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^ ®@Ã���«Ì¬µ âÒË 4�5�ôÌõ�$�%p«Ì¬�÷�> . D�E [6] ý&G��� 
������C&N¯®
SIRS

âÌË�ª 45pô�õµ×0� ®<$�%����µ«�¬�÷�> ,
ÿ Ø&_�$%��&>���� . D&E [7] � æ «�¬�âÌË

,
n c������ ¥ P�����cµô�õ�ö�÷¦®<m�/ âÌË , 45pô�õ�ö�÷¦®� �d�3�¼ . D&E [8] V�G

SIR «�¬� â�Ë 4�5Fô�õ
$�%
�
��«�¬ ��ÿ Ø<��>�ô�õ0$�%Ì® ü Ì�P�Q .!#" «�¬� âÌË ü Ä�/01µº�G æ 6�7µô�õ0$%Ò®7«&= , $�Ú�.�m âÌË ²�"
¡�%�&�'�(µô
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� #�´&¶ Î�i
2 ��×
� ® § +�3�4&"���K5/61 Î&i
267�8 ®�/61&�
��9µÔµÜ i d�p¦® Ê ® SEIJRS «�¬� âÌË . ý�G Ê�âÌË 45�ôÌõ�×0� ®����&��¬µÙ�� , A
«0�01�K�Í&Î�1�>�S
c��å®�É�:��a�����6��  ü SÒ®jÙ���;6< .

2 =?>A@CB�D�EGF�HAIKJ
8µô�õ�×����&��' , Ö�Wµ×���X Y0[�×���®�ô�õ�×��������³ ª6L ��Â , �0 �¡�MÒ® ã �

ï , ô�õ0$% L�L 2�3�ôÌõ�N���®&$�%PO���«&=Ì¸ ã ���Ì×0�¦' . 8 ÿ Ø Ê ® SEIJRS «�¬
 â�Ë ��R , +�º�Q¯Ø�� 2#R�S :

1. ��3�ô�õ
$�%�®���×���ò ©UT »�Äµ«�¬ .

2.
Ê ® â�Ë þ��0´�¶�«�¬ û XV/W1 û .

3. ô�õ�×��2®�$�%p±�»�«�¬ í 	�X0 ZY�S0oZ[�® .

4. ô�õ�×���	 ü
��\^] ��� , 8µô�õ
$�%@«�¬03�¼�' , ²�_#`�ô�õ�×���'�®Ø��� ü0� ��×
��a¯Ø , b�²�_#`�c ª ��×�� ÕPd , ejô�õ�×��¦9p®���×���f
m�	gY�Så® .Ê ® SEIJRS

âÒË �ih�6�o�¼
j (2.1)-(2.5) jµÔ . k âÒË�l þ���m � Î&i , ³pÆ���¬ Îi
(S) z û R !#" X� �Äµ«�¬ , $
n æ ò�"
��¬¯® Î�i . ´&¶ Î�i (E) z`ü'Ã ó Ä&��¬¯®<�

×���  ª6L , $µ¿�X0 P�µÙ¯ØØÄ�«�¬Po��Ò® Î�i . �µ¬ Î�i (I) 	�ü%Ã0Ä�$�%@«�¬ ,
�6p "�#

$%F«&=�¸0º Á �Ì×
� ® Î&i . /#1 Î�i (J) 	 7�8�q «�;^r F�s5/61�T�U , À�t¦ü ��ugvw
xPy n�z5{6|ZvW}�~ . �^��}�~ (R) �����5�#�
uZv w�xPy������
����� �g�
�6������
, �������P�6� � v�}�~ . ��� w�x#y��6�����P� K, � K = S + E + I + J + R. � 1 ��g�¡ �¢5£ v¥¤ ��¦�§ .



































Ṡ = δR(t) − βS(t)[I(t) + εEE(t) + εJJ(t)] − αS(t) (2.1)

Ė = βS(t)[I(t) + εEE(t) + εJJ(t)] − σ1E(t)− k1E(t) (2.2)

İ = k1E(t) − σ2I(t) (2.3)

J̇ = σ2I(t) − k2J(t) (2.4)

Ṙ = αS(t) + σ1E(t) + k2J(t) − δR(t) (2.5)
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Á
1 Â�Ã SEIJRS ÄPÅ�Æ�ÃUÇWÈ#É�Ê

