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Abstract: In this paper, we studied the collection problem under Bernoulli’s trials and
derived a probability function of the multinomial geometric distribution by using the theory of
mixture lattice point sets. Further, we proposed a uniform multinomial geometric distribution
when the probabilities of each of the trial outcomes are assumed to be equal in Bernoulli’s trial.
Moreover, we obtained the probability functions, the expectation, and the variance of the two types
of distributions, and verified the differences between these two types of distributions and the normal
distribution by means of simulations. Finally, we developed a polynomial regression model on the
probability and the number of trials from the simulation results, which can be used to simplify the
calculation effectively.
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1 Introduction

Geometric distribution is an important kind of probability distribution, which has been
widely used in practice. According to the actual situation, geometric distribution has many
important generalizations. For example, Muwafi(1980) studied the k order geometric dis-
tribution by Fibonacci sequence, Philippou, et al(1980) further deduced the properties and
characteristic functions of this distribution. Miller(2008) introduced the properties and ap-
plications of geometric distribution.

In the past decade, geometric distribution has been widely used. Jayakumar(2018),
Ahmed, et al (2014) introduced the Weibull geometric distribution . The beta geometric
distribution studied by Kemp and Adrienne (2001), and some other applications can be seen
in Porwal (2018), Pedro, et al (2014)among others.

In many cases, we need to consider an important kind of problem, which we call
“collection problem” . The problem is described as: a Bernoulli experiment, one outcome
with m different results A, As,--- , A, may observed in a trial. The probability of these m
results is p; = P(A;),i =1,2,--- ,m, respectively. There are two questions:
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e How many trials are needed until all the m results appear?
e The total number of the trials Y is subject to what distribution?

In the above problems, the experiment will continue until all of A, A, -, A,, or the
r(r < m) results appeared, we are concerned about the probability distribution of Y (the
total number of the trials). Xiao, et al(2015) studied several special cases of this problem.
We further study the characteristics and properties of this kind of distribution basis on these
results. For the one hand, the distribution of Y is constructed by using the theory of mixture
lattice point set. For the other hand, using the mixexp package in R language to carry out
complex calculation in the case of high dimension. The probability distribution, expectation
and variance of Y are calculated and proved strictly.

In this paper, we first give the basic notations and their properties. In Section 3, we
give the probability distribution and the numerical characteristics of the random variable
Y which subject to Multinomial Geometric distribution (MGe). In Section 4, we mainly
introduce a special case, the Uniform Multinomial Geometric distribution(UMGe). We also
discuss the properties and asymptotic distribution of this kind of distribution. In Section
5, the asymptotic properties and estimation methods of MGe and UMGe are discussed by
data simulation. Finally, we put forward some problems that can be further studied.

2 Notations and Preliminaries

We use the notation ,defined in Li and Zhang (2017). For the positive integer n € Z™*,
denote

m
L{m,n} = {nm = (n1,na, e M) T Y mi=nmy > 0,m; €LY i =1,2,- ,m}
i=1

as the m components, n order lattice points set on a simplex. It can be decomposed into the
combination of interior point set and boundary point set £ {m,n} = N, (n) UN? (n), where

Np(n) = {n,, = (n1,n2, -+ ,nm) 10, € L{m,n},n; >0,i=1,2,--- ;m} (2.1)

is the interior point set of £ {m,n}, N°(n) = L{m,n}\N,.(n) is the boundary point set of
L{m,n}.

As (2.1) shows, Ny, (n) # 0 if and only if n > m, £ {m,n} has ("1™ ") elements, N, (n)
has (;:11) elements.

We define the index set as

Lon(j) = {ij = (ir o, ,i5) 1 1 <iy <ip <o+ <iy <m,ipy €27, k=1,2,--- ,j}. (22)
If Z,,,(j) does not include an index i € {1,2,--- ,m}, we denote it by

Im(]\z) = {i] = <i1ai2a"' aij> : ij GIm(])aZk 7é Zak = 1727"' 7]}



No. 2 The Multinomial geometric distribution 131

In this paper, we always use the form notation i; = (i1,42,--- ,i;) to indicate the j
dimensional vector, n,,\; = (71, -+ ,Mi—1,Ni41- - ,Ny,) to indicate the m — 1 dimensional
vector obtained by removing the i-th element from n,,.

