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2 Fa&ENA

W [a] = [a,a] & R EWM—MERHAXNE, XHE gaeR Ha<a X a=a K, X
[a] AR, 2 a >0 B, XIH [a] FRAER; RATH RY £8 R EFTA IEER RN
4 H Ry #n R EFAETHAXBIMBNSES; H Ry £on R BT IER X E- K
L ATH Ry FIICE [a,al, [b, b], FHTRE A € R, Ry 25 8] 1 X ()38 SM0 52 4 R

[Qra} + [Qvg] = [Q—I—Q,E—I—g];

[976} - [bvb] = [Q—B,E—Q];

[a,d] - [b,b] = [min{ab, ab,ab, ab}, max{ab, ab, ab, ab}];

la,a]/[b,b] = [min{a/b, a/b,@/b,a/b}, max{a/b,a/b,a/b,a/b}};

Aa,d] [Aa, Aa], A >0,
a,al =
- \@, A\a], X<O.

[T, [a, @], (b, b] ZMIIEERER “C” 52 LN
[a,a] C [b,0] &b <a, a<d.
FESCHR [8] ', Dinghas 45 H T X [A){E i 4 Riemann FJARIE . FATH TR ((,5) RAFT
A Riemann R AR X [HAE B B0 R SE A, F R ((a,0)) T8 FTA Riemann FAR K] SE B8 H0H) i

GIE <Y
SIEL1E 3 [l bl Ry H f = [f, ], W f € TRapy HAHALE f(2), (1) € Ria,p)-

% #
<IR>/bf<t>dt [ /f 1, ( / >}

EX 1B % f:fab — RE H f@t) = [f(t),f(®)],h:[0,1] — R FEIAEEH

x,y € [a,b],t € [0,1], A
[tz + (1 =1t)y) 2 h(t)f(z) + h(1 =) f(y), (2.1)

JFR f(t) A [a,b] LB h- eEEL BATH SX (R, [a,b], RT) Fow [a,0] EFTHIXIE A- Y
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T8 1(t) = F(la) / (t — 1) f(r)dr

Tef(t) = F(la) / (r— ) f(r)dr
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EX 3 & f:la,b] = RE H f(t) = [f(t), f(t)]. & [ € IR (ar), ILEEEHFEMEY
1t a F1 b 2 SUN:

@D = oy [ (=2 - @ o),
b
(100 = [ @ =002 (e

1 Y a=n+1H, EX3ENEX2.
#HiL1 W f:[a,0] HR% Hf= [fv?] tof € IR (ja b)) il 78

(Za () = [(ZaH®), (ZehH®)]

(Lo f)(t) = [("Zaf) @), CTa f)(1)] -
IE A5 1 AE 3 EIATHESS.
SIE2 ®E:fa,b > RE HE=[68. # €€ TR oy HRT <Eb X, M

(Za€)(b) = ("Ta&)(a) = 5 [(Za&)() + ("Za&)(a)] -

N
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- b b
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_ _i! a (t— a)"(b— t)a—n—1§(a +b—t)dt, % /a (t—a)*(b— t)a—n—lg(a +b— t)dt:|
- = are— e e aro- o]
— ["Z.&(a)," Tu&(a)]
:bz-ag(a)
i b



230 A4 2 S & Vol. 41

L W feSX(h[a,b,RT) H f=[ff], h:[0,1] = R". & f € TR0, Ba

(e —mn)
o+ 1)h(%) ! (

)

vo| +
S

~ N

Q(b_i

Df< @) + 1(b) / "1 =v)* " A(v) + h(1 = v)]d.

- n!