¤ � ËP§
δ

w�x#y�Ì �g�¥}�~�ÍgÎ6Ï�Ð�}�~Zv¥Ñ�Ò
β ��u�Ò
εE ÓPÔAÕ×Ö�Ø }�~�Ù w�x#y vi��u�Ú�ÛgviÜ
Ý6¤ �
εJ ÓPÔAÕ {W|P}�~�Ù w�x#y vi��u�Ú�ÛgviÜ
Ý6¤ �
α Þ6ß�à6á�Ò
k1 Ö�Ø }�~�Ù w�x#y ����u5v¥Ñ�Ò
k2 Ð�uP}�~�Ù w�x#y ����u5v¥Ñ�Ò
σ1 Õãâ�ä�å Ò
σ2 Ð�uP}�~�Ù w�x#y �5{W|5v¥Ñ�Ò

æ�ç
2.1 SEIJRS

 �¢ v¥è�é
ê#� ( δK
δ+α

, 0, 0, 0, αK
δ+α

), ëPì (S2, E2, I2, J2, R2), í £

S2 =
(σ1 + k1)γE

β(1 + εEγE + εJγJ)
, E2 = γEI2, J2 = γJI2

R2 = K − S2 − E2 − I2 − J2, γE =
σ2

k1

, γJ =
σ2

k2

I2 =
δKβ(1 + εEγE + εJγJ) − γE(δ + α)(σ1 + k1)

β(1 + εEγE + εJγJ)[δ(1 + γE + γJ) + γE(σ1 + k1)]
.

î ï �
R = K − S − E − I − J , ðPñgv SEIJRS

 �¢PòPó��






















Ṡ = δ(K − S − E − I − J) − βS(I + εEE + εJJ) − αS

Ė = βS(I + εEE + εJJ) − σ1E − k1E

İ = k1E − σ2I

J̇ = σ2I − k2J.

ô
Ṡ = Ė = İ = J̇ = 0, ð























δ(K − S − E − I − J) − βS(I + εEE + εJJ) − αS = 0 (2.6)

βS(I + εEE + εJJ) − σ1E − k1E = 0 (2.7)

k1E − σ2I = 0 (2.8)

σ2I − k2J = 0. (2.9)õUöP÷
(2.8) ø (2.9) ùPú�t�û E = σ2

k1

I = γEI ü J = σ2

k2

I = γJI. ý�þPÿ���� öP÷ (2.7) t ,

I[βS(1 + εEγE + εJγJ) − γE(σ1 + k1)] = 0. (2.10)

õiö�÷
(2.10) � , � I = 0 � E = J = 0, ��í��	� ö�÷ (2.2)

� t S = δK
δ+α

. � I 6= 0 � ,

S = (σ1+k1)γE

β(1+εEγE)
, � S 
 E 
 J ��� öP÷ (2.2) t ,

δ(K − S − γEI − I − γJJ) − βSI(1 + εEγE + εJγJ) − αS = 0.
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� t
I =

δKβ(1 + εEγE + εJγJ) − γE(δ + α)(σ1 + k1)

β(1 + εEγE + εJγJ)[δ(1 + γE + γJ) + γE(σ1 + k1)]
.

�������
,
öP÷

(2.6)–(2.9) v�������ùPú��






























S1 =
δK

δ + α

E1 = 0

I1 = 0

J1 = 0







































S2 =
(σ1 + k1)γE

β(1 + εEγE)

E2 = γEI2

I2 =
δKβ(1 + εEγE + εJγJ) − γE(δ + α)(σ1 + k1)

β(1 + εEγE + εJγJ)[δ(1 + γE + γJ) + γE(σ1 + k1)]

J2 = γJI2.

Ë������
.��� �

,
��Ë��

2.1 v���!�è�é
ê £ , è�é
ê ( δK
δ+α

, 0, 0, 0, αK
δ+α

) "�z ��# v%$��
����&�è
é�ê , � ��'	��( v�}�~ .

w�x6y�ò*),+�- Ð�u��5��.0/ �¥� �
�P�5�#��&�� ÷ £ 1�ò�2�3� $����W�	&�è�é�ê ,
� )54 ÿ�� ����6� 	7	8 ù�9;:�< '�=	>P� Ú����W�	&�è�é�~
Ù5v�?

~�� ÷ .

3 @BABCEDGFIHKJGL
�	M�N	O

[9] PZ��v next-generation
ö�Q�R�S�T	U +	V��

.
4 ÿ�ýgÏXW�Ð�u�}�~
Ù�v wxPy�Y	Z Ù � �����
uZv�[]\ ,

� !E^¡���
uZv w
xPy�_	`�a �^ÏbW�Ð�u�}�~ , c �	d�-�a
� Ö�Ø }�~e
 Ð�uP}�~e
 �Z�¥}�~ .