Let ppm = (p1,p2, -+, pm) be a nonnegative vector, denote

S"(Pm,J) = Z Zpl szk ,j=0,1,---,m—1. (2.3)

i €Im(j) =1

For example, S™(p,,0) = (; ) S™(Pm., 1 Z (;pi _p’“)na"' ,S"(Pm,m — 1) =

>~ p}. The form of expansion of S™(py,, ) is as follows
k=1

S" (P, —7“§:<Wl k>{ > > tip”

ik €Lm (k) np Nk (n) 1

When 1 <n <m — 1, we have

m—1 7 n M .
pz m—=7 l
J — | — =
S i) =Y { T 205 (7)o =

7=0 j=0 i;€Z,,(j) njEN;(m) k=1 =0
When n > m, we have

m—1 m n

n ! Pi_

2 St enp=nt 3 ][5

j=0 N EN (1) k=1
Property 2.1 For any nonnegative vector p,, = (p1,p2, - ,Pm) and integer n > 1,

3

b D) = 3 (<1)7S" (s ) = I(n = m) (n! Z H
N =1

J

Il
o

where I(-) is indicator function.

To prove our conclusions, there three properties are proposed as follows.

Property 2.2 The sequence ¢1, %2, - , %41 is an arbitrary permutationof 1,2, .-, j+1,
if the function g(-) satisfies g(pi,,Pio, -+ 1 Pi;y) = g(P1, P2, ,pjt1), then we called the
g(p1,p2,---,pj) is symmetrical, and we have

m

ZP' Z 9P, Diyy - ’pij) _ Z 9(piys - ’pijvpiﬁl)
i )T+1 r

=1 1;€Tm(4\9) (pi + P+ P ij11€Lm(j+1) (pil ot Py +Pij+1)

m

Property 2.3 Whenn >m, (p1 +p2+ - +pn)" =0"(pm)+n! > ey >0,
T €N, (n) k=1

so we have

0" (Pm) < (p1+p2+ - +pm)". (2.4)
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Remark In the above discussion, only required p,, to be a nonnegative vector. In
the following, we use p,, to represent a probability vector, that is, to satisfy i pi=1,p; >
0,i=1,2,-- . m. =

Now,we discuss the case that p,, is a parameter in a multinomial distribution.

Definition 2.1 Random variable X subject to geometric distribution, denote as
X ~ Ge(p),0 < p < 1, the probability function of X is P(X = n) = (1 —p)" 'p,n =
1,2,--- . Random variable vector (X7, Xa, -+, X,,) subject to multiple distribution, denote
as (X1, Xa, -+, Xmm) ~ M(n,pn),the joint probability function is

m pnk
P(Xl :n17X2:n25"' aXm:nm>:n'Hn];|a
k=1

where > p; =1, ny =n.
; k=1

=1 =
Following the notations and assumption of Definition 2.1 and Property 2.1, for 1 <n <
m — 1, we know that the following equation holds.

-1
Sn(pmao) - <_1)J715n<pma]) = Oa

Jj=1

3

and S™(pm,0) = (Z pi> =1, then we get the following property.
i=1
Property 2.4 When 1 <n <m — 1, we have

-1

(=178 (P ) = D (=17 D (1) (1—Zm> =1
k=1

3
L
3

Jj=1 Jj=1 ij€Zm(y)
m—1 m—1 7 n

(1) S (P — ) = > (=170 > (=) (Zpik) = (-n™
j=1 j=1 i, €Zm(J) k=1

3 Multinomial Geometric Distribution and Its Properties

Based on the Definition 2.1 and the notations given in Section 2, we discuss the proba-
bility distribution function of multiple geometric distribution (MGe) and its properties.

