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Abstract: In this paper, a Cauchy problem of Helmholtz-type equation with nonhomogeneous
Dirichlet and Neumann datum is researched. We establish the result of conditional stability under
an a-priori assumption for exact solution. A modified Lavrentiev regularization method is used to
overcome its ill-posedness, and under an a-priori and an a-posteriori selection rule for the regular-
ization parameter we obtain the convergence result for the regularized solution, the corresponding
results of numerical experiments verify that the proposed method is stable and workable, this work
is an extension on the related research results of existing literature in the aspect of regularization
theory and algorithm for Cauchy problem of Helmholtz-type equation.
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1 Introduction

In some practical and applied fields, such as Debye-Huckel theory, implicit march-
ing strategies of the heat equation, the linearization of the Poisson-Boltzmann equation,
Helmbholtz-type equation had many important applications, see [1-4], etc. In the past cen-
tury, the direct problem for it caused the extensive attention and was researched widely.
However, in some science research areas, the data of the entire boundary can not be ac-
quired, we only can measure the one on a part of the boundary or at certain internal points
of one domain, which is called as the inverse problem for the Helmholtz-type equation. This

paper studies the Cauchy problem of Helmholtz-type equation
Aw(y,x) — K*w(y,z) =0, x € (0,7), y € (0,T),

w(0,z) = p(x), z € |0,7|,

(0.2) = p(a) 0.7 -
wy (0, z) = (), x € [0, 7],
w(y,0) = w(y,m) =0, y €10,7],
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where k > 0 is the wave number. In view of the linear property of (1.1), it can be divided

into two problems, i.e., the Cauchy problem with nonhomogeneous Dirichlet data

Au(y,z) = K*u(y,z) =0, x € (0,7), y € (0,T),

u(0,z) = ¢p(x), z € (0,7,
(0.2) = () 0.7 ",
uy(0,2) =0, z € [0, ],
u(y,0) = u(y,m) =0, y€[0,T],
and the Cauchy problem with inhomogeneous Neumann data
Av(y,z) — ku(y,z) =0, =€ (0,m), y e (0,T),
v(0,z) =0, > T,
(0.2) co.m "
vy(0,2) = Y (), x € [0, 7],
U(ZJ,O) = U(y,ﬂ') =0, Y€ [0 T]7

it is easily to be know that the solution of problem (1.1) can be expressed as w = u + v.
Then, we only need to research problems (1.2) and (1.3), respectively.

Problems (1.2) and (1.3) are both the ill-posed problems in the sense that a small
disturbance on the Cauchy datum can lead to an tremendous error in the solution [5—
7], so some regularization techniques must be carried to overcome the ill-posedness and
stabilize numerical calculations (see some regularization strategies in [8, 9]). In the past
years, we find that many scholars have considered the Cauchy problem of Helmholtz-type
equation and proposed some efficient regularized methods and numerical techniques, such
as quasi-reversibility type method [10-14], filtering function method [15], iterative method
[16], mollification method [17, 18], spectral method [19, 20], alternating iterative algorithm
[21, 22], modified Tikhonov method [20, 23], Fourier method [12, 24], novel trefftz method
[25], weighted generalized Tikhonov method [26], and so on.

In this paper, we firstly establish the conditional stabilities for problems (1.2), (1.3),
and then construct a kind of modified Lavrentiev regularization method to solve these two
problems. In our work, we shall derive some a-priori and a-posteriori convergence results of
Hoélder type for our regularization solutions, and give an a-posteriori selection rule for the
regularization parameter which is relatively rare in solving the Cauchy problem of Helmholtz-
type equation. The work is an extension and supplement for the existing ones.

The paper is organized as follows. In Section 2, we derive the conditional stabilities
of (1.2) and (1.3). Sections 3 constructs the modified Lavrentiev regularization methods,
Sections 4 states some preparation knowledge. In Section 5, the a-priori and a-posteriori
convergence estimates of sharp type are established. Some numerical results are shown in

Section 6. The corresponding conclusions and discussions are drawn in Section 7.