M
Fi ��fP��u�g  �¢5£ v¥}�~ i �%h�ñgvi����u w�x#y

v i V Ò , V
+

i �	f w�x6y	j ��ûP}�~ i v j ��Ò , V
−

i �	f w�x6y	j ��}�~ i v j ��Ò , í£
V = V

−

i − V
+

i , ð�k;l F ø�k;l V ùPú �

F =











βS(I + εEE + εJJ)

0

0

0











V =











(σ1 + k1)E

−k1E + σ2I

−σ2I + k2J

δR − αS − k2J − σ1E











.

Ì�m �	f � Ú�}�~ £ ��h�ñZv¥����u w�x6y v%k]l F ,
)on �	f õ z��Z��Ð�u�}�~�ë�ì�ÍZÎ

Ï WPÐ�uP}�~ , p Z�qer !�}�~ w�x#y���s�t�u v5k]l V ùPú �

F =











βSεE βS βSεJ 0

0 0 0 0

0 0 0 0

0 0 0 0











V =











σ1 + k1 0 0 0

−k1 σ2 0 0

0 −σ2 k2 0

−σ1 0 −k2 δ











.

v	w

V −1 =











1
σ1+k1

0 0 0
k1

σ2(σ1+k1)
1
σ2

0 0
k1

k2(σ1+k1)
1
k2

1
k2

0
1
δ

1
δ

1
δ

1
δ











.
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� )

FV −1 =











SβεE

k1+σ1

+ Sβk1

σ2(k1+σ1)
+ SβεJk1

k2(k1+σ1)
Sβ

σ2

+ SβεJ

k2

SβεJ

k2

0

0 0 0 0

0 0 0 0

0 0 0 0











.

��x +�VP� Rc ��k;l FV −1 v%y	zb{ , | � ��} Rc vi��~��P�
Rc =

βS

k1 + σ1

(εE +
k1

σ2

+
k1εJ

k2

).

æ�ç
3.1 � � è�é
ê (S2, E2, I2, J2, R2) ��v Rc>1 � , �6è�é
ê#������� Ë v .î öP÷

(2.1)-(2.4)
� è�é
ê (S2, E2, I2, J2, R2) ��v Jacobi k;l#�

J =











−δ − α − βI2(1 + εEγE + εJγJ) −δ − βS2εE −δ − βS2 −δ − βS2εJ

βI2(1 + εEγE + εJγJ) βS2εE − σ1 − k1 βS2 βS2εJ

0 k1 −σ2 0

0 0 σ2 −k2











.

Ùb� `�� / r !���� 6������ z 0. k;l J v�� � �P�
det(J) = (α + δ)(k1 + σ1)k2σ2 + I2βk2σ2(k1 + σ1)(1 + εJγJ) − S2αβk1k2

− S2δβk1k2 − S2αβεEk2σ2 − S2αβεJk1σ2 − S2βδεEk2σ2 − S2βδεJk1σ2

+ I2βδk1k2 + I2βδk1σ2 + I2βδk2σ2 + +I2βδεEγEk1k2 + I2βδεJγJk1k2

+ I2βδεEγEk1σ2 + I2βδεEγEk2σ2 + I2βδεJγJk1σ2 + I2βδεJγJk2σ2

+ I2βεEγEk1k2σ2 + I2βεEγEk2σ1σ2.ï �
Rc>1, ð βS2(k2σ2εE + k1k2 + k1σ2εJ)>k1 + σ1,

� )o� ��� ��ò } det(J)>0.

ß
Ù Ô � / r !���� 6�� ø	��z 0. k;l J v%���
trace(J) = βS2εE − σ1 − k1 − σ2 − k2 − δ − α − βI2(1 + εEγE + εJγJ),

í £

βS2εE − σ1 − k1 = (k1 + σ1)(
εEγE

1 + εEγE + εJγJ

− 1)<0.

� )
trace(J)<0,

r !���� 6�� ø	�Pz 0.�������
,
r !���� 6�� Ú�� � 8 ,

� ) � Ë���Z�� .
Ë������

.

4 �0��@BA��K�
4 ÿ^v������ ��� !0� Ë ���X�E  , ¡�Ð�uZv w
xPy���� , Ö�Ø }�~�Ù w
xPy v ÕUâ�ä

å Z U ,
)on�¢�£�80¤ [E^iÐ�u w
xPy��
� {6|	¥�¦���� v�{6| Z U � ø�~�û�|�� .