Theorem 3.1 Suppose that A, As,---, A, are the m different results in each
Bernoulli experiment, p; = P(A4;) > 0, = 1,2,--- ;m. When all m results appear, the
total number of the trials Y is subject to MGe distribution, denote it as Y ~ M Ge(p,,), the
probability distribution function is

m—1

P(Y:n):i:(—l)j_l > (Zpik> <1Zpik> n=mm+1,---. (3.1)
() \k=1 k=1

j=1 i€l
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Proof Let X, X5, --,X,, are the appeared times of A, Ay, -+, A, in first n — 1
trials, so (X1, X2, ,Xm) ~ M(n — 1,py). According to the total probability formula,
there are

P(Y=n) = ZP(AZ-)P(Xl >1,, X 0> 1, X, =0,X; > 1, , X, > 1)

Sz i)

N1 ENp— 1(771 1) ki

= Zpibn_l<pm\i>
= sz 1_pz sz Z (1—1%‘—]%‘1)”71

=1 11€Im(1\i)
+Zpi > =pi—pi—pu)" e+ (D) 222% > oo
i=1  ip€Tm(2\0) i=1  Len(1\i)
= sz‘(l —p)" T - Z (Piy + i) (1= piy = pi)" ™
i=1 12€Tm(2)
=+ Z <pi1 +pi2 +pi3><1 — Diy — Diy _pis)nil
i3€Z7n(3)
4o ()2 Z (1 —piy)pp ! (Property 2.2)
11€Zm(1)
m—1 7 n—1
SHIEIEE VN TR » I
j=1 i;€Tm(J) k=1

Next, we verify its probability regularity.

Z P(Y=n)= Z Zpibn_l(l)m\i)

n=m i=1

= > pid 0=p) = > (=pi—p)" Y (=pi—py —p)"

i=1 n=m i1 €T, (1\4) i2€Tm (2\4)

Leea (_1)m72 Z p;zl—l
ileIm(l\i)

R (1 —p)" " (1—pi—pi,)"! (L =pi—pi, —pi,)" "
- Zpi i B Z (pi + piy) + Z (pi + pi, + piy)

i=1 v i1 €T, (1\0) L “ i2€Tm (2\0) g ' ‘2

m—1

D

€T (1\0) (1 - pil)
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M

(I=p)™ = > (=pi—pu)" '+ D>, (I=pi—pi—pi,)" "

1 i2€Z,(2) i3€Z,,(3)
—1)m2y !
i=1

(=171 (Pm, ) (Property 2.4)

K3

3
L

(]

I
t—‘ <.
&

This completes the proof.

If the stopping condition of the experiment is changed, we give the following two gen-
eralizations.

Corollary 3.1 Stopping the experiment until the specified r results Ay, As, -, A,
appear, the total number of trails is V,. , denote it as V,, ~ MGe(p1,ps, -+ ,pr). The
probability distribution function of V. is

n—1

P(VT:n):Z(— Z <Zp“c) (1—Zpik> n=rr—+1,--.

Jj=1 i;€Zr(5)

Corollary 3.2 Stopping the experiment until the arbitrary r results appear, the
total number of trails is W,. , denote it as W,. ~ MGe(p.,,r). The probability distribution
function of W, is

. . n—1
J J
P =m= Y St Y (Zm) (poprm) m=rrale
7) =1 =1

kr€Zm(r) j=1 i, €Z,(j

T
where Pok; = Z pkiz .
=1

According to the Property 2.2, the probability distribution function of Y ~ MGe(p,,)
has upper bound. Let

sz pi)" ! ,m is even,

un(n) =\ m (3.2)
> (pi(l —p)" (1 *pi)p?fl) ,m is odd,
1=1

then,we have P (Y =n) < u, hold, and P (Y =n) =wu, +o(p™"),0 < p < 1.
Theorem 3.2 Suppose that Y ~ MGe(p,,), the expectation and second order moment
of Y are as follow:

m—1

> (Zm) + (-1, (3.3)
(G) \k=1

j=1 i,€Zlm(j
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By =St 3 (zm) <2—Zpik)+(—1)m1- 6.4

j=1 1;€Lm ()

Proof Let us first calculate the expectation
EY)= Y nPY =n)= > > mpib" ' (Pmi)

n=m n=m i=1

n—1

=1 n=m i2€Tm (2\1)

.

m oo
=3 pi ) {n(l —p)" = X . n(l—pi—pi)" '+ X n(l—pi—pi, —pir)
i1€Zm (1\49)