2 Conditional Stability

We know that the Cauchy problem of the Helmholtz-type equation is ill-posed in the

sense of Hadamard that the solution (if it exists) discontinuity depends on the given Cauchy
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data. Under an additional condition, a continuous dependence of the solution on the Cauchy
data can be obtained, which is so-called conditional stability [27—29]. In this section, under an
a-priori bound assumption for exact solutions, we give the conditional stabilities of problems
(1.2) and (1.3). For v > 1/2, ¢ > 0, we define

= {¢ € L*(0,7) Z n? + k)22 THOVRTHE | e xS < oo}, (2.1)

here, (-,-) denotes the inner product in L?*(0,7), X, = X,(z) = /2/7sin(nz) is the

eigenfunctions in L?(0, ), and the norm of D , is defined as

1€l —(Z 24 k)2 THOVITERY | g X, S, (2:2)

Applying the method of variables separation, the solutions of (1.2) and (1.3) respectively

can be expressed as

COSh (\/ n2 + k2y) SOana ®n = <¢7Xn>7 (23)

3 'ng

U(ya wany 77bn = <1/}3Xn> (24)

Theorem 2.1 Let E > 0, u(T, x) satisfy an a-priori bound condition
[T,y < . 25)

then for each fixed 0 < y < 7T, it holds that

ke
()l a0 < 275 (K7eVET) 7 BT o0, (2.6)

where K =1+ k2.
Proof Note that, for 0 < y < T, n > 1, eV T+ /2 < cosh(v/n? + k2y) < eV TFY
n? + k% > 1+ k2, then from (2.3), (2.5) and Holder inequality, we have

o0
w(y, )|l L20,x) = | Z cosh(vV'n? + k?y)on Xn|| £2(0,x)

n=1
e e 2y o 2y
< | D cosh? (V2 + k2y)ed = \J > cosh? (V2 + K2y)pn T O
n=1 n=1
>0 2(T+q) > >
< Z (cosh(vn? + k2y))~ ¥ : T+q Z

HMS

2<T+ ) >
n2+k2 4 Z

= [ TVt T (37 p2) T

n=1 n=1
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(n? + k2)27 cosh?(v/n2 + k2T))

n=1

oo 2T k2 2 oo
\J (n? + k2)27e2( +a)V/n2+k2 (och (Vn2 + k2T)2 Byr q(z (pgl)lfT-qu

74 T
K2v7e2VKT )

= 4/( x J (Z(n2 + k)21 2TV | < (T, 2), Xa(2) > [2) 757 (Y p3)! T

n=1

IA

ZTLM(K’YG\/?T) T+<1ET+‘1H90HL2TOU:J)

Theorem 2.2 Suppose that v(T, x) satisfies the a-priori condition
[o(T, @), < E. @)

then for the fixed 0 < y < T, we have

||’U(y, 1’) HLZ(O,TI')

< 27H (K(%*ﬂf%)m (e\/?T (1 - eiQRT>) "Erta ||7/’||L2(€+;' (2.8)

Proof For n > 1, we notice that sinh(v/n2 + k2y) < eV %Y and n? 4+ k? > 1 +k? :=
K, sinh(v/n? + k2y) > eVEY(1 — e 2VEv) /2, from (2.4), (2.7) and Holder inequality, we have

sinh \/my)
”’U(yv )||L2(0 ) < H Z \/W ¢an||L2(O,7r)
< i smh2 b (Vi § Fy) o | 5 Sl (Ve R 2
= D W S TR\ P R ey i
< <Z<L 2 LR 2 gy e (Y ) e
et Vn? + k2 ot
> eV n?+k?y 2(T+q) Ly =
< T+q 21—
< g ) | T
2(T+q) y i
= 2(T+a)y/n? k2 2 W2) T
Z W3 ﬁ+ = Z:j

_ i VN2 +K2)2 - (n2 + k2)22(THOVR2 42 ginh® (V2 + k2T) 1 2T+a)

(s R (VE T (erRe e )T

IN

— K2762T\/?(1 — 672T\/?)2

oo 4 \/F o 2(T+q)
> e (n? + k2)2 2TV < (T, 2), X () > [2) 50
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+q %)
(T+q) +k 2
< «me(l ) T QL (0 R ETOVIT < u(l ), Xa(o) > )T
x| O wz) T
n=1

< 2T+q (K(l_,y>_T+q) e (e\/?T(l . 672\/?T)) T+qET+q |WHL2(T0+:)

From the inequality above, we can derive the conditional stability result (2.8).