� )U�
�	��� [0, T ]   , �§�;¨ � �

min
σ1(t),σ2(t)

M =

∫ T

0

[m1E(t) + m2I(t) + m3J(t) +
u1

2
σ2

1(t) +
u2

2
σ2

2(t)]dt,
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í £ m1, m2, m3 ù�ú���� Ö�Ø }�~e
®Ð�u�}�~ )on {#|�}�~Zv�©�Í . u1

2
σ2

1(t) ø u2

2
σ2

2(t) ù
úP��f w�x#y v Õãâ�ä�å Z U 
V{W| Z U , ��ª�« 0<u1<u2. ¬�	®b¯���x�°��

W = {σ1(t), σ2(t) ∈ L2(0, T ) | σ1,min ≤ σ1(t) ≤ σ1,miax, σ2,min ≤ σ2(t) ≤ σ2,miax}.

ï �
R = K − S − E − I − J ,

� )54 ÿ 1 ý R
Y�± |�²��	x0³5´Zv�}�~ ó�s , ð � Ú	W]µ

��x5v%|�²���xe³,´ (4.1) ¶�Ù � f :

min
σ1(t),σ2(t)

M=
∫ T

0
[m1E(t) + m2I(t) + m3J(t) + u1

2
σ2

1(t) + u2

2
σ2

2(t)]dt

s.t. Ṡ= δ(K − S − E − I − J) − βS(I + εEE + εJJ) − αS

Ė= βS(I + εEE + εJJ) − σ1E − k1E

İ= k1E − σ2I J̇ = σ2I − k2J

S(0)= S0 E(0) = E0

I(0)= I0 J(0) = J0

σ1,min≤ σ1(t) ≤ σ1,miax σ2,min ≤ σ2(t) ≤ σ2,miax,

(4.1)

[Gz�· � !?�Bx*[ (σ1(t), σ2(t)) ∈ W , |�²A�Bx¸³�´ £ v�}?~ ö?÷G¹ Ú»º � �
(S(t), E(t), I(t), J(t)). ¶�¼ 3�� ��x�[ (σ∗

1(t), σ
∗

2(t)), þPø�½�[�¾gv¥}�~ ó�s (S∗(t), E∗(t),

I∗(t), J∗(t)) ∈ W
2 ¡I�¿�]¨ � ~
û�|�� , ð��	x�[ (σ∗

1(t), σ
∗

2(t)) À���|�²��	x0³5´Zv � !
� . æ�ç

4.1 |�²���xe³,´ (4.1)
3�� |�²�� .î ô

z = (S, E, I, J) �efg}g~ óKs , g(z, σ1, σ2) �Á�,�E¨ � vP� � ¨ � , }g~ ö÷ v Â	Ã � f(z, σ1, σ2) = (f1(z, σ1, σ2), f2(z, σ1, σ2), f3(z, σ1, σ2), f4(z, σ1, σ2)). [
z � Ú^v
(t, z) ∈ R4,

ËP§ °�Ä
M(t, z) = {(g(z, σ1, σ2) + ξ, f1(z, σ1, σ2), · · · , f4(z, σ1, σ2)) | ξ ≤ 0, (σ1, σ2) ∈ W}.

ß�Ù Ô � / ��°�Ä��eÅ�v .
ô

y1, y2 ∈ M(t, z),
v�w 3��

ξ1, ξ2 ≤ 0 ø (σ11, σ21), (σ12, σ22) ∈

W , ¡ }
y1 = (g(z, σ11, σ21) + ξ1, f1(z, σ11, σ21), · · · , f4(z, σ11, σ21))

y2 = (g(z, σ12, σ22) + ξ2, f1(z, σ12, σ22), · · · , f4(z, σ12, σ22)).

[�z�Æ�Ç
v θ ∈ [0, 1], Ú
θy1 + (1 − θ)y2 = θ(g(z, σ11, σ21) + ξ1, f1(z, σ11, σ21), · · · , f4(z, σ11, σ21))

+ (1 − θ)(g(z, σ12, σ22) + ξ2, f1(z, σ12, σ22), · · · , f4(z, σ12, σ22))

= (Y1, Y2, Y3, Y4, Y5),

í £
Y1 = θg(z, σ11, σ21) + (1 − θ)g(z, σ12, σ22) + θξ1 + (1 − θ)ξ2

Y2 = θf1(z, σ11, σ21) + (1 − θ)f1(z, σ12, σ22)

Y3 = θf2(z, σ11, σ21) + (1 − θ)f2(z, σ12, σ22)
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Y4 = θf3(z, σ11, σ21) + (1 − θ)f3(z, σ12, σ22)

Y5 = θf4(z, σ11, σ21) + (1 − θ)f4(z, σ12, σ22).

