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Abstract: In this paper, we study the problem of difference Harnack estimate on Riemannian
manifolds. By using maximum principle and weighted p-Bochner formula, we derive the Li-Yau
type difference Harnack estimate and Hamilton type estimate for the positive solutions to weighted
nonlinear reaction-diffusion equation on compact weighted Riemannian manifold with curvature
dimension condition CD(0, N), which generalizes the non-weighted case under the condition of
nonnegative Ricci curvature.
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1 Introduction

Let M be an n-dimensional compact Riemannian manifold with curvature dimension
condition CD(0, N). In this paper, we consider a weighted nonlinear reaction-diffusion
equation(WNRDE)

up = Ay, pu’ + cul, (1.1)

on M, where vy > 0,p > 1, ¢ > 0, A, ju = e/div(e™/|Vu[P~2Vu) is the weighted p-Laplacian
of u, and f is a smooth function.

Gradient estimate or differential Harnack estimate is an important tool in geometric
analysis. In 1986, Li and Yau [1] first proved the sharp gradient estimate for positive solutions
to heat equation on Riemannian manifolds. Since then, gradient estimate has been studied
extensively by many scholars. Particularly in the last decade, more attention has been paid

to the study of nonlinear equations. Kotschwar and Ni [2] established gradient estimates
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for p-harmonic functions and parabolic p-Lapalacian equation on Riemannian manifolds.
In [3, 4], the first author and coauthor improved Li-Yau type gradient estimates for the
positive solutions to the weighted nonlinear p-heat equation on Riemannian manifolds with
CD(—K,m) condition. In [5], the authors proved the Li-Yau type estimate for the porous
medium equation and fast diffusion equation. In [6], the first author and coauthor got sharp
global Li-Yau type gradient estimates for positive solutions to doubly nonlinear diffusion
equation on compact Riemannian manifolds with nonnegative Ricci curvature.

In [7], we derived the global Li-Yau type and Hamilton type gradient estimate for
positive solutions to the nonlinear reaction-diffusion equation. The purpose of this paper
is to extend the work in [7], that is to prove the gradient estimates for weighted nonlinear
reaction-diffusion equation (1.1) on Riemannian manifolds.

To show our results, we recall some necessary notations. Let (M, g, du)(du = e=/dV') be
an n-dimensional compact weighted Riemannian manifold, dV be the Riemannian volume
measure, f € C°(M). Define a diffusion operator L = Ay = A — V-V, and N-Bakry-

Emery Ricci curvature tensor

Vf®Vf-

Ricy (L) = Ric+ VVf N —n

If N = oo, then Bakry-Emery Ricci curvature Ric?(L) = Ricy = Ric + VV f, which firstly
studied by Bakry and Emery [8]. If L satisfies the curvature dimension condition CD(K, N)
if

Do(u,u) > %(Luf + K|Vaul?,

where I (u, u) = 2 L|Vu|?> — (VLu, Vu). Furthermore, by the weighted Bochner formula, we
know that curvature dimension condition C'D(K, N) is equivalent to Ricjfv > Kg [9].

Now we give the global Li-Yau type difference Harnack estimate for WNRDE (1.1) and
its applications in Harnack inequalities.

Theorem 1.1 Let M be an n-dimensional compact weighted Riemannian manifold
with the CD(0, N) condition. Assume that u is a smooth nonnegetive solution to (1.1), and
v = Ju’ satisfy equation (2.1) on M. Then for any b > 0, @ > 0 and ¢(q — 1)(¢ — 1 +b) > 0,

we have

VoulP a
[Vl 0 < g—|—(p—1)(m—|—1);-@(1’1/,’Zm, (1.2)
v v t
where b = v — zﬁ’ a= %, m= %, k= cb™tly™™ and v,,;, = miny; v.

Remark 1.2 When ¢ =0 and f = const., the estimate (1.2) reduces the Li-Yau type
estimate of weighted doubly nonlinear diffusion equation in [6].

On the other hand, Hamilton [10] improved the elliptic type gradient estimate on a
compact manifold. Yan and Wang [11] established elliptic type gradient estimates for positive
solutions to the doubly nonlinear diffusion equation on Riemannian manifolds. Recently,
the authors [7] derived Hamilton type gradient estimates for nonlinear reaction-diffusion

equation on compact Riemanian manifold with nonnegative Ricci curvature. In this paper,
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we can prove Hamilton type estimate for WNRDE (1.1) on n-dimensional compact weighted
Riemannian manifold with C'D(0, N') condition.

