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Abstract: In this paper, we derive a local gradient estimate of the Aronson-Bénilan type with
Laplace operator and drifting Laplace operator for positive solutions of porous medium equations
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1 Introduction

The porous medium equation(PME for short)
Ou=Au", m>1 (1.1)

appears in the description of different natural phenomena, and its theory and properties
depart strongly from the heat equation, u; = Aw, it’s most famous relative. There are
kinds of physical applications where we can use this model, mainly to characterize process
involving fluid flow, heat transfer or diffusion. For more knowledge, we recommend the book
[1] to the reader.

Among typical nonlinear problems, the mathematical theory of PME is also based on a
priori estimates. In 1979, Aronson and Bénilan obtained a celebrated second-order differen-

tial inequality of the form [2]

0 5, 0u K n
AT L — 1.2
zi:(?xi(mu 8:101')*75’ " n(im —1)+2 (1.2)

which applies to all positive smooth solutions of (1.1) defined on the whole Euclidean space
on the condition that m > m, := 1 —2/n. The theory of PME on manifolds is rare. In 2008,
Lu, Ni, Vazquez and Villani studied the PME on manifolds [3]. They got the following local

Aronson-Bénilan estimate.
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Theorem 1 (see [3]) Let u be a positive solution to PME (1.1), m > 1 on the cylinder

:=B(O,R 0,7]. Let v := m-1 — 1) be th dvBT = .
Q (O,R) x [0,T]. Let v :=mu™""/(m — 1) be the pressure and v, B(O%?f[O,T]U

Assume that Ric > —(n — 1)K? on B(O, R) for some K > 0. Then, for any a>1, we
have that on Q' := B(O, R/2) x [0, T

[Vol® Ut ol S0 R 2 Vi P
ooy < ax (; + Cs() K vy) + aa 72 (Ce(a) + C1(KR)). (1.3)
Here, a = %, 52\(;), /3\(;) and CRE(/R) depend on m and n.

Next, we will discuss PME with drifting Laplacian operator. Smooth metric measure
spaces carry a similar operator to the Laplace-Beltrami operator A, the f-Laplacian, which
is also called drifting Laplacian or Witten-Laplacian, defined for a function u by Aju =
Au—g(Vf,Vu) = Au— (Vf,Vv). The N-Barkry-Emery Ricci tensor is defined by Ric]fv =
Ric+ Hessf — %df ®df. A natural question about smooth metric measure space is which of
the results about the Ricci tensor and the Laplace-Beltrami operator can be extended to the
N-Bakry-Emery Ricci tensor and f-Laplacian. For example, In [3], Lu et al. derived some
gradient estimates for the PME equation on Riemannian manifolds with Ricci curvature
bounded from below:

ug = Au'™, (1.4)

where m>1. In [4], Huang and Li got a better result in [3]. In [5], Huang and Li researched

the following porous medium type equation,
up = Apu™, (1.5)

on smooth metric measure space. Under the assumption that the N-dimensional Bakery-
Emery Ricci curvature is bounded from below, Huang and Li obtained some gradient esti-
mates that generalized the results in [3] and [5] .

In this paper, we will follow closely [3] and derive local gradient estimates for positive
bounded solutions of PME on Riemannian manifolds under general geometric flow. The
general geometric flow equation where h;; is a second-order symmetric tensor is as follows:

9gij
ot
The idea is from the Ricci flow % = —2R,;;, which was introduced by Hamilton [6] in 1982.

Then, we will get a similar result with drifting Laplacian operator on PME. Also, our

= 2hy;. (1.6)

idea comes from Huang and Ma in [7], who considered gradient estimate for the following

parabolic equation

% = Aju + aulogu + bu,

on smooth metric measure spaces. Inspired by the research of harmonic function and positive
solution to linear heat flow on Riemannian manifolds, this paper extends corresponding
gradient estimate from a fixed Riemannian metric to the case that the metric evolves by a

general geometric flow.
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Our first result states the gradient estimate of the pressure function v.