Û�z Y1, È�É�Ï � / θξ1 + (1 − θ)ξ2 ≤ 0. [�z Y1 v�Ê�����Ë , Ú
θg(z, σ11, σ21) + (1 − θ)g(z, σ12, σ22) = m1E + m2 + m3J +

u1

2
σ2

10 +
u2

2
σ2

20,

í £ σ10 =
√

θσ2
11 + (1 − θ)σ2

12, σ20 =
√

θσ2
21 + (1 − θ)σ2

22.
� )

y1, y2 Å���Ägv5Ì � !�ù s
Y1 Í Ä�°�Ä M(t, z) v�Î � .

Û�z Y2, Ú
Y2 = θf1(z, σ11, σ21) + (1 − θ)f1(z, σ12, σ22)

= δ(K − S − E − I − J) − βS(I + εEE + εJJ) − αS.

� )
y1, y2 Å���Ägv5Ì	Ï�!�ù s Y2 Í Ä�°�Ä M(t, z) v�Î � .õ,Ð�Ñ�R

, y1, y2 Å ��ÄZv�í�Ò�ù s�Ó Í Ä�°�Ä M(t, z) v Î � , ð�°�Ä M(t, z) �KÅ�v .ï � ®�¯���x�° W ��Ôgv , }�~ ö�÷ v���Ú�Õ ,
� ) |�²���x*³%´ (4.1)

3�� |�²	� .
Ë��

���
.M

Pontryagin | �	6;Ö	� ý�|	²
��x�³�´ j�×
�]Ø�Ù�Ú ¨ � |;� × ³�´ .
Ø�Ù�Ú ¨ �

H
�

H(S, E, I, J, σ1, σ2, λ1, λ2, λ3, λ4, t) = m1E + m2I + m3J + u1

2
σ2

1 + u2

2
σ2

2 + λ1Ṡ + λ2Ė +

λ3İ + λ4J̇ , ð�Û�Ü öP÷ �










































λ̇1 = −
∂H

∂S
= λ1(δ + α) + (λ1 − λ2)β(I + εEE + εJJ)

λ̇2 = −
∂H

∂E
= −m1 + λ1δ + (λ1 − λ2)βSεE + λ2σ1 + (λ2 − λ2)k1

λ̇3 = −
∂H

∂I
= −m2 + λ1δ + (λ1 − λ2)βS + (λ3 − λ4)σ2

λ̇4 = −
∂H

∂J
= −m3 + λ1δ + (λ1 − λ2)βSεJ + λ4k2.

��x ó�s σ1 ø σ2 ª�«�Ù � öP÷










∂H

∂σ1

= 0

∂H

∂σ2

= 0.

� � � � } û�|�² Õ 4 ä�å Òe
Ý|�² ¢�£ {#|�Ò�ùPú��














σ∗

1(t) = min(max(σ1,min,
λ2E

u1

), σ1,max)

σ∗

2(t) = min(max(σ2,min,
(λ3 − λ4)I

u2

), σ2,max).

5 FEÞEß�à
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U ��á a � ��6� 	7 ,
4 ÿ�ý  
¢g£ v�¤ ��)on <�}�~Zv%â	ã 6 �ä Z ª	«�å�æ��	x +V��

Rc>1,
M Ô 9]:�<�!�}�~�Ù w
xPy
��sE)5n |	²
��x ó�s v ó	× . ¬�	<�}�~�Ù5v�â

ã 6 ù�ú � S(0) = 0.95K, E(0) = 0.02K, I(0) = 0.01K, J(0) = 0.01K, R(0) = 0.01K, í£
K
� ��� w�x#y��6� . Õ 4 ä�å Ò σ1 ø�{W|�Ò σ2 v ��6�ç]è%Ó�� [0, 0.9], 9�:��	��� çè � [0, 100]. |�²���xe³,´ (4.1)

£ v¥í�þP¤ ��6 ¶6� 2
� f :

Á
2 é�êXëbì�ÄPÅ�ÃUÇWÈ í

¤ � ¤ ��6 ¤ � ¤ ��6 ¤ � ¤ ��6 ¤ � ¤ ��6
δ 0.1 β 0.1 εE 0.1 εJ 0.8

α 0.1 k1 0.1 k2 0.05 m1 0.7

m2 0.5 m3 0.4 u1 3 u2 6

î
1 ï � � <�!�}�~
Ù�v w�x6y���s 
ð|�² Õ 4 ä�å ÒK
ñ|�²Z{#|�Òe
®��x +�V�� v ?