Theorem 1.3 Let M be an n-dimensional compact weighted Riemannian manifold
with the CD(0, N) condition. Suppose that u is a smooth positive solution to (1.1) and v

satisfy equation (2.1) on M. Then for any p > 1, 7 <b<0and k(p(m+1)—1) >0,

p
p—1)N

P
FW:J < = 1)(Nb]()p ) <1 +r(p(m +1) — 1)’UMa:c> ; (1.3)
where v, = max,r 0.

As applications of two estimates in Theorem 1.1 and 1.3, by integrating along minimizing
geodesic paths, we can derive the corresponding Harnack inequalities.

Corollary 1.4 Let M be an n-dimensional compact weighted Riemannian manifold
with the C'D(0, N) condition, v be a positive solution to (1.1) and v satisfy the equation
(2.1). Given any 1,22 € M, 0 <t; <ty <T and ¢ > 0, we have:

1. ¢ > 1, Uy = maxy; v < 00, then

’U(xg,tg) *U(l’l,tl) (14)
d(.fCly xg)p*
p*(p(ta — 1))/ P=17

t
2 - a/Urnaleg <2
131

) ™ (= 1)+ Dvmas — vt — 1) —

where p* = ﬁ, d(x1,z2) denotes the geodestic distance between z; and .

2. ¢ <1—=0b, Upmin = miny v < oo, then

’U(.’L’Q, tg) — ’U([El,tl)
d(l‘l, l‘g)p*
p*(p(ta — t))/P=1)

(1.5)

t
> - dvmarlog <t2> B ’%Uzztll((p - 1)(m + 1)d - 1)(t2 - tl) -
1

Corollary 1.5 Let M be an n-dimensional compact weighted Riemannian manifold
with the C'D(0, N) condition, u be a positive solution to (1.1) and v satisfy the equation
(2.1). Given any z1,22 € M, we have:

dp* (.%'1, xg)

p* Umaz

v(x1,1) 1 1 g -
8 (0 t) = o= D(NOp— 1) + ) <t T Ap(m+1)—1) m>

where p* = p’%l, Upmaz = MaXp U, Uprge = maxy 0™ and d(xq, z3) denotes the geodestic
distance between x; and .

The organization of this paper is as follows. In Section 2, using the weighted p-Bochner
formula, we will give the proof of Li-Yau type difference Harnack estimate (1.2). In section
3, we will prove Hamilton type estimate (1.3). In Section 4, two Harnack inequalities are

derived as applications of two type estimates.

2 Global Li-Yau Type Difference Harnack Estimate
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In this paper, let V and div be the gradient operator and divergence operator on M.
Assume that u is a positive solution to (1.1), the pressure transform introduced by the first
author in [6],

g b 1
v=—-u,b=y— ——
b L

The WNRDE can be rewritten as
uy = el div(e ™ u|Vo[P2 Vo) + cuf,

and corresponding pressure equation for v satisfies

vy = bvA, v+ [VolP + ko™t (2.1)
where m = q;bl and k = cb™tly~™  The linearized operator of weighted p-Laplacian is
defined by

Ly(y) = efdiv(e—fw%—lA(w)), (2.2)
and its parabolic operator is Oy = & — bvuLy, where w = |[Vv|*> > 0, and A = id + (p —
)VU(X)V'U )
Lemma 2.6 Let Tol?
(0 v
Pl VU m —pA, .
v v pfY
Then
O =w? — (p — 2)vF + ko™, (2.3)
O™ =mo™ v, — (p— 1)mv™F — (p— 1)(m — l)mbvm_lw%, (2.4)
Ofvy =Fv, —i—pw%*l(Vv, V) + (m+ 1)kv™v,. (2.5)
Osw =pw? ~H{(Vv, Vw)— (g - 1>bvwg72|Vw|2 — 2bvw? ! (|VVU|2 + Ricy(Vo, Vv))
+2(F 4 (m+ 1)sv™)w, (2.6)
Osw? =pwi~1(Vu, Vw?) — pbow? =2 <|VVU|?4 + Ric¢(Vo, VU)> + pw? (F+ (m+1)rv™),
(2.7)

where |VVv|% = |[VVo|? + 22 [Vwl® | (= 2)2 |Vv vw\2

w

Proof For a constant ﬁ, combining the equatlon (2.1) and the definition of £ in (2.2),

we have

Os0° = po~to, — bvefdiv(e_fw%_lAV(vﬁ)>
= Bv? Y, — BbvPel div(eFwE T AVY) — (p — 1)(3 — 1)Bbv" tw?
= (2= p)bBv’ Ay v+ BL = (p— 1)(8 — 1)bJo” w? + Bro™. (2.8)
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Set 8 =1 and 8 = m in the equation (2.8), then we get (2.3) and (2.4). We can directly

deduce

0 . _ p_ V’U, Vv
&(Ap,fv) = e/div <e Fwe =t (Vvt +- 2)<wt>Vv>> = Ly(vy).

Then

Osvy = Oyvy — buLy(vy)
= bu, A, p0 + bvdy (A, v) + pw? THVo, Vo) 4+ (m + 1)krv™v, — bl s(v;)
= buy A, po + pw? YV, V) 4 (m + 1) k™,

According to the weighted nonlinear Bochner formula(See [3]),

L(w) =2ws? (|VVU\2 + Ric(Vo, Vv)) + 2<VU,VAp,fv>+(§ - 1>w%_2\Vw|2,

we obtain
Orw =0,w — bvLp(w)
=2(Vv, V) — 2bvw? <|VVU|2 + Rics(Vv, Vo) + w' ™% (Vo, VAp7fv>>
—(222 - 1) bvw’ ~2|Vw|?
=pw* Vv, Vw)— (122 - 1) bow? 2| Vw|? — 2bvw: ! (|VV1)|2 + Ricy(Vo, Vv))
+2(bA, v+ (m+ 1)kv™)w

and

Osw? = dw? — buly(w?)

o 10w — P (2 - 1) bow??* (Vw, (AVw))
2 2\2
= pw? Vv, Vw?) — pbow?~ 2(|VVU\A + Ricy(Vo, VU)) + pw? (bA, v+ (m+ 1)Ko

where [VVo[3 = |VVp|? 4 252Vl | =22 IVoVult 4 B — A, 0.

Proposition 2.7 Let v and v be as same in Lemma 2.6, we have

O;F = w2~ {VF, Vo) + pbw? > (|VW|§, + Ric(Vo, Vv))—l—(p —1)F?
+ (p — D)Fro™ + 2bm(p — 1)rv™ tw? + wbv Ly (v™), (2.9)
where A =2y(p—1) + (p — 2).

Proof For any smooth functions h, g, calculations are based on the following formula

on parabolic operator Uy,

Oy <h> = Hrh thg w2~ <A<V(Z>),Vlogg>. (2.10)

g g

"),
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Then we have

Df<vt) Hro vthv + 2bvw’ ~ 1<A(V<%)) Vlogv>

v v2

1 P
:,(p 2NV, Vo) + (p — 1)vtF>_ﬁf+2bw§*1<A(V(Ut>) VU>+/€m'Um71'Ut7
v v v
and
Df<w§>:l]fw§ B wEEQ]fv 4 ot <A<V<w—§>),V10gv> (2.11)
v v v v

ya
2

== (pwt YV, Vwb) +2(p — Db F) — %j + 2bw%*1<A(v(“; )),w>

— pbw?~? (|VVU|?4 + Ricy(Vu, VU))+<p(m +1)— 1>/<wm_1w

@\H

NS

Note that v; — w? = vF 4+ kv™*!, and (Vlogv, V(vF)) = (Vv, VF) + F2. Thus
VolP
OpF =0 (%) - Df(| vl )=k
v

:pw%_1<V(vt %) Vlogv> + 2bw? ! <AV <vt — w2> ,VU>

v v

Y (p—1F (”f w) - <”* - “’) % +pbuﬁ’—2<|vvq)|?4 + Ric, (Vo Vv))

v v v v

— P
m—1 5

+ kmu™ oy — kOp0™ — (p(m +1) - 1) Ko™ tw

—\wdY(VF, Vo) + pbuw? <|VW|?4 + Ricy(Vo, W)) (p— D)F? 4+ (p— 1)Fro™

P
2

+ kbuLp(v™) 4 2bm(p — 1)kv™ w2,

Proof of Theorem 1.1 For fixed T' > 0, we assume that max  (t(—F)) > 0.
(2,4)€M x(0,T)

Let (zo,t9) be a point where the function ¢(—F') achieves a positive maximum. Then at
(xo,to), Op(t(—F)) > 0. Note that

F=0bA, v =bw: AV, Vv — bwi 'V f - Vo = bw* 'Try(VVv) — bw 'V f - Vo.