3 Regularization Method

From (2.3), (2.4), we know that cosh(v/n? + k?y), % ;i;kz”) are unbounded as n
tends to infinity, so problems (1.2), (1.3) are both ill-posed, i.e., the solutions do not depend
continuously on the Cauchy datum ¢ and . In order to restore the stability of solutions
given by (2.3) and (2.4), we need eliminate the high frequencies of two functions to construct

the regularized solutions for (1.2), (1.3).

3.1 Regularization Method for Problem (1.2)

We adopt the similar idea in [30], then problem (1.2) can be equivalently expressed as

the following operator equation

Ai(y)uly, ©) = o(x), 3.1)

where A;(y) = 1/cosh(y/L,y), and A;(y) : L*(0,7) — L*(0,7) is a bounded linear self-
adjoint compact operator with the eigenvalues 1/ cosh(my) and eigenelements X,
L, : L*(0,7) — L?(0, ) is a linear positive defined self-adjoint operator, the eigenvalues and
eigenelements are n? + k2 and X,,, respectively.

Let us introduce the Hilbert scale (H,,),cr+ according to Hy = L?, H,, = D(Lﬁ/z), and
e = (1257

regularization solution S (y,x) by solving the minimization problem

ul|z2 is the norm in H,. For v > 1/2, we construct a generalized Tikhonov

2

2 (u—u") : (3.2)

min  J,(u), Jo(u) = HAl(y)u -

ueL?(0,m)

+ «

2
<I)HL2(O,7T) L2(0,m)
here, ©’(x) = u°(0,z) denotes the noisy data, § is measured error bound, and « plays the
role of regularization parameter, u* € L?(0, ) is the reference element (initial guess). Hence
ud (y,x) is the solution of Euler equation

. all u‘s—u*:; ‘51’—;1;* .
<cosh2(\/[;y) * LI>( “ ) cosh(v/L,y) <<p( ) cosh(v/L,y) > (3:3)

of the functional J,. Note that the operator A;(y) is a monotone compact operator, i.e.,
(A1 (y)u(y, ), u(y, ) r20,n = 0, and A;(y) is compact with dimR(A;(y)) = oo, then (3.1)
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is an ill-posed problem of type II in sense of Nashed [31] (also see [32]). So adopting the

similar idea with [33], we can replaced (3.3) by the simpler regularized equation below

)+am> (ud —u*) = (@%)— (3.4)

1 1 .
<COSh(\/EQ mu ) 7

which is a Lavrentiev-type method (see [34]), i.e.,

u’ + L) cosh(\/fxy)(ui —u*) = COSh(\/Ey)(pé(l'). (3.5)

We know that the ordinary Lavrentiev method [35] is characterized by (3.5), and aL] is
replaced by al.

Setting ¢ > 0, now we firstly replace cosh(v/L,y) by cosh(v/L.(T + q)) in the left side
of (3.5), and then express it a singularly perturbed form, it can be obtained a modified
Lavrentiev method for solving linear ill-posed problem (3.1). The regularized equation can

be written as

1 eoh(VE(T+g)
cosh(v/L,y) cosh(v/L,y)

We take the reference element (initial guess) u* = 0 and solve equation (3.6), then the

ul + ol (ul, —u*) = ¢°(x). (3.6)

regularized solution can be written as

o cosh(vn? + k2y) b, X (@)
2 g a(n? 4+ k2)" cosh (V2 + k3T + q))’ 3.7
here ¢ = (¢, X,,)12(0,n), and the noisy data ¢° satisfies
l° = ¢llL20.m) < 6. (3.8)
3.2 Regularization Method for Problem (1.3)
As in Subsection 3.1, we also can convert (1.3) into the operator equation
Ax(y)v(y, x) = vy (0,2) = (x), (3.9)