~ ó�× . |�² Õ 4 ä�å Ò�Ü�ò;����v ó	ô m�õ � t�u ,
m |�²g{#|�Ò ` ó	ô
û	ö 6 c �	õ �

Ù;÷ . â�ø;ù��^v���x +�V���� z 1, |�²���x�ú;û5v � ��¡ } í]Ü�ò]��� õ �5Ù;÷6û 1
)

Ù , ���6�
���	ü } û6��x . 9�:�ùb� � øgv¥��x +�V���ý Î�û � z 1 v =�þ ,
Ö ï � q ��ø

����� w�x6y ø ¢�£�80¤ ��h �%ÿ������ , Õ 4 ä�å Ò�ø5{#|�Ògv�����Ù�÷ S	� � ���P���
�	ü +���- å�
�å�� .

4 ÿ�i�h5Ï�Ð�}�~�ø Ö�Ø }�~
Ù�v w�x6y���s Übò;����v�ó�ô m�õ �t	u û 0. Ð	ü�}�~
Ù w�xPy��	s�` ó	ô
û�ö 6 , c � Ù�÷#û 0.007K. {#|�}�~
Ù�v w
xPy��s	` ��#�	ó�ô�û	ö 6 , c ��õ � t	u , | ��� z 0. �Z��}�~
Ù�v w�x6y���s Übò;����v
ó�ô m ó�ô , | � ó�ô�û 0.98K

�	� zPè�é .
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�
1 ��������������� ��!#"%$�&�' (�)�!+*-,�' (�.�/��0��1���)�2

5.1 3�465	7�8:9�;�<�=�>�?+@�A
���	ü�Ò�ùPú ��6 0.1 
 0.3 ø 0.9 � , <�!�}�~�Ù
v w�x#y���s 
 |�² Õ 4 ä�å Òe
 |�²

{6|�ÒK
³��x +�V�� v 
 ó � ÷ ¶ î 2
� f . Ü�ò��
���5�#��ü�ÒZv ó	ô , |�² Õ 4 ä�å Ò

ø�|�²5{W|�Ò ¹ Ü � ó�ô . ��ú�B , ���	ü�Ò �	C���6 0.9 � , Õ 4 ä�å Ò5v ó�×	�ED � ` ó
ô
û�ö 6 c � Ù;÷6û 0.

4 ÿ�i�h ÕUâ�ä�å ÒGF t�u ����H�z5{P|�ÒGFPÙ;÷+��� .
� �
���

�W��üIF%â	ø�ù�� ,
w�x6y Õ â F ä�å Ò � z ¢�£�80¤ [E^¡Ð	ü w�x6y���� ¥�¦����JF�{#|

Ò ,
� ø�ùb�IF6{W|�Ò � z ä�å Ò .

4 ÿ6K�L������6�
�W��ü�Ò�ó�ô;� , �Pz Ö�Ø }�~IF w�x
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y Î n �bx Ë Ä � ¾�[��P� , ÷0M Õãâ�N�O�P�Q , R�S����6�
� .
Ð ��F ¢�£	8e¤ Î�ô�Tb[�^

Ð�ü w
xPy FX¥�¦ ,
� �g{6|�^iÐ�üGF w
xPy�U ���5�#��ü çeè , V�[
þ�ÿ � � N�O�W ¦�X

�P� Ô �����6� . ��x +�VP� ÜXòP�	ü�ÒYF%ó�ô m ó�ô ,
ó�×	��D ¹ � ` Ù�÷Wû 1

) Ù , | �
ù�� ý Í�ñ � z 1. .e/ � ��ü�Ò�ó�ô ,

w�x6y�ò*)#Z�- ����üIF =�þ Ù ,
¢�£�80¤ ø Ö�Ø }

~
Ù[F w�x6y Î��:\6]�^����W��üIF >�D x Ë |�²���x�ú�û , _�` ï >�D Ú ��a j À�b�c�de
. 4 ÿ6f	i�h , Ï�Ð�}�~
Ù[F w�x6y���s Übò���ü�ÒIF ó�ô , Ù�÷���� ó�g . ½�[	¾6B , �
�¥}�~�ÙEF w�x6y���s Übò���ü�ÒIF�ó�ô m û6Ú t	u . í�Ò�h�!�}�~�Ù[F w�x6y���s�Ó Übò
�	ü�ÒYF%ó�ô m ó�ô .
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�
2 i j�k-l�m�n � , �����#o�������� ��!#"%$�&�' (�)�!+*-,�' (�.�/��0��p�) q�r
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�
3 i j�k k1 � , �����#o�������� ��!#"%$�&�' (�)�!�s�' (�.�/��0��p�) q�r

5.2 t�u6v�w6x�y	z	{[?+|	465	7E8:96;�<6=�>�?+@EA
� Ö�Ø }�~�Ù w�x#y �����6������üYF�Ñ�Ò k1 } ó � , <�!�}�~�Ù w�x#y���s 
Ý|�²��

x�ú�û ) n ��x +�VP� F ó�× ¶ î 3
� f . � k1 ó�ô�� , Ç�~bò Ö�Ø }�~�ÙEF w�x#yE��� ì� Ú n � ��� Õ ¥P�P� , Õ 4 ä�å Ò;÷0M , ���
���	üYF¥Ñ�Ò�ó�ô .

S�� �6}�~�ÙEF w�x#y	�s ��Ð�ü ,
Ì�m Ð�üP}�~�ÙEF w�x#y���s ó�ô , Ö�Ø }�~�Ù w�x#y���s�t�u .

Ð � ¢�£	8e¤ À� ��� ��xP�P� ,
� ��ô � {W|�Ò Ô {#|P���	üIF w�x#y ,

U �6���6�
����& çKè ,
Ì�m S��
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{W|P}�~�ÙEF w�x#y���s ó�ô .
4 ÿ�i�h���x +�VP� Übò k1 F%ó�ô m ó�ô , Ï�Ð�}�~�ø��g�

}�~�ÙEF w�x#y���s6����1 W k1 ó�ôIF0�E� .

5.3 �	���	��5	7�8:9�;�<�=�>�?:@�A
<�!�}�~�Ù w�x#y���s 
ð|�² Õ 4 ä�å Ò�ø5{W|�Òe
 �	x +�V�����1I� ÞPß
à6á�Ò α Ù

F 
 ó � ÷ ¶ î 4
� f . Þ�ß�à�á�ÒGF ó	ô , Ç�~�ò w
xPy�� Ú C TIF��5��� ç Ç6� ,

�E�
i V ���P����Ê�À�x Ë �5�6��x�ú;û ,

M Ô�� � ò�2 i V F��5� .
õ z���!������ �	� Ú C

T�à6á6� , ���%h����6�
���	ü�� , À 2W�6C6� �	�� U��xP���P�
�EFi��ü . Ï�Ð�}�~�ÙEF wx#y À � �	� j ��û6�g��}�~ ,
S�� í�þP}�~�ÙEF w�x6y���s Übò�Þ6ß
àPá�ÒIF�ó�ô m�t�u ,Ì�m Õ 4 ä�å ÒPø�{W|�Ò6�	Übò α F%ó�ô m�t�u .
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4 i j�k α � , �����#o�������� ��!#"%$�&�' (�)�!�s�' (�.�/��0��p�) q�r

6 ���
U NP� ñIF SEIJRS �	ü�g  �¢ Ù , � M |�²���xYF+� ( 9;:W��� x#y F��
�W��ü0³,´ .� � � ñ  
¢ F�è�é�ê	V�[�í a ��� Ë�� ù�� . ý Ö�Ø }�~
Ù w�x6y F Õ 4 ä�å Ò�ø ¢�£ [

{W|P}�~�Ù w�x#y F6{W|�Ò Y�Z ?�~ ó�s , Pg� ��� !�|�²���xe³5´�V � /5|�²��GF 3���� .

| ��a � ��6� �7 , 9;: � ���W��ü�Ò β 
 Ö�Ø }�~
Ù w
xPy ����üGF�Ñ�Ò k1 
ªÞPß
àPá�Ò
α [�|�²���x�ú�ûEF0�E� , ��¼�¶6� 3

� f .

Á
3 ��� �:���PÃ,é�êXëbì+�	 =�> |�²���x�ú�û

�	ü�Ò�ó�ô Õ 4 ä�å Ò�ó�ô , {W|�Ò�ó�ô
Ö�Ø }�~�Ù w�x#y F¥Ð�ü�Ò�ó�ô Õ 4 ä�å Ò;÷0M , {W|�Ò�ó�ô

Þ6ß�à6á�Ò�ó�ô Õ 4 ä�å ÒPø�{W|�Ò Ó�t�u

�#�
���5�#��ü�Ò�ó	ô]� , Ö�Ø }�~�ÙYF w
xPy Î6¡�� Õ ¥GFWÍ	Î � ,
n ��x Ë |�²Z�

��ú�û , ô � Õãâ�ä�å Ò ,
m�1 ¾	� �6¢	£ ��Ð	ü � X�¤ ¢�£�¥6��80¤ F N�O ¥�¦ . [�z ¢�£¥���80¤ Ô . , ¾�ô � [E^¡Ð	ü w�x6y FP{#|6�P� ,

a � N6O 
§¦�¨�© S X ö �GF W ¦ , ª�¦
þPÿP�������P�6� ,

U �6�
���	üYF ç]è . � Ö�Ø }�~�Ù w�x6y ����üIF¥Ñ�Ò�ó�ô;� , .K/¥þ
ÿ � Ú n � ��� ÚE«IF Õ ¥���� ,

S	� Õ 4 ä�å ÒIF#Ù;÷ . ��[ Ö�Ø }�~
Ù w�xPy�¬ S ìJF
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1�±��
,
¢�£�¥6��8e¤ À�¾	� ��� �W��ú�û Ô� ¥6® D , ó�ô�[�^UÐ�ü w�x#y FP{#|6T6� . �

Þ�ß�à�á�Ò�ó	ô]� , �	!��
�	� �6¯�° �5�[F 2 ��óET , ÏWÐ�}�~�ÙYF#±E²	³ 2�´ �6� j �
ûP�Z��}�~ , í�Ò�}�~
Ù[F�±�²�³ �	s ¹ Übò�Þ�ß�à�á�ÒGF ó	ô m�t	u .

� ) Ð � ò*)U���� ! C6µ øGF�|�²��	x�ú�û , Ö�Ø }�~
Ù�±�²�³JF Õ 4 ä�å Ò�ø ¢�£ [�Ð	ü�±�²	³JF	¶:·�Ò¹ ÜXò�Þ6ß�à6á�ÒYF%ó�ô m�t	u .

¸º¹¼»º½

[1] ¾�¿�¿ . o�ÀÂÁ���Ã�Ä�s0Å Æ�Ã�Ä+�Âl0m�Ç È�É#Ê�Ë�ËÂÌ�Í DCC Î0Ï#��Ð#Ñ�Ò�Ó [J]. Ô�Õ�Ö�×�Ø ,

2016, 36(1): 16–19.

[2] Ù Ú , Û§Ü�Ý . Þ�À�ß à á�â�ã�Ð�Ñåä�æ�ç è0éÂêìë�í�î [J]. ïìð�ñ�ò�ó , 2008(11): 78–79.

[3] Mensi W, Hammoudeh S, Shahzad S, Shahbaz M. Modeling systemic risk and dependence structure

between oil and stock markets using a variational mode decomposition-based copula method[J].

Journal of Banking and Finance, 2017, 75(2): 258–279.

[4] MacDonald R, Sogiakas V, Tsopanakis A. Volatility co-movements and spillover effects within the

Eurozone economies: A multivariate GARCH approach using the financial stress index[J]. Journal

of International Financial Markets, Institutions and Money, 2018, 52: 17–36.

[5] Kermack W O, Mckendrick A G A. A Contribution to the mathematical theory of epidemics[J].

Proceedings of the Royal Society A Mathematical Physical and Engineering Sciences, 1927, 115(772):

700–721.

[6] ô�õ , ö�÷ , ø�ù0ú�û . ß�à�á�â0Ð:Ñ�ü�ý�ä#æ�þ�ÿ	Ë0ËìÌ�Í���� SIRS ä#æ��0Î#Ï [J]. ���0ß�à ,

2017(2): 3–13.

[7] 	�
�� . ä�æ��Î�Ï�� ß à��þ���é���� [J]. ������� , 2017(12), 54–55.

[8] ��� . ������� ü�ý�ß à�����Ð�Ñ��! �É�Ê [J]. "# ß à , 2019(5), 78–82.

[9] Dreessche P, Watmough J. Reproduction numbers and sub-threshold endemic equilibria for com-

partmental models of disease transmission[J]. Mathematical Biosciences, 2002, 180(1-2): 29–48.

OPTIMAL CONTROL STRATEGIES FOR FINANCIAL RISK

CROSS INFECTION

WEI Can

(School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China)

Abstract: In this paper, the risk contagion in financial market is investigated. After

generalizing the epidemic models, the expression of the optimal cure rate of financial sub-market

in exposed state, the optimal isolated rate of government regulator departments in isolated state

are obtained by using optimal control theory. The numerical analysis is conducted to obtain the

results of the changes of optimal control strategies under different circumstances, and the factors

affecting risk contagion.
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