Hh a € (n,n+1].
WE T f € SX(h,[a,b),RS), MLXHERERt €[0,1],

f<a—2|—b> :f<ta+(1—t)b—2|—tb+(1—t)b)

Qh(i) [f (ta+ (1= £)b) + f (th+ (1 — D)a)] .
£ (3.2) RPILFEFRL Lo (1 —v)o =t JEFE [0,1] ERT ¢ B,
I'(a—n) <a+b>
Tla+Dh(H? \ 2
1 a+b\ 1 [ I
h(%) < 5 >n'/u(1—u) dv

=/
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fta+ (1 =0)b)+ f(tb+ (1 —t)a) 2 [A(t) + (1 —t)] fa) + f(b). (3.3)
7E (3.3) ANMILFEI L Lo (1 —v)o =t FFLE [0,1] ERT ¢ B,
(b_la)a[ f(b) +Zaf(a)] 2 % i V(1 —v)* " h(v) + h(1 - v)]dv.

) £

CM/ V(1 =) " Hh(v) 4+ h(1 - v)]dv.

*E'L’Q 2 & feSV(h]a,b,R ) Hf l, h:[0,1] = RT. % f € IR ((a,b)> Bi I
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2

I'(a—mn)
P(a—l—l %

G ae )Q[Sf()

- n!
E2 HEHLIF AR =t N
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ES FEH LH f=F H () =¢, WARRSCHR (1) F e 2.1,
B2 W feSX(h[a,b],RY) H f=[ff],&:[a,b] = Ry KT 5 XFK, h:[0,1] —
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et (U5 e + 2o

%)
o
> f(a) + £(b) / (h(t) + h(1 — D)1 — "t + (1~ t)a)dr,

HA o e (n,n+1].
IE BT f € SX(h,[a,b],RE), IBAFE (3.2) PIILF L
t)a) HAE [0,1] BT ¢ BB
1 CL+b ! n _ pfa—n—1 _
;)f< 5 )/0 t"(1—1t) E(tb+ (1 —t)a)dt

h(
/1 t"(1—t)* " f(ta+ (L= )b) + f(tb+ (1 — t)a)] E(tb+ (1 — t)a)dt

2

[I“(ff)( ) + "Za(f6)(a)] (3.4)

Ryt A= b (1

1

1

t"(1—1)* " f (ta+ (1 —t)b) E(tb + (1 — t)a)dt

+ /1 t"(1—1)* " f (b + (1 —t)a) £(tb + (1 — t)a)dt.
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L x=tb+ (1 —t)a, ’ITE

2 {/ r—a)"(b—z)*"" 1f(a+b—$)§(x)dx+/ab(:t—a)”(b—x)°‘”1f(;p)§(x)dg;}
{/b (x—a)"(b—z)* " ' f(x)¢(a+b—2) dx+/ab(x—a)"(b—x)a_"_lf(x)f(x)dx}
b—a {/ r—a)"(b—2)* " f(x)é(x )dac—i—/ab(a:—a)"(b—x)a_”_lf(ac)f(x)da:}.
M5B 2, H

7’L' a+b ” b n| . ,
2h(§)(b—a)af< 2 ) [Z260) +"Zot(@)] 2 oy F(O0) +'Ta(f0)(@)] -

BUIETS (3.4) RIS — AR U,
flta+ (@1 =8)b)+ f(tb+ (1 —t)a) 2 [h(t) +h(1 —1)][f(a) + f(D)]. (3.5)
7E (3.5) APILFFELL t7(1 — )" 1E(th + (1 — t)a) FHAE [0,1] LXT ¢ BRsy, 15
1
/ t"(1 — )" f(ta + (1 — t)b)E(tb + (1 — t)a)dt
0

1

+ / t"(1—1)* " (b + (1 — t)a)é(tb + (1 — t)a)dt

2 [f(a) + f(b)] /O [A(t) + R(1 = )] " (L = )" ¢(th + (1 — t)a)dt.

A i,
U f 'a>a [Z2(fE)(b) 4+ "Za(f€)(a)]
2[f(a) + f(b)] /0 [h(t) + R(1 = )] t"(1 — )*""LE(th + (1 — t)a)dt.
I,

WL 3 & feSV(h[a,b,RE) H f=[f fl.¢:[a,b] — R KT 4 XK, h:[0,1] —
RT. % fo € IR (jaup), H4

! a+b\ (g
a5 o)+ Tl

s [T D0+ T (f) )]

C[f(a) + f(b)] /0 [A(t) + R(1 = )] " (1 = )" g(tb + (1 — t)a)dt.