here As(y) = /L, /sinh(v/L,y), Aa(y) : L*(0,7) — L*(0,) is a bounded linear self-adjoint
compact operator with the eigenvalues v/n? + k2/sinh(v/n2 + k2y) and eigenelements X,,.
Note that As(y) : L?(0,m) — L?(0,7) also is a monotone and compact operator with
dimR(A(y)) = oo, then (3.9) is an ill-posed problem of type II in sense of Nashed. Sim-
ilar with the process in Subsection 3.1, for v > 1/2, we construct a generalized Tikhonov

regularization solution S (y,x) by solving the minimization problem

I Is(v) = ||A -
1)6%%1({)177) B() 6 H 2(yv

(v—w ) (3.10)

HL2(0 ™)

L2(0,7)
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here () = v)(0,2) denotes the noisy data, v* € L*(0,) is the reference element (initial

guess). Hence Ug(y, x) is the solution of Euler equation

(Smh *(VLyy) Smh\(/\fﬁy) <¢(S %)= Smh(%v>

of the functional Iz. Since the operator As(y) is a monotone compact operator, we can

+am>( —v*) = (3.11)

replaced (3.11) by the simpler regularized equation (Lavrentiev-type method)

VL, y oy (e Ve
(v *om) = (v - i) e
Ug + ﬁLlié sinh(my)(vg — ”U*) = Mwé(az) (3'13>

VL

Let ¢ > 0, we replace sinh(v/L,y) by sinh(y/L,(T + ¢)) in the left side of (3.13), and
express it a singularly perturbed form, we can obtain a modified Lavrentiev method for

solving ill-posed problem (3.9). The regularized equation can be written as

VI, 5 o sih(VIL(T + q))

sinh(v/L,y) Vs AL sinh(v/L,y) (05

We also choose the initial guess v* = 0 and solve equation (3.14), the regularized solution

—v*) = ¢°(x). (3.14)

can be expressed as

By, f: sinh(v/n2 + k2y)yS X, () (3.15)
P T 2 R (14 B(n® + K2 % sinh(vn2 + BT + q))) '
here 10 = (%, X. n)L2(0,x), the noisy data 0 satisfies
[9° — ¥ r20,7) < 9, (3.16)

and § is the measured error bound, 3 is regularization parameter.

4 Preparation Knowledge

Let o,83,¢,k >0,v>1/2, K=1+k? n > 1, for each fixed 0 < y < T + ¢, we define

the functions
e~ (T+a—y)Vn?+k?

H = 4.1
1(n) a(n2+k2)” 4 e~ (T+q)Vn?+k? (4.1)
and
e~ (T+a—y)Vn2+k?

VE (B(n? + k)b (Le2fEn ) 4 oo (Tho i)

We also require the following Lemma 4.1 which is given and proven in the reference [36].
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Lemma 4.1 If 0 <r <s<o0,s#0, and v > 0, then

“  <m (f> Vi, (4.3)
S

v+e s

where

Hi) = {77"(1 — )" € (0,1), )

1,n=0,1.

Theorem 4.2 Let a > 0, Hi(n) is defined by (4.1), then for each fixed 0 < y < T + g,
we have
Hi(n) < 27T, (4.5)

Proof Apply Lemma 4.1 with v = M, r=T+q—y)Vvn>+k? s = (T+
q)vn? + k2, and from H(n) < 1, we have

e~ (T+a—y) VAT TR 12 4 k)Y e Ty VTR

H{(n)= =
1( ) %(nz =+ k?)w + e~ (T+g)Vn2+k? %(’I’LQ + k2)v %(n2 + k2)'~/ + e~ (T+g)Vn+k?