Main Theorem 1 Let g(t) be a solution to the general geometric flow on a Riemannian
manifold M"™(n > 2) for ¢ in some time interval [0,7]. Let M be complete under the initial
metric g(0). Let u be a positive smooth solution to PME (1.1), m > 1 on the cylinder
Q := B(O,R) x [0,T]. Note v := -"-u™"! is the pressure, and write v/%! :=  max o

B(O,R)x[0,T]
RT ._

min 7

and v min )
B(O,R)x[0,T]

Assume that —(n — 1)KZ < Ric, —(n — 1)K? < h < (n — 1)KZ%, |Vh| < K3 on B(O, R)
for some Ky, K1, Ko, K3 > 0. Then, for any a > 1, we have that on Q" := B(O, £) x [0, 1],
|Vvl|? v
ot

R, T 1
: - 1 Gy ;) +ay/a(Cs + Co)vfnl + av/a(Cr + Cs). (1.7)

C}; is a constant depending on m, n, a, o, Ko, Ki, K3, K3, K4, R.

< aa? (04

Remark When h = —2Ric, (1.6) is the Ricci flow equation. In this case our results
reduce to [8]. Note that for Ricci flow the assumption |V Ric| < K3 is not needed because
of the contracted second Bianchi identity [[9], section 4].

As an application, we get the following result.

Corollary 1.1 v is the pressure, then for any z;, 2 € B(O, R/6) and any a > 1,

ta |, 9
v(@s,ta) o [,” 1 (s)2ds [ ( oRT
want) — “ T — ts —t) O, + C max)
v(:rl,tl) —(t2) exp( 4vm%{nT ) X exp ( aa)( 2 1) 5+ Cy 2

+ an/a(Cs + Ce)viT 4+ an/a(Cr + Cg):| ,

where v(s) is a smooth curve connected z; and x5 with y(t1) = x1 and y(t2) = x2, |7'(s)]s
is the length of the vector 7/(s) at time s.

We extend the Laplacian operator to the drifting Laplacian operator, and we can get
similar gradient estimate.

Main Theorem 2 Let (M™, g,dv) be a smooth metric measure space. Suppose that u
is a positive solution to (1.5). If [V f| < co, [V?0| < ¢1, Ric} (B,(2R)) > —ko, —k1 < h < ks,
|Vh| < k3. Here, ko, k1, k2, k3 > 0, then on the ball B,(R) we have

Vol i < 4y /e
v v c3 3

where ¢, c3, ¢4 are constants depending on a, ¢y, ¢1, o, m, n, H, R, T, and

H= sup (m—1)v, aft)=e* "
B, (2R)x[0,T]

Corollary 2.1  Let (M",g,dv) be a smooth metric measure space with |V f| < ¢,
V2| < ¢, Ricjcv > —ko, —k1 < h < kg, |Vh| < k3. Here, ko, k1, ko, k3 > 0 suppose that
(M™,g) is a complete non-compact Riemannian manifold and u is a positive solution to
(1.5), then
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where ¢; is a constant depending on a, o, m, n, S, T, and S = sup (m— v, at) =
M™x[0,T)
o25kot

Remark When g is independent of ¢, our results reduce to [10].

2 Proof of Main Theorems

Note that the pressure v := (mmi_l)um_l satisfies
0w = (m — 1)vAv + |Vou|% (2.1)
Assuming that v > 0, we introduce the quantities y = IV;JIZ’ z = “t and the differential
operator: L :=d; — (m — 1)vA. Let F, := az — y. From equation (2.1) we know
Fa:(m—1)Av+(a—1)%:a(m—1)Av+(a—1)@. (2.2)

First, let us calculate a formula for L(Fy,).

Lemma 2.1

0 0 9 ) 1
aAv = Aav —2(h,V*v) — 2(divh — §V(trgh),Vv>.
Proof Recall that 2% = ¢*(V;hj + V;hy — Vihi;). Thus,
13 . ... 0% v
il — LY Tk ==
875AU 815{9 (axiamj * aark)}
0% v 0 0 v
— _9Qhpu Tk v — g9 (=Tk)y==
2h (8%81:]» t axk) + Aat” 9 (8t Y7 0wy,
0 .
= —2<h, ng) + Aaf,;) — g”gkl{vihﬂ + thq;l — V,hm}vkv
= A% — 2(h, V?v) — 2¢"{g"V;h;, — §Vl(trgh)}vkv
- A% — 2(h, V20) — 2(divh — %V(trgh),vw.

Lemma 2.2 Let g(t) be a solution to the geometric flow on a Riemannian manifold
M™(n > 2) for t in some time interval [0,7]. Let M be complete under the initial metric
g(0). Let u be a positive smooth solution to (1.1) on manifold (M", g(t)) for some m > 0,
and let v := %um’l be the pressure. Then we have

. 1
L(vt) = 2(Vv, V) + Fyoy—2h" v,0;+ (m—1)v(=2(h, V?v) —2(divh — §V(t7“gh), Vo)), (2.3)

L(|Vo|*) = 2|Vu|*FL + 2(V(|V|?), Vo) — 2(m — 1)vvy; — 2(m — 1)oR;jv0; — 2h7 vv;. (2.4)

Proof Calculate directly by using the Lemma 2.1.

Proposition 2.1 Let u and v be as in Lemma 2.2. Then

L(F,) =2(m — 102, + 2(m — 1) Ry;0:0; + 2m(V Fa, Vo) + (@ — 1)(~1)>2
v (2.5)

-1 . 1
+ F2 2% " pity, 4 alm — 1)(=2(h, V2v) — 2(divh — 5 V(tr,h), Vo).
. :
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Proof The following formula is helpful in the calculation:

L<§> — L) - gfzug) 2m - 1>v<v<§>, Vlogg). (2.6)

Using (2.6) and Lemma 2.2 we have

Vo? 1
L(%) :E(2|VU|2F1 + 2<V(|Vv|2), Vu)) —2(m — 1)%'2]' —2(m — 1)Rijvivj
2.7
2 i |V’U|4 |v |2 ( )
— =hvw; — —— +2(m — Dv(V(——), Vlogv)),
v v
1 g
LG :7(2<V”’Vvt> + Fiv — Qh”%’vﬂ‘) —2(m — 1)(h, V*0)
ol ) (2.8)
) 1 vy [Vl on
—2(m — 1)(divh — §V(trgh), Vu) — " +2(m — 1)’U<V(?), Vlogv).
These give that
L(F.) =2(m — 1)v(VF,, Vlogv) 4+ 2(m — 1)v}; + 2(m — 1)R;;v;v; + ol Fy
v
2 2 4
DL A A <w aVor — V(|[VoP)) (2.9)

v v v?2

-1 . 1
— 2% By + a(m — 1)(—=2(h, V) — 2(divh — 5V (treh), Vo).
v

Using the formula
(Vo,V(vF,)) = v(Vv,VE,) + F,|Vv|?,

we have

2
%(Vv,onvt — V(|Vv]?)) = 2(Vv, VFE,) + 2F, [Vl .

Hence we obtain
L(F,) =2mv(VF,,Vlogv) + 2(m — 1)v}; + 2(m — 1) R;;v,0; + aﬁFl
v

SIAC NS A i [Vol?
v v v2 v
a_

+ 2F,

-2

1 .. 1
h9vv; + a(m — 1)(=2(h, V) — 2(divh — §V(tr9h), V).
Note the fourth to eighth terms in the above equation, they can be rewritten as
az(z —y) = 2y(z —y) —azy +y* + 2(az —y)y = (a = 1)2* + (z — y)*.

This completes the proof.

Then, we prove a local estimate for PME on complete manifolds under general geometric
flow. We use the technique of Li and Yau [11] and some calculation of Lu, Ni, Vdzquez and
Villani in [3]. Denote by B(O, R) the ball of radius R > 0 and centered O in (M™,g(t)),
and denote by 7(z,t) the distance function from O to = with metric g(¢).

Proof of the Main Theorem 1



62 Journal of Mathematics Vol. 41

(i) Since bounded h tensor implies that g(¢) is uniform equivalence to the initial metric
g(0)[[12], Corollary 6.11], that is e 2517g(0) < g(t) < €*K27¢(0). By definition, we know
that (M, g(t)) is also complete for ¢ € [0, T]. Inspired by the choice of cutoff function in the
proof of Theorem3.1 in [10], we let n(x,t) := 0(r(x,t)/R) be cutoff function, where 6(s) is a
smooth monotone function which satisfies #(s) =1 for 0 < s < 1/2, 0(s) =0 for s > 1, and
(0)2/0 < 40, and 6" > —400 > —40. On B(O, R), using the Laplacian comparison theorem,
one can easily get

and 40(n — 1)((1 + KoR) + 1)

R? ’

(ii) After the preparation in (i), now we apply L to tn(—F,) and use the maximum

An > —

if Ric>—(n—1)K;. (2.10)

principle to obtain our estimates. If tn(—F,) < 0 on @, then the main theorem 1 is
trivial. So we assume max(, ¢ecqtn(—F,) > 0. Suppose tn(—F,) achieves its maximum at
(z0,t0). Then we have to > 0 and

nVFa = —VUFm L(tn(_FDt)) > 07

at (zo,to). From now on, all calculations are at (g, o).

By the evolution formula of geodesic length under geometric flow(see [13]), we calculate

r.1ldr r.1 r. 1
CE) =0 ()2 Ry = (D)= [ —h(S,S)ds(—F,) < —0' (=)= (n — 1) K2 (—F,
Yoo (2.11)
< —0'(5)(n — DKI(=F.) < VA0(n — DKI(-F,),
where 7, is the geodesic connecting z and O under the metric g(¢y), S is the unit tangent
vector to vy, and ds is the element of arc length.
Denote Cy :=40((n — 1)(1 + KoR) + 1), Cy := /40(n — 1)K2, ¥ := ny = n|Vv|?/v and
Z:=nz = n%. Combining (2.5) with the above estimates of 7, we have
0 <nL(tn(—Fa))
- - tUQL(Fa) + t77<—Fa)L(77) + 2(m - 1)7577U<V77: VFa> + n2<_Fa)L(t)
=—tn? <2(m - l)vfj +2(m — 1)R;v,v; + 2m(VF,,Vv)) + (o — 1)(%)2

20— 1
+F12,M

iy 1
Biviw; + alm = 1)(~2(h, V20) = 2(divh — SV (treh), vv>))
\Y
+ e (—Fo) — (m — 1tn(=Fa)vAn + 2(m — 1)tno(Vn, —#Fo) + 0% (= Fa).
Here, we have used Proposition 2.1. Using the following inequality, (2.10) and (2.11)

! 1 3 3
|divh — §V(t7"gh)\ = 19" Vihj — 59 IV ihij| < §\g||Vh| < 5\/77K3,
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we have
nL(tn(—Fy)) < — tif? <2(m — 1) + 2(m — 1)Rijv,-,vj) + 2mtn?(V(—Fy), Vo)
—-1 -
— (o= )tn?2? —tn*Fy + t772(2a7h”vivj +2(m — 1)ah"v;;)
v

+ 3tn*a(m — 1)vnKs3|Vo| + Cotn(—F,) + %( — D)ton(—F,)

V 2
T 20(m — 1)on 7;7' (—Fa) + 1(=F).

Using Young’s inequality,

20((m — 1)hv;; = \/2(m — L)y % 1/2(m — 1)ah” < (m — 1)v}; + o®(m — 1)|h]?,

and attention our assumption of h,
—(n=1DK{ <h<(n—-1)K3, [hf < ((n—1)(K + K3))*.

On the other hand,

Av)?
vl > ( n) , (m—1)Av=z—y=Fy.

We get

n(m—1)+1
n(m —1)
+ 2mt(y — az)|Vn||Vu| — (a — 1)tz?
+2(n—1)(a — DtnygK2 +tn*a*(m — 1)((n — 1)(K? + K32))?

- 80+ C
+ (7= a)((m — 1) Ly 41+ Cot) + Ba(m — 1)y/ntn* K| Vo).

Now write Cs := 80 + C; and

-2 = 5 - 03y

nL(tn(—Fa)) < - t(y —2)* +2(n — 1)(m — 1) Kgtynu

-1 - a—1
5 (y—aE)yHT)Q@Q.

Also note that

~ 40
2mt(y — az)|Val[Vo| < Hmi(y g —az)yt Pl
9 1
3a(m — DVntn’ K| Vo| < 3Ksy/na(m — 1)tw'/?5'/2 < §nK§a2(m— 1)t + 1oy,
and write a := %, we get
t 2 ~ 2(0& — 1)~ 40m~1 1 C 1
OS—E(?J—O@ + Uy — az)(— ol Yty +Cz+(m—1)R +;)
+2(n —1)(m — DtK3gon +2(n — 1)(a — 1) K3ynt — (a — 1)tz2 (2.12)

9 ~ 1
+t*a’(m = 1)((n = 1)(KT + K3))* + 5nk3a®(m —1)° + tvy—a(a Lo
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Using
20 —1)- 40m_:s 1 _ 200ac®m? v 200aa’®m?
- bpp c 20XV g 22T —1)C
w?z VTRV ST R®E * a—1 +(m—1)Gs,
1 a—1, ., 5  ~ 5 3ac?(m —1)*(n — 1)K
- t 2(m —1)(n — 1)tK < Cst Cs: =
3a( a ) Y + (m )(n ) oUNy =~ Lstvu, 5 (a_1)2 )
1 a—1,, 1 _ 5 3aa?
= “tog < o=
Sa( " ) ty” + ztvy < Cgtv*, Cg T6(a —1)2°
1 -1 ~
_371(0(7)2@2 +2(n —1)(a— DtKiny < Cqt, C;: =3ad’(n—1)*K;,

then the above quadratical inequality (2.12) on (y — az) reduces to

- 2

t t _
0<—— (- a?)? + (041]%—1)2 + Ot + 1)(7 — a2) + (Cs + Co)tv* + (C7 + Cy)t.

Here, Cs := o*(m — 1)((n — 1)(K} + K3))? + $nK3a*(m — 1)?. This implies that

-~ - ad? v 1 v 1
y_aZS2(041%2+02+t+\/(04]%2+02+t>2+4

2

(C5 + 06)’112 + (07 + Cg))

ac
T

R, 1
< aa® (04%;‘ YOt E) + an/a(Cs + Co)vBT 1 ar/a(Cr + Cs).

Proof of the Corollary 1.1 Direct calculation implies

to to 2 ! 2
log U(x27t2) _/ (ﬂ + <%,’yl(8)>)d8 > / (ﬁ _ |VU| _ Oé|’}/ (S)|S)d8.
tl tl

v(xy,ty) v v av 4v

The result follows from the observation that v(s) lies completely inside B(O, &) at any time
in [0, T (since bounded tensor h implies that g(t) is uniform equivalence to the initial metric
g(0)) and the estimate in the main theorem 1.

To prove the main theorem 2, we need some lemmas as well. Note

up = Aypu™ (2.13)
Suppose that u is a positive solution to (2.13). Let v = ﬁum_l. Direct calculation shows
that
v =mu™ A ™ = (m — 1)vA v+ [Vol? (2.14)
Since v # 0, then (2.14) is equivalent to
V 2
% —(m—1)Au ] ;" . (2.15)

Let L =0, — (m — 1)vAy and F = % — a?t. We have the following lemmas.
Lemma 2.3 Suppose that u is a poistive solution to (2.13). Then
Ut U Ut |V1)|2 Vt ii
L(—=)=(m-1)—=Ajv+ ———42mVoV(=) + 2(m — 1)h7 v, f;
v (Y v (Y v (216)
1 2 .
—2(m — 1){h, V*v) — 2(m — 1)(divh — §V(trqh), V) — =hYv;v;,
. ” .
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2 2 2(m — 1
YL < opn - )'v”‘ A LIAW —2(m — 1) RicY (Vv, Vo)
+ 2mvov(. ”' . Z' ~ “hiu,
Proof Direct calculatlon shows that
vy = Vo ”tZ”. (2.18)
v v v
Therefore, we get
1 2 2
A = “Av, — 2 Av — SV, + 22 Vo, (2.19)
v v v2 v2 v3
and
v v
(m — (VY V(;t» = (m —1)(Vf, Vo) — (m — 1);’5(Vf, V). (2.20)
By (2.15) and Lemma 2.1, we have
v [Vol? i
5,5(;) = (m — ].)at(Af’U) + 8,( " ) = (m — ].)Af’l)t + 2(m — ].)h vifj
1 2 .
—2(m — 1){h, V*v) — 2(m — 1){divh — §V(trgh), Vo) — ;h”vivj (2.21)
2 2
+ *VvVvt — ﬂ |VU|
v vow
According to (2.18), (2.19), (2.20), and (2.21). We conclude that
v v v
L% = (%) — (m— ()
—(m-1D& LA+t v W“' +2m VUV(U) 2(m — 1)hiv, f; (2.22)
1 2 ..
—2(m — 1){h, V20> — 2(m — 1){divh — §V(trgh), Vu) — ;h”Uin~
On the other hand, by (2.14) we get
o |Vv|2) _ VoV, 2— Voo, ghijvivj
v v
2 2 2 .
e A (Ve | N
2 4 2
= (m— 1)| vl A+ 2(m —1)VoVAsv + 2@V|Vv|2 - |V12)| — —hvv;
: v v v
(2.23)
Direct calculation shows that
2 2 2
LN T
v v v
1 \Y
= 5A|Vv|2 | v| ——Av — 2V’UV|V’U|2
2 o4 2 |V °
+ 2IVelt — (V£ VIVoP) + DV f, Vo) (2:24)

1 |VU| 2 4
= ;Af]VvP Agv — —2VUV|VU| + U—3|Vv|

1 VU2 2Vu _ |Vol|?

= Lagwop - L v,

v v v
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According to (2.23) and (2.24), we obtain

Vol? Vol? Vol?
(V) = 0, (VL) o - 1y0a, 7
2
:2(m—1)(| U| Afv—‘rVUVAfv—*AAV’U‘ ) (2.25)
2 4
2 ..
+2 V V(|VU‘ ) @—fh”vivj.
v v

According to [[14], [15]], we have

%Af|vv|2 > N (Vv, Vo). (2.26)

By (2.25) and (2.26), we conclude that (2.17) is true.

Lemma 2.4 The function F' satisfies the following equation:

L(F) < — 2(];nJr)m vf? = 2(m — 1) RicY (Vo, Vo) + 2mVoVFE — ((m — 1)Av)?
+(1— oa)(f}t) - o/% + @h”vivj —2a(m — 1)h"v, f; (2.:27)

+ 2a(m — 1){h, V20) + 2a(m — 1)(divh — %V(trgh), Vo).

Proof For the reader’s convenience, we give the details of the proof of Lemma 2.4.
By (2.16) and (2.17), we have

|V’U‘2 U /Ut
F) =00 Can(®y o™
L) =o(V) —art) - o
2 1 2
<2(m — 1)&A 2%+ )|A o> = 2(m — 1)Ricy (Vv, Vv) +2vaV(|v;)| )
4 1 2
+ |V12}| + 2o 1)h”vivj —a(m— l)ﬁAfv - QEM — 2avaV(ﬁ)
v v v vow v
. 1
= 2a(m = D1, f; + 2a(m = 1)(h, V?0) + 2a(m — 1)(divh — 5V (tryh), Vo) - o/%.
(2.28)
By the definition of F, we have
2
2mvov (VL) 9amvuv (%) = 2mve V(WU| a™t) = 2mVuVF. (2.29)
v v v v
According to (2.15) we get
|Vl v [Vo]? |Vv|? v, |Vol?
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Using (2.15) again, we arrive at

2 2
(m )'V“| A — alm — ) LA -y
v
:W”P(l _ VP ) —alt(Yt @) . a)@ﬁ
v v v v v v v v
_oIVoltu  |Voff oy (2.31)
v 02 v
v Vo2, Vg g
= — _— 1_ I
G )+ A =a) ()

=~ ((m =AY + (1 - a)(1)*

Putting (2.29), (2.30) and (2.31) into (2.28), we conclude that (2.27) is true.
Proof of the Main Theorem 2 We consider F' in the geodesic ball B,(2R), which
is centered at p with radius 2R, where a = "', Since Ric} (B,(2R)) > —ko, by (2.27)

and definition of H and a := %, we have
-2 |Vol|?
L(F) < —1)Aw)* +2 —((m —1)A)?
(F) < gy (m = DAY + 20k, (m— 1A )
2 —1) .. -
+(1- oz)(ﬁ)2 PN (a )h”vivj —2a(m — 1)hv; f; + 2a(m — 1)(h, V*v)
v v
1
+ 2a(m — 1){(divh — §V(t7'gh) V)

1 |v |2 VUt \ 2
g—g(( — 1)Av)* + 2Hkg +2vaVF+(1—a)(v)
20 =1 i, ~ Dhi f, _ 2

hvv; —2a(m — 1)h7v; f; + 2a(m — 1)(h, V=v)
+ 2a(m — 1)(divh %V(trgh), Vi) -t

Since L(a™'F) = (a™')'F + a ' L(F) and o/ = 2Hkq, then
2a—1) .

P
h ]Uﬂ}j
av

La™'F) < — %((m —1)Av)* +2ma 'VoVF + (1 — a)a‘l(%)2 +

— 2(m — DA f; + 2(m — 1) {h, V20) + 2(m — 1)(divh — %V(trgh), Vo).

(2.32)
By (2.15) and definition of F', we get
2 2
m—lAv:a*I—lﬂ—ole, aﬂ:M—F. 2.33
f
v v v
Putting (2.33) into (2.32), we obtain
)2 4 2 4
La~1F) < — <1m§<) Iszl 3 %Fz N 2(aa3 )IV;I Iszl
1-— 2(1 — Vo? —1) .. iy
+ a3aF2 o ( aS Oé) | ;)| F + (aav )hZJUﬂ)j o 2(m o l)hlj,uifj

+2(m — 1){h, V?0) + 2(m — 1)(divh — %V(trgh), Vo).
(2.34)
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Attention the definition of h, |V f|, the following reality and the Young’s inequality,

! ’ 1, 3 3
R < ki + ko, |divh — *V(” | = 19" Vihi = 59" Vihy| < Sl9lIVA] < 5V/nks,
3\/>(m_ 1)]{73 1/2|v1)|

2 2
< < ( >2k2v+ |VU| S Zn( )k2H+ |VU|

Vo VUQ
20m = D0 fy] < 20m — IRV o 1/2'1/2'_< )eolhr + k) B + Y

v
we have,
— — 4 — 2
Lia"'F) < (- (a—1)((a—1)+a) ]Vfu| 2(a —1)(k1 + k2) + 2a |V ) — LFQ
aqd 2 o v ao’
1— 2 1— °
. 2(1 — ) |VU\ V VF 4+ O 2(1 — o) |V P
aas v CYS

o’ v

+ (m - 1)<h, V2v) + %n(m —1)k2H

— Deg(ky + kz)H +2(m
2
e, 20T,

v vE 4l O‘F2
ao’ aa’ v
~2(1—a) |Vl

P (m = Veo(ks + ko) H + §n<
aa(2(a — 1)(ky + ko) + 2a)? - .
4(0{— 1)((a_1)+a> +2(m 1)<hvv >a

m—1)k2H

where we have used —ax? + bz < b?/4a to the first term in the second inequality.
Write ¢g := (m—1)co(ky —|—k:2)H—|— In(m—1)k2H + m(2 a—1)(k1+k2)+20)>

o D(a-vra T 2m—1)(k +
k2)c1, we have

1 2 2 2
L(ale)S_igFQ_i_ ( 3 )|Vv| v VF+ aFQ_ ( Ba) |VU| F+C
ax ax v « v
According to (2.4) and (2.5

) in [7], we can construct a cut-off function ¢ such that
0< ¢ <1,sup(¢) C B,(2R), ¢|p,(r) = 1 and

V|? c C
|§| ek —App < R7( +R\/%o),

(2.35)

where C' is a constant depending only on n. Set G = t¢a~'F. Assume that G achieves its

maximum at the point (zo, s) € B,(2R) x [0,T] and assume G(zo,s) > 0. By the maximum
principle, we have
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at the point (zg,s), and

As¢ [Vo|?
¢ @?
20 =) [Vof? o 2mo o 1map, 20 —a) [Vol?

v

aa? v 1% a3

2
Vo, @

0?

1 2(1 — 2 1-— 2(1 — 2
S SeE € R\ e TP AP TSR SR\ e

aosg ao® v as¢p o? v
Aso Vg|?

—(m—1)v G+2(m-—1

( ) 5 ( v e
_1+a(a—1)G2+

2(1 — a) [Vu|? mHl/2 V| |V
aaso ao? v (m — 1)1/2 ¢ vl/2

G+2
20— ) [Vol* ,  As9 Vol?
— 2H
" » G- 3 G+ pe
l+a(e—1 2(a—1)(1 —a) |Vu]? mHY?  |V¢| |V

) 2
G+ (= aa? v G+2(m—1)1/2 ¢ wvl/2

0< L(G) = s¢L(a ' F) — (m — 1)v G + —

G+2m—1)

1
SS¢{*EF2+ F+CQ}

— (m — 1)UA(£¢G +2(m —1)v

G + + s¢co

G

G+ — + S¢CQ

G)

aasqS

C G
(1+R\/>+2H Tl + s +sden

g
(2.36)

Multiplying both sides of (2.36) by s¢, and using —ax? + bx < b*/4a, we get

1+ala—1) , aa®m*H C
L <-— —T
(@) = aq ¢ +2(m—1)(o¢—1)(1—a) R? ¢
C

c
+H s (L Ry ko)TG +2H 5TG + G+ e T?¢%.

Write ¢g 1= £H40=ll ¢ = jserm € 4 HC(1+4 Ryko) +2H G + 4. The above
inequality becomes

0 < L(G) € —e3G? + c4TG + o T?¢*.

We can get

G, T) < Clag,s) < S0 1\ [ 276,
3

C3

Hence, for all x € B,(R), it holds that

c

Fle,T) < ¥ 1o, |2
C3 Cg

Thus, the proof of the main theorem 2 is completed. Letting R — oo, ¢4 — %, we get the

result of Corollary 1.2.
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