The Cauchy-Schwartz inequality yields
2 1(F ?
wP 2| V'Vl > (w2 1T1"A(VV1))> = <b +w:TIVf- Vv> . (2.12)
Plugging inequality (2.12) and Ricjcv > 0 into equation (2.9), we have
pbwP 2 (|VVU|?4 + Ricy(Vo, Vv))

b(F : Vo2
SVt V) phur Ric}v(vu,vu)+m

n \b N —n

b 2 2 pb
L\ A\ K P (2.13)

>
- N-—n N—n N
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where we use the inequality (a — b)? > % — %, 0= % > 0. Then,

0 <O (t(—F)) = —t0;F — F
=—t [pbw”_2 <|VVU|?4 + Ricy(Vo, Vv))—i—(p —1)F?
+rbUL (V™) + K(p — 1) Fo™ + 2bm(p — Vo™ 'w? ] — F
< (p 14 Nﬁb) tF? — F — gt(m + 1)(p — Do™F — wtbm(m + 1)(p — 1o w?.
It is easy to see that for any v > 0,p > 1,b> 0, and ¢(¢ —1)(¢g —1+b) > 0,

kbm(m +1)(p — 1) = cb™y " (p—1)(¢ = 1)(¢ =1+ b) = 0.

Thus,

0< ——F?—-F —kt(p—1)(m+ 1)v™F,

| =0 =+

where @ = p — 14 % and v, = minyy v. This inequality is equivalent to (1.2).

3 Global Hamilton Type Difference Harnack Estimate

In this section, we establish a Hamilton type difference Harnack estimate for positive
solutions to WNRDE (1.1) on weighted Riemannian manifolds.
Proposition 3.8 Let w =|Vv|* and v be as same in Lemma 2.6, we define
w?

G= ,

—v

then
0,;G =pbw?? (|vvu|§1 + Ric; (Y, vv)>+2bw%—l<A(VG> , Vv> 4w VG, Vo)

(p—Duw?  2(p—1)bw?
V2 v

A, v — (p(m +1)— 1) ko™ lw? (3.1)

Proof The proof is a direct result by the simplification of (2.12).

Proof of Theorem 1.3 For some fixed T' > 0, we assume that max G > 0.
(z,t)EM X (0,T)

Let (zo,to) be a point where the function G achieves a positive maximum. Obviously,
to > O,Vv(xo,to) 7é 0 and
0;G >0, VG=0. (3.2)

This proof will all be at point (zg,t). According to the Cauchy-Schwartz inequality (2.12),

1 P 21 P
wP 2| V'Vl > (TrA(UﬁVVU)) = E(Ap’fv +w2 'Vf - Vo),

n

and Ricifv > 0, we have

2(p — 1)bw*
pbw? 2 <|VVU|?4 + Ricy(Vu, Vv)) —%Ap,fv
2(p — 1)bw? Nb(p — 1)% w?
SZLb(Any _ MAP < — b(p —1)° w? (3.3)

N v ’ D 2’
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Together with (3.1), one has

0 SDf(tG) = thG+G

_ Muﬁ _ M _ (p(m +1) — 1) ko™ wE + G (3.4)

ya
When 0 > b > — v = %ub <0,G= % > 0, then we get the Hamilton type estimate

Mo
from (3.4),

p 1
“= (p— 1)(Nb(p — 1) +p) (t +r(p(m+1) - 1)'UMaac> ,

where V74, = maxy; v"™.

4 Applications of Difference Harnack Estimates

Proof of Corollary 1.4 Let o(t) be a constant speed geodesic with o(t1) = 1,

o(ty) = x9, and p* = ]ﬁ. Combining Theorem 1.1 and the Young inequality, we obtain

to
v(xza, ta) —v(zy,t1) = / vy + (Vu, o)dt
t1

s

¢ _ P
2 1 d
> / Ko™t — (% +(p—1)(m+ 1)/<;c_wzm> v— < (wl,x2)> dt.
t

1 pﬁp* tg — tl

When ¢ > 0, ¢ > 1, we can deduce m > 0, then

t - p*
2 1
/ Ko™t — (2 +(p-1)(m+ 1)navn”;”m) v — <d(m1,x2)> dt
t1

t pﬁp* t2 - tl

d(a:l, .’I)Q)p*

_1 1 -
prip*(ty — 1)1

t
> — GUmaslog <t2> — k0™ ((p — 1)(m + 1)avmaez — Umin)(ts — t1) —
1

When ¢ > 0, ¢ < 1—0b, we can deduce m + 1 < 0, then

t2 a 1 d(zy,x2) i
/ ko™t — (; +(p—1)(m+ 1)&&1)%“) v— < : ) dt

h pript \ t2—h

d(l’l, $2)P*

PPty — ty) 7T

t
>~ atntog (1) = K (= Dom + )3 = Dt~ 1) -
1

Proof of Corollary 1.5 Let o*(t) be a shortest speed geodesic with o*(0) = x4,
0*(1) = my, such that |o*| = d(z2,71), p* = -5 Combining Theorem 1.3 and the Young
inequality, we have

1 ‘y
oge) < [ LI,
0

v(za,t) — —v(o*(s),t)
1 1 o m . v _dp*(Il,l'Q)
< DT (1 D e ) - T
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