_ (e Ry T (Tra—y\ (a4 k) T
- 2 T+q 2

(v -7 y T a(n? + k2) -7
T+q T+q 2

y y Yy 17%4“1 Yy TLH y
oy (1) T (Y

T+q

Y

<2((n® + K*)) THa TH.
Note that, ((n? + k2)7)" T4 < (K7)"TH, K =14+ k% > 1, (K?)"TH < 1, thus Hy(n) <
20~ T
Theorem 4.3 Let 5 > 0, Hy(n) is defined by (4.2), then for the fixed 0 <y < T + ¢,
it holds that

_ Yy
T+q

Hy(n) < 20,8 T4, Cy = K=t 2 (1 - e—W?(TH)) . (4.6)

Proof We take v = ((n? + k2)7"2 (%m), r=(T+q—y)Vn2+k% s =
(T + q)vn? + k? in Lemma 4.1, and from H(n) < 1, inequality (4.6) can be derived.

5 Convergence Estimate

In this section, under the a-priori and a-posteriori selection rules for the regulariza-
tion parameter we derives the convergence estimate for modified Lavrentiev regularization
method.

5.1 Convergence Estimate for the Method of Problem (1.2)
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5.1.1 A-Priori Convergence Estimate

Theorem 5.1 Let u be the exact solution of problem (1.2) given by (2.3), u% defined
by equation (3.7) is the regularization solution, the measured data ¢° satisfies (3.8). If the
exact solution u satisfies

(T, ) =D (0 B STH OV (T, ), X < B, (5.1)

n=1

and the regularization parameter « is chosen as
a=0/F, (5.2)
then for fixed 0 < y < T, we have the convergence estimate
[l (y, ) — uly, || < 4ETHa ' 74, (5.3)

Proof Denote u, be the solution of problem (3.7) with exact data ¢. We use the

triangle inequalities, then
g, = ull < flug, = wall + [lua —ul- (5.4)

For 0 <y <T+4gq, asn > 1, eV tF¥/2 < cosh(v/n2 + k2y) < eV +Fv from (3.7), (4.5),
(3.8), we note that

2

> (9 — n)?

50— . - cosh(yv/n? + k2y)
ey, ) = ualy, )l < Z <1 + a(n? + k2)7 cosh(vn2 + k2(T + q))

n=1

iy < e—(T+q—y)VnZ+k2

<
= Z; ORI (T ) VAT TR

) (8 — ¢n)® < 2007 TH. (5.5)

On the other hand, by (2.3), (3.7), (4.5), (5.1), we have

[wa(y, ) = uly, ) (5.6)

> 2 4 k2)Y cosh(vnZ + kK2(T
Hz o+ k) coshlvn” + T +9) oo (e T oy pu Xon
n=1

1+ a(n? + k2)7 cosh(v/n? + k2(T + q))

i ( a(n? + k2)7 cosh(vnZ T R2(T + q)) )Q(COSh(mmn)z

<
- —~\1+a(n?+k?)" cosh(v/n2 + k2(T + q))
- e~ (T+q—y)Vn2+k2
2 4 1:2)27 p2VnZHRZ (T+q—y) ) 2
= a\;<a(n2;k2‘>”+e@+q)¢m> (n? +k2)>e = (u(T, ), X))l
<« ZHf(n)(nQ + k2)20e2AT+aVRTTRE | (o (T, ), X,,)|2 < 20 TH E.
n=1
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Finally, we can complete the proof by using (5.4), (5.5), (5.6) and (5.2).
5.1.2 A-Posteriori Convergence Estimate

In Theorem 5.1, we select the regularization parameter « by an a-priori rule (5.2),
which needs the a-priori bound E of exact solution. However, in practice the a-priori bound
FE generally can be not known easily. In the following we adopt a kind of the a-posteriori
rule to select «, this method need not know the a-priori bound for exact solution, and the
regularization parameter o depend on the measured data ¢° and measured error bound 4.
On the reference that describes the a-posteriori rule in selecting the regularization parameter,
we can see [37], etc.

We select the regularization parameter « by the following equation
lug (0, ) — ¢°(2)]| = 76, (5.7)

here 7 > 1 is a constant. We need two lemmas that will be used in deriving the a-posteriori
convergence estimate.

Lemma 5.2 Let p(a) = ||[u(0,2) — ¢°(z)]|, then we have the following conclusions

(a) p(«) is a continuous function;

(b) lim p(a) = 0;

() Jim p(a) =9’

(d) For a € (0,4+00), p() is a strictly increