < ∞

}

= 1, (3.3)

� W̃t,s : [0, T ] × [0, T ] −→ R,

W̃t,s = Wt,s −

∫ t

0

∫ s

0

h(u, v) dudv, (3.4)

© Ó É P̃ y¶²>ª «<¬ . 3�H
H(Q | P ) =

1

2
EP̃

[∫ T

0

∫ T

0

h2(u, v) dt ds

]

. (3.5)

ò $
�

3.3 ²D�¥�>úJIt��Å Æ [7]
� $
�

5.6 ²±�RC .È¶Ý
τ := {z = (t, s) : M(t, s) = 0, ∀ε > 0, M(t − ε, s) > 0 K M(t, s − ε) > 0}, �

M(t, s) ²
È�Ý
Ò*ë P̃ (τ = (T, T )) = 1. �NÅ Æ [19] §Rç 2.3

� ²q{2� , ¤�¥�����G*_�¸ �
h(t, s) §�¨

P

{
∫ T

0

∫ T

0

h2(u, v) dudv < ∞

}

= 1, (3.6)
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0-1�ì�êl3O4 z = (t, s) < τ , Õ*{R�
M(t, s) = exp

(∫ t

0

∫ s

0

h(u, v)W ( dudv) −
1

2

∫ t

0

∫ s

0

h2(u, v) dudv

)

. (3.7)

y ^ ,
6R7 �¥� (3.4) Ù e . �2ê Q ��Ö�× Ó É , ��¥ Ó É P yM¯ Xt,s ² � ª�� P , Õ*{

�
∫

Ω

dQ

dP
(X(., .)) dP =

∫

C([0,T ]2,R)

dQ

dP
(w)dP (w) = Q[C([0, T ]2, R)] = 1. (3.8)

� Girsanov

ÈR�
( Å Æ [19],

ÈR�
2.3 ), ÒR1

W̃t,s = Wt,s −

∫ t

0

∫ s

0

h(u, v) dudv, (3.9)

��Ö�×�Ë!Ì (Ω,F , P̃) ÏÐ²>ª «<¬ . U-� , �¥� (3.5) Ù e . �
H(Q | P ) =

∫

C([0,T ]2,R)

dQ

dP
ln(

dQ

dP
)dP =

∫

Ω

dQ

dP
(X) ln(

dQ

dP
(X))dP

=

∫

Ω

dP̃

dP
ln(

dP̃

dP
)dP = H(P̃ | P),

´ � Å Æ [20]
� ²�� 4,L {5� ,

È�Ý
τn := {z = (t, s) ∈ [0, τ ] :

∫ t

0

∫ s

0

h2(u, v) dudv ≥

n,∀ε > 0,

∫ t−ε

0

∫ s

0

h2(u, v) dudv < n K
∫ t

0

∫ s−ε

0

h2(u, v) dudv < n}, ñ τn ↑ τ , Õ*{R�
H(Q | P ) = H(P̃ | P) = E

P[M(T, T ) ln(M(T, T ))] = E
P̃[ln(M(T, T ))]

= E
P̃[ln(M(τ))] = lim

n→∞
E

P̃[ln(M(τn))],

�Nê W̃ © (Ω,F , P̃) Ï ²<ª�«t¬ , ñ�é�ê W̃ ² �#� ã � ¥ Ó É P̃ y�²�M�N�±�� 0.
6-7

Ò¥ã�1*@-{R�
E

P̃[ln(M(τn))] = E
P̃

[∫

[0,τn]

h(z)W ( dz)−
1

2

∫

[0,τn]

h2(z) dz

]

= E
P̃

[∫

[0,τn]

h(z)W̃ ( dz) +
1

2

∫

[0,τn]

h2(z) dz

]

= E
P̃

[

1

2

∫

[0,τn]

h2(z) dz

]

,

ñ
H(Q | P ) = lim

n→∞
E

P̃

[

1

2

∫

[0,τn]

h2(z) dz

]

= E
P̃

[

1

2

∫ T

0

∫ T

0

h2(u, v) dudv

]

.

� ÿ
3.2 × ò�� ¥�Ë¶Ì E ÏR354 p *�Ö�× Ó É Q, Q � P ,

Ó É P̃ � (3.1)

È�Ý
, h

��$
�

3.3
� È�Ý ² �t� ¸ � .
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Í�Î ¤�¥!� ��G-_�¸ � a = a(t, s), (t, s) ∈ [0, T ]2, §�¨R�-�
W̃

α,β
t,s = W

α,β
t,s −

∫ t

0

∫ s

0

a(u, v) dudv. (3.10)

�±§qç 2
� ²±�-� (2.6) W̃

α,β
t,s =

∫ t

0

∫ s

0

Kα,β(t, s, u, v) dW̃u,v, O (3.4) ÒR�-1

W̃
α,β
t,s =

∫ t

0

∫ s

0

Kα,β(t, s, u, v) dWt,s −

∫ t

0

∫ s

0

Kα,β(t, s, u, v)h(u, v) du dv. (3.11)

Ò¥ã�1*@ a Þ h ß�Ì�²<é-:
∫ t

0

∫ s

0

a(u, v) dudv =

∫ t

0

∫ s

0

Kα,β(t, s, u, v)h(u, v) dudv. (3.12)

�2ÏRß*{R��ÒR1 ,
���

(1.1) ²D¯ Xt,s §�¨*yqß ���

Xt,s =

∫ t

0

∫ s

0

b(Xu,v) dudv + W̃
α,β
t,s +

∫ t

0

∫ s

0

av,u dudv,

��� b*y ��� ²D¯
X̃t,s =

∫ t

0

∫ s

0

b(X̃u,v) dudv + W̃
α,β
t,s ,

��$
�

4.2 ²±���>¸ � Ò2ë , ¥ Ó É P̃ 4
Ý
y , (X, X̃) Ô�ì*_�² � ª/ú,I#Ï�� (Q, P ) ²P Û , � Wasserstein à�áÐ²

È�Ý
, Ò-ë

W2(Q, P )2 ≤ E
P̃

[

sup
(t,s)∈[0,T ]2

|X̃t,s − Xt,s|
2

]

.

c `�$
�

4.2 ²�{R� ,
´ �¥� (2)2+R,*. Ù e ,

W2(Q, P ) ≤
√

2CH(Q | P ),

Q ³q´ �¥�
E

[

sup
(t,s)∈[0,T ]2

|X̃t,s − Xt,s|
2

]

≤ CEP̃

[∫ T

0

∫ T

0

h2(t, s) dt ds

]

.

�BA�R L \*¸ , SOyl� 8�T�U E
P̃ R,V<¿-` E �l�2� . }-Ú ���

|X̃t,s − Xt,s| ≤

∣

∣

∣

∣

∫ t

0

∫ s

0

b(X̃u,v) − b(Xu,v) du dv

∣

∣

∣

∣

+

∣

∣

∣

∣

∫ t

0

∫ s

0

a(u, v) du dv

∣

∣

∣

∣

≤

∫ t

0

∫ s

0

Lb|X̃u,v − Xu,v| du dv +

∣

∣

∣

∣

∫ t

0

∫ s

0

a(u, v) dudv

∣

∣

∣

∣

,
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�)$
�

2.2 ë
|X̃t,s − Xt,s| ≤ e

∫

t

0

∫

s

0
Lbdudv

∣

∣

∣

∣

∫ t

0

∫ s

0

a(u, v)du dv

∣

∣

∣

∣

,Ü
äXW ÁZY � ��*RU2­�° , [�*1M�N , Õ

E

[

sup
(t,s)∈[0,T ]2

|X̃t,s − Xt,s|
2

]

≤ E

[

∣

∣

∣

∣

∫ t

0

∫ s

0

a(u, v) du dv

∣

∣

∣

∣

2
]

· eL2

bT 4

.

���
a Þ h ß�Ì�²<é-: (3.12),

c ` Cauchy-Schwarz +R,*. æ LR¾ 2.1, ÒR1
E

[

∣

∣

∣

∣

∫ t

0

∫ s

0

a(u, v) du dv

∣

∣

∣

∣

2
]

= E

[

∣

∣

∣

∣

∫ t

0

∫ s

0

Kα,β(t, s, u, v)h(u, v) du dv

∣

∣

∣

∣

2
]

≤ T 2 · E

[

∫ t

0

(∫ s

0

Kα,β(t, s, u, v)h(u, v) du

)2

dv

]

≤ T 2 · E

[
∫ t

0

∫ s

0

K2
α,β(t, s, u, v) dudv ·

∫ t

0

∫ s

0

h2(u, v) dudv

]

≤ T 2α+2β+2
E

[∫ T

0

∫ T

0

h2(u, v) dudv

]

.

�¥�>{�6 .

4 \9]=^9_
`/a

4.1 ¥
ÈK�

3.1 Í�Î ��� Ù e ²-=�b�y (b � Lipschitz ¡�¢�� §�¨ (1.2)), ì
ê D := L2([0, T ]2; dtds; R) Ï ²�c�d�e*?�¡#¢ F ∈ F := {f(〈u, h1〉, 〈u, h2〉, ...〈u, hn〉); n ≥

1, hi ∈ H̃, f ∈ C
∞
b

(Rn)},
���

: 〈u1, u2〉 :=
∫ T

0

∫ T

0
u1u2 dt ds, H̃ =: {h :

∫ T

0

∫ T

0
h2(t, s) dt ds <

∞}. Poincaré +R,*. Ù e
V arP (F ) ≤ T 2(α+β)+2eL2

bT 4

∫

C([0,T ]2,R)

‖∇F (u)‖2
D dP (u).

���
: V arP (F ) � F ¥ Ó É P y¶² ��º , ∇F ∈ D , ��� F ¥ u 
�²gf�É .ò +�h �q� L , Í�Î h1, h2..., hn ����Ø���i)j , ì�êl3O4¶² F ∈ F ,

È�Ý�k@l

Φ : u −→ (〈u, h1〉, ...〈u.hn〉), D → R
n,

Φ ��� � Lipschitz ¡t¢ , §�¨ ‖Φ‖Lip = sup
u1 6=u2

|Φ(u1)−Φ(u2)|
d(u1,u2)

≤ 1.

È�Ý
v := P ◦ Φ−1, �0Å Æ

[7]
� $
�

2.1, Ò-ë v ∈ T2(Cα,β,T,Lb
). [��0Å Æ [18]

� §qç 4.1
� ²�{R| , ÒR1

V arP (F ) = V arv(f) ≤ T 2(α+β)+2eL2

bT 4

∫

Rn

|∇f |2 dv

= T 2(α+β)+2eL2

bT 4

∫

C([0,T ]2,R)

‖∇F (u)‖2
D dP (u).
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þ�ÿ
4.2

[2]

Ç�È
����É¶ÊÐËÐÌ (E, d) , î�¤!¥Ð����¦�¢ C > 0, 0/1 (E, d) Ï7² �

� Ó É µ, §Ð¨ L1
(K)K+O,B. ( µ ∈ T1(C) ), À��J? À�ì ê/3¥47²��!� Lipschitz ¡�¢

F : (E, d) → R , F � µ Ò ã ² , §!¨
∫

E

eλ(F−
∫

E
F dµ) dµ ≤ exp(

λ2

2
C‖F‖2

Lip), ∀λ ∈ R,
�

�
‖F‖Lip = supx6=y

|F (x)−F (y)|
d(x,y)

< ∞, ¥�Í�Î �1� Ù e Á , Õ*{R�
µ

((

F −

∫

E

F dµ

)

> r

)

≤ exp

(

−
r2

2C‖F‖2
Lip

)

, ∀r > 0. (4.1)

`,a
4.3

ø
V : R → R � Lipschitz ¡�¢J�¶§�¨ ‖V ‖Lip = sup

x6=y

|v(x)−v(y)|
|x−y|

≤ δ ,
�!�

(1.1) ²D¯�§�¨1m�n�o m +R,*. à 354 p * r > 0,

P (
1

T 2

∫ T

0

∫ T

0

V (Xt,s)dtds− E[
1

T 2

∫ T

0

∫ T

0

V (Xt,s)dtds] ≥ r) ≤ exp(−
r2

2δ2T 2(α+β)+2eL2

b
T 4

).

ò 6R7 ��� È�Ý ¥ C([0, T ]2, R) ÏÐ² ¡t¢ FV , ì è*? . � FV (u) = 1
T 2

∫ T

0

∫ T

0

V (ut,s)dtds,

ñ¶¡t¢ FV ¥!�l��É�Ê/y © δ-Lipschitz û2²¶¡t¢ , §�¨
‖FV ‖Lip = sup

u1 6=u2

| F (u1) − F (u2) |

d(u1, u2)
≤ δ.

 
P ∈ T2(C) , � Hölder +R,*. ÒR�

½
P ∈ T1(C),

c `�$
�

4.2 , ñ2{R�,V>1 .
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TRANSPORTATION INEQUALITIES FOR THE LAW OF A

STOCHASTIC DIFFERENTIAL EQUATION DRIVEN BY

FRACTIONAL BROWN SHEET

LIANG Wei-yi

(School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China)

Abstract: In this paper, we study the stochastic differential equation driven by fractional

Brown Sheet. By using Girsanov transformation, we prove the T2-transportation inequalities for

the law of the equation on the continious paths space with respect to the uniform norm, and it

generalizes the conclusions in the literature.

Keywords: stochastic differential equation; transportation inequality; fractional brown

sheet; Girsanov transformation
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