N
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E 6 HEH 29 h(t) =¢, M

P55 (22000 + Tag(@)) 2 [0 + T o))
[f(a )+f<b)][
2

F T EEE 29 f=F H @) =t WAAZBSCHR [5] H e B 2.1,

A8 HEH 1Y a=n+1,h) =t, U“JH@JIWK [10] HHHE #E 3.3.

EE 3 & feSX(h,la,b,RY) H f=[ffl,9 € SX(ha,[a,b],R}) H g=1g,7], h:
[0, 1] — RT. & fg e IR([a’b]), i

U

p(b) + Iy p(a)].-

n!

W [T f(b)g(b) + T o f(a)g(a)]
SM(a, b)/o V(1= v)* " Hhi(V)ha(v) + ha(1 — v)he(1 — v)]dv (3.6)

+ N (a,b) /0 V(1= v)* " R (V)ho(1 = v) + hi (1 = v)ha(v)]dv

H
n!T(a —n) a+b a+b
T(o+ 1)h (2 )hg(;)f( 2 >g< 2 )
Q%Ua F0)g(b) + " T af(a)g(a)]
(b—a)
1 (3.7)

+ M(a,b)/o V"1 =) " Ry (v)ha(1 — v) + hi(1 — v)ho(v)] dv

+ N (a, b)/o v"(1—v)* " Ry (v)ha(v) + hi(1 — v)ha(1 — v)] dv.
Hrf,

M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).
WE BT f € SX(hy,[a,b],RF), g € SX (hy,[a,b],RS), NI

f(ta+ (1 —=1)b) g (ta+ (1 —t)b) 2hi(t)ha(t) f(a)g(a) + hi(1 —t)ha(L — ) f(b)g(b)
+ ha(t)ha(1 = 1) f(a)g(b) + ha (1 — t)ha(t) f(b)g(a).

F((A=t)a+1tb) g (1 —t)a+1tb) 2hy (1 — t)ha(1 — 1) f(a)g(a) + ha(t)h2(t) f(b)g(b)
+ ha(1 = t)ha(t) f(a)g(b) + ha(t)ha(1 — 1) f(b)g(a).
(R 1it,

fta+ (1 —6)b)g(ta+ (1 —1)b)+ f((1 —t)a+1tb)g((1 —t)a+tb)
O [ha(£)ha(t) + hi(1 — t)ha(1 — t)] M(a, b) (3.8)
+ [hl(t)hg(l — t) + hl(l — t)hg(t)]./\/((l,b)
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7E (3.8) AFLFEIIS e Lo (1 — v)o—n=t JEHAE [0,1] EOGT ¢ By,

E V(1 —=v)* " f(va+ (1= v)b)g(va+ (1 —v)b)dv

1

+ % V(1 =) (L= v)a+vb)g((1 — v)a+ vb)dy

0 (3.9)
QM;‘Z!’ ) /0 V(1= )" [hy (V) ha(v) + by (1 = V) ha(1 = )] dv

+ N(;;!’ ) /01 v (1 —v)e ! [hl(l —V)ha(v) + hy(v)ha(1 — V)]dl/.

H15E X3, TAITH

% i v(1— V)O‘_”_lf(ua +(1- V)b)g(ua +(1- V)b)dl/ 0 _1 5 T (0)g(b), (3.10)
% =)t (= v)at vb)g((1 - v)a+ vb)dy = (bl)bja (a)g(a). (3.11)
KA (3.10)-(3.11) AREANF] (3.9) K, BIIER (3.6) .
e fpltth,

a+b a+b
_ ( +21(1/)2b >(1—1/)a—|—1/b va+(1—v)b (1—v)a+vb
- ( 2 + 2 )g( 2 + 2 )

1(5)@(5) [f(va+ (1 =v)b)g(va+ (1 —v)b) + f((1 —v)a+vb)g((1—v)a+ Vb)}3.12)

| U

+ ha()ha(3) ([ (a1 — v) + ha(1 = 1)ho(w)] Ma, b)
+[h1(V)he (V) + ha(1 — v)ha(1 — V)] N (a,b)}.

7E (3.12) AP FEIESFRLL Lom (1 — v)o =t FEHAE [0,1) BRT ¢ BUAUY,

(ERCSICY

th(%)hg(l)l / v (1 —v)r ! [f(l/a +(1- V)b)g(l/a + (1 - Z/)b)

2°n! J,
((1 —v)a+ l/b) ((1 —v)a+ Ub)] dv

+ hl( )ha(5 )/ V(1 =) T [P ()ha(1 = v) + ha (1 = v)ha(v)] M(a, b)

+ [h1 (W) ha(v) + hi(1 — v)ha(1 — V)] N (a,b)} dv
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hi(3Vho (L
= (é ) ;)(;) [Tt £ (0)g () +"T o f (a)g(a)]
1 1 1
+ Ma, b)};l'(Q)hZ(Q) / V(1 =) " Ry (v)ha(1 — v) + hi(1 — v)ho(v)] dv
: 0
1 1 1
N(CL, b)h;/'(Q)h2(2) / I/n(l o U)a—n—l [hl(l/)hz(l/) 4 hl(l o V)h2(1 _ l/)] dv.
0
EAXPIL R, ——, RHEF (3.7)
==

[0,1]

it 4 W feSV(h,[a,b,Ry) B f=1ffl,g € SV(ha,[a,b,RE) Hg=
— R & fg GIR(ab]). M2

s [T Ba(b) + 7 @)
CM(a, b)/o v (1 =) " hi(V)ho(v) + ha(1 — v)ha(1 — v)|dv

N (@b) [ 0= (1 =)+ (L= )ha(o)]

T(a Z!F)(a Z 7;;12(;)f(a ; b)g(a ; b>
(b

n! af
QW[J f(b)g

+ M(a,b)/o V(1 =) " Ry (v)he(1 — v) + hy (1 — v)hy(v)] dv

) + T of(a)g(a)]

+ N (a, b)/o v (1 —v)* " LRy (V)ha(v) + hi(1 — v)ha(1 — v)] dv.

F9 HEHE 1T a=n+1, WASRISCHR [2) TR EE 3 FlEHE 4.
10 HEH 1P n=1a=2 WHBRCHR 3] HEERE 4.5 FIEH 4.6.
E 11 AEE 3R ) =t¢, N
1
b—a)e (T f(0)g(b) + T o f(a)g(a)]
IMa—n)
“I'(a+3)
+2N(a,b)(n + 1)(a — n)]

M(a,b)[(n+2)(n+1)+ (o —n+1)(a—n)]

I(a +F§?h:(gh2(;) f<a ; b>g<a ; b)

1 u I'(a—n)
D s [ B)90) + oSl + o

+a—n+1)(a—n)]+2N(a,b)(n+1)(a —n)]

M(a,b)[(n+2)(n+1)

9,9], h:
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CONFORMABLE FRACTIONAL INTEGRALS
HERMITE-HADAMARD TYPE INEQUALITIES FOR
INTERVAL-VALUED FUNCTIONS
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Abstract:  In this paper, we study the problem of comformable fractional integrals for

interval-valued functions in the form of Hermite-Hadamard type inequalities. Using interval

analysis and the theory of interval h-convex functions, we give the concept of comformable
fractional integrals for interval-valued functions, discuss some basic properties of these integrals,
and obtain a new class of Hermite-Hadamard type inequalities for fractional integrals, which
extend the results in [1-3].

Keywords: conformable fractional integral; interval-valued function; Hermite-Hadamard
type inequalities
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