+

(DT Y mpht
11 €T (1\0)

_ipi{mzz(l)j > (pﬁélpik)z (1fpﬁélpik)m l{( *l)f ik+1:|}

Jj=0 i;€Zm (5\1) k=1

=5y Lz, (1- £ o) . [(m 0+ (L) ]

i=1 1 €Tm (5)
m—1 1 J -t m—1 i1 m-1 l(m—1 J -
S e > (zp@-k) T U YR SRR )(zpik) .
= i €Tm(j) \h=1 =1 €T () I=1 k=1

Let the third item in the above formula be

0 - Syt y mzlwl( <Zp%>

j=1 1 €Tm () 1=1
) E () S () s
= <m1><1<1>m>+<1>mi§<1>l<mfl>

= —(m-1)+(-1)m".

We can get the conclusion (3.3) by substituting @ into
m—1 -1
BY)=(m-1+> -1y 3 (Zm) )
j=1 1] ezwn(7)
Next,we calculate the second moment. Let

m—1 J —h
=> (-t > <Zpik> Jh=1,2.
() \k=1

j=1 i;€Zm
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It can be seen from the above expected calculation process, there is conclusion as

-1

1Y (1—2%) (Z%) = () — (m— 1)+ (-1

1 ij €Lm (J)

3

J

The second moment can be obtained by the following calculation.

E(Y2) = 3 n(n+ DP(Y =n) - E(Y)

n=m

j=1 i€l

i gn) () (o)

_”f (1)t Y (1 = Pik>m1 [<m —b+ (épi">1]

S s {m<m+1> (1— zp>m

Jj=1 i;€Tm (J) k=1
m—1 - J m—1 ) 7 -1 7 -2
SIS (1— zpz-k> (m— 1)+ (2m — 3) (2%) +2( p>
j=1 i €Zm (5) =1 k=1 k=1
m—1
=(m—1)* 1( 171 8™ (P, )
=

Jj=1 i;€Lm (5) k=1
m—1 m—1 . 1 J =
TED DRI DI SN ST zpw>
j=1 i;€Lm(j) 1=0 k=1
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m—1

=2c72(py) — ¢ (Pm) +2(=1)™ { ) <—1>l(’":l)} = (2m = 3)(-1)™

= 2072(pm> - Cil<pm) + <_1)m71.
For example, suppose Y (™) ~ MGe(p,,), m = 2,3, 4, there are some results:

P(Y(2) = ’I’L) :pn_l(l —p) + (1 _p)n—lp’n = 2737 S

POY® =n) =3 (pil—p)" — (L= p)p ™) =34,

4
P<Y(4) = n) = Z [pl(l _pi)nil +p?_1(1 _pz)] - Z (pi1 +p12)(1 — DPiy _piz)nilan = 4757 ey

i=1 i2€Z2(4)
1

EY®) = 1

p(1—p)

1 1
EY®)=1+ — - .
(Y*) 2 (pl 1 _pz_)
1 1 1

BY®W) =3 (= +-—)~ -

= P l-pi | S P TP

4 Uniform Multiple Geometric Distribution

In this section, we mainly discuss a special case of MGe. When the parameter vector
Pm = (P1,P2," " ,Pm),Pi = %,i =1,2,--- ,m, we denote MGe (p,,) as MGe (m), named
it as Uniform Multiple Geometric distribution(UMGe).

Theorem 4.1 Suppose Y subject to UMGe distribution, we denote it as Y ~
MGe (m), then the probability distribution function of Y is

m—1 . n—1
, -1
PV =n) = 1 (1)47—1<7?1> <1%> n=mm-+1,-. (4.1)
J=
.. 1
Proof From the condition p; = —,i =1, 2, ,m, we can get
m
j j n-t m\ (] i\
_1)—1 ) _ . — (1)1 4 _ L
S e (Sn) (1-3m) =0 (D) (2) (-2)
ijeznl(j) k=1 k=1

According to equation (3.1), we have

m—1 n—1
. —1 1
PY=n=) (1)3—1@1)(1%) m=mm-+1,-.
=1

To obtain the expectation and variance of the UMGe distribution, we first give the

following three combined formulas.
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Property 4.1 The following three combination formulas are always held for arbitrary

positive integers m € Z*.

. jal(m) sl
r(m) =3 (1) j(j)— - (4.2)
S 1 /m) 1 =1
ra(m) = 3 (~1) —(jﬂ)z(j) T (4.3)

UGS ()1 S

nim) = 7:__:<—1>“§<’;7>+<—1>m1%
- W_:l<—1>“§<m; ) +n_1__:<—1>“§(7;7_‘11> Pyl
- r1<m—1>+§< (M)

7=0
RQ(LE) is
Ri@) = (-1) <”?>e<j+l>w T
=0 J

R (:v)—/ /ez(l—eﬂﬁ)mdx P H"il(_l)j; RV GO

2(2) = — 2 ; j 1 2
where Cy,C5 is the undetermined constant , then from Ry(0) = ry(m),re(1) = 1, and
equation (4.3), we have

1 ™
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Let us prove the equation (4.4) by mathematical induction. Let
- m\ [(m\> m? "1 R 1
= —1j1<.><—.>, fa(m) = — -] + -
S (1) (5) nem =51 (35) + 25

When m =1, fi(1) = f2(1) = 1, the equation (4.4) held.

If for a given m € Z*, fi(m) = f2(m) holds, then we prove that the conclusion is also
true with m + 1.

film+1) = m+1(_1)j—1<mf1> (m—ﬂ>2

= J J
N, a(m m+1 n m+1\*
= S () (55 eZ e () () e
_ (m+1)? 1 &1 (- -
= o hm+im+l) {m+1j_15_ m+1)2}+( 2
m—l—l "1 LA 9 1 1 1
-8 Bt
Com+ 1) ) (& 1 2 1 1 1 1
- 2 {(;] m+1;3+(m+1)2+;j_2+(m+1)2
m+1)2 (m-l—l1 m+1 1
g — + _2
2 lej lej
= folm+1).

So the equation hold for any m € Z*.

Theorem 4.2  Suppose Y ~ MGe(m), the expectation and variance of Y are as
follows

EY)=Y" ? (4.5)

Var(Y) = i (?)2 (1 - %) (4.6)

j=1

Proof According to Theorem 3.2 and the equation (4.2) and basic condition p,, =
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1
(p17p27 7pm)7pz:E7i:1,2,"' ,m, we have
m—1 —1
E(Y) = Y (17" > (Zm) + (=)
J=1 i;€Z;(m)
m—1 m (m
= e ()
= J\J
- 1/ m
= m _1 Jl—.< >
> 5]
1
= m G (Property 4.1 (4.2))
j=1

Var(Y) = B(Y?) - [B(Y)

j=1 i €Tm(5) \k=1 k=1 =
m m m 2 m 1 m 1
= 2 —1)! — ] —m -——m -
S (D) (5) 55 (n55)
j=1 j=1 j=1
1 1 1 1
= m? (Z ;) +Zj—2 —ng — (ng) (Property 4.1 (4.3))
j=1 j=1 j=1 j=1

- -m1 <?>2 <1 - %) (Property 4.1 (4.4))

There is another explanation for the expectation and variance of the UMGe distribution:
let the random variable X;,i = 1,2,--- ,m represent the number of trails carried out when
the ”i-th new result” appears. So X; ~ Ge (1 — —) i =1,2,--- ,m. The total number of

trails is ¥ = z X, then it can be calculated as
i=1

EY) = ZE(XZ-)=1+—+—+ - tm,
Var(Y) = iVar(Xi):O+i(mL)2+3(%)24_..._5_7”_1(@)2'

This is consistent with the formula we have deduced. According to this idea, we can
generate random numbers that obey UMGe distribution, i.e., by using the sum of random
numbers that subject to different geometric distribution.
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5 Simulation Example

In this section, we consider the probability distribution function(pdf) and cumulative

distribution function(cdf) of MGe distribution. Note ®(y) represents the cumulative distri-
bution function of standard normal distribution.

Example1 Suppose Y™ ~ MGe(p,,), where p,,

= (p1,p2,*** yPm). The parameters
are generated as follows 0
pi = m,i: 1,2, ,m.
Let p, = F (Y(m)) ,02 = Var (Y(m)), discretization of normal distribution, let ¢(y) =
[(y — pm)/om] = [(y = ptm = 1)/om], p(y) =
the cdf of Y™,

P(Y™ = y), and F(y) = P(Y(™ < g) is

Consider four situations when m = 5,10, 15, 20, respectively, the expectation and vari-
ance of the random variable are calculated as

pis = 18.67, ju1o = 68.98, p15 = 150.61, pz0 = 263.58;

o2 = 169.57, 02, = 2420.43, o} = 11680.48, 03, = 35959.53.
We draw the image of the pdf of Y (™) the upper bound u, = u,(n) of Y(™)’s pdf

according to formula (3.2), and the scatter plot of discretization of normal distribution
N (fty,,02,), respectively. The images in four situations are shown in Figure 1.

== oly) N ! m=10

' seseiee ply)
\

\

\

s \m=15
. \
sl = \\ - -
" \
e \ 21 \
' g \
' \ z |
n & . § N
i, X T P N
N A 84 %
s - N s A T
A, 8 4 \ N o
- I . La
Hm\ b\\ ‘|H|Iw 0 g
Hﬂ Mimmmesmm e | 8 1‘ |"|mlmﬂﬂl\lmmm g ]

\
\
50

© Iy

m=10
—— @[y~ ) /om]

m=15

m=20
© Fly)
— @[y~ pm)/om] |5

° Fly)
—— [y~ pmn) /o]

Figure 1 The pdf , cdf , upper bound and normal approximation of MGe distribution
in m = 5,10, 15,20 situations.

From the image point of view, the normal distribution is not a good approximation

of the MGe distribution, however, there are two intersections between the density curve of
normal distribution and the upper bound u,, of MGe’s pdf.
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The first intersection is near its expectation, so we can consider to calculate probability
by p(y) = P(Y"™ = y) when y < p,,, using upper bound instead of probability when
Y > lm, that is p(y) = um,(n).

In addition, the pdf of MGe distribution is always a right-skewed distribution which can
not be fitted well by using normal distribution. Because of the complexity of the pdf form
of MGe distribution, how to obtain its approximate distribution is an important problem to
be studied.

Example 2  Suppose Y,,, ~ MGe(m), we still use the notation of Example 1, under
conditions m = 10, 30, 50, 70, the expectation and variance are

1o = 29.29, psg = 119.85,  pso = 224.96, 7o = 338.29;
0%, = 125.69, o2, = 1331.09, o2, = 3837.87, 02, = 7652.38.

respectively.

We draw the image of the pdf of Y;,, the upper bound of Y (™)’s pdf and the scatter
plot of discretization of normal distribution N (g, 02,), respectively. The images in four
situations are shown in Figure 2.

V' om=10 " e® T,‘m:30 \ wmemems ()
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- H b '
8 i & [}
. v & % "
L Ay T \ e ]
g i W g \
” I | “ ||||||”\‘ N
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g “ H ‘Hﬂmmmmm;,._.___, ; l“' “Il""mnmm"..m- g4{= .
M M w B e 0 £

o

° Fly)

— @y — pm)fom

1 / © R
N 3 ——@[(y — ptm)/om]
o w M

Figure 2 The pdf, cdf, upper bound and normal approximation of UMGe distribution
in m = 10, 30, 50, 70 situations.

It can be seen that the effect of normal approach to UMGe is better than MGe. We
define the quantile of the UMGe distribution as g,(m) which satisfies

qp(m) = inf{y : P(Y,, <y) =p}.

We calculate the expectation of each Y,, in the situation of m = 3,4,---,40 as shown
in columns 7 and 15 of Table 1 , the variance of each Y,,, shown in columns 8 and 16 of Table
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1, the quantiles of p = 0.25,0.5,0.75,0.9,0.95 are calculated and listed in the corresponding
columns in Table 1.

Table 1 The quantile, expectation and variance of UMGe

m 025 05 075 09 095 pu o2 m 025 05 075 09 095 pu o2

3 3 4 6 8 10 6 7 22 62 75 93 115 130 81 693
4 5 6 9 12 15 8 14 23 65 80 99 121 137 86 762
5 7 9 13 17 20 11 25 24 69 84 104 127 144 91 833
6 9 12 17 22 26 15 39 25 73 89 110 134 151 95 908
7 12 16 21 27 32 18 56 26 77 93 115 140 158 100 986
8 15 19 25 32 37 22 76 27 81 98 121 147 166 105 1068
9 17 22 29 37 43 25 99 28 85 103 126 153 173 110 1152
10 20 26 34 43 50 29 126 | 29 &9 107 132 160 180 115 1240
11 23 30 38 49 56 33 155 | 30 93 112 137 167 188 120 1331
12 26 34 43 54 62 37 188 | 31 97 117 143 173 195 125 1425
13 30 37 48 60 69 41 224 | 32 101 122 149 180 202 130 1523
14 33 41 53 66 75 46 263 | 33 105 127 154 187 210 135 1624
15 36 45 b7 72 82 50 306 | 34 110 132 160 193 217 140 1728
16 40 50 62 78 89 54 352 | 35 114 136 166 200 225 145 1835
17 43 54 67 84 95 58 400 | 36 118 141 172 207 232 150 1946
18 47 58 73 90 102 63 453 | 37 122 146 178 214 240 155 2060
19 50 62 78 96 109 67 508 | 38 127 151 183 221 247 161 2177
20 54 66 83 102 116 72 567 | 39 131 156 189 228 255 166 2298
21 58 71 88 108 123 77 628 | 40 135 161 195 234 263 171 2421

Let us calculate the quantile of Y,,, at p = 0.25,0.5,0.75,0.9,0.95 for m = 3,4, --- ,40.

The scatter plot of quantile and the fitting curve of the quadratic regression model drawn

with the horizontal axis of m and the vertical axis of ¢,(m) are shown in Figure 3 (a).

From the data in Table 1 and the trend of quantile ¢, (m) in Figure 3(a), we can suppose

the quadratic regression model of quantile g,(m) and m as

(jp<m) — ﬁéo) + ﬁél)m + BZ()Q)mQ

(5.1)

The regression model that establishes according to (5.1) is very significant in p =
0.25,0.5,0.75,0.9,0.95 by calculation, and the regression coefficients as shown in Table 2.
Furthermore, calculate all quantile values for m = 3,4, ---,100,p = 0.05,0.06, - -- ,0.97,

after regression analysis, the empirical regression equation is

q(p,m) = —13.42552 + 2.83025m + 0.01111m?2 + 0.86067mp + 2.82063mp>.

(5.2)

Draw the surface graph of (5.2) and the scatter graph of (m, p, ¢(p, m)) shown in Figure

3(b).
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Table 2 The quantile fitting curve coefficient of UMGe

PR 5
0.25 —14.43 3.302 0.01163
0.50 —15.55 3.976 0.01175
0.7 —16.23 4.832 0.01192
090 —17.11 5.837 0.01189
0.95 —17.52 6.548 0.01199

7 Qo)

o5 (m)
77 )
" dustm)
S Goas(m)

(a)

Figure 3 (a) Quantile ¢,(m) for p = 0.25,0.5,0.75,0.9,0.95; (b) Empirical regression surface

of ¢(p, m) and scatter of (m,p, q(p, m)).

For example, The 0.95 quantile of Y79 can be obtained from

Go.95(10) = a5 + 595 x 10 + 795 x 10? ~ 49.15.

Using (5.2) to estimate as

4(10,0.95) ~ 49.62044.

The quantile calculated by (5.1) is more accurate than (5.2), however, in many cases

(5.2) is more convenient to use. When m is larger, the estimated value is often smaller than

the real value, so it can be considered to build a nonparametric regression model based on

the calculated data, so the calculation is more accurate.

6 Discussion

In this paper, the multiple geometric distribution is discussed under the condition of

putting back, which means that the probability of occurrence of event A; is constant for each

test. If the sampling conditions are changed, and the samples are taken one by one in a finite

population, the distribution of the total number of tests will be different if several specified

results occur. In many cases, upper bound approximation and normal approximation can

be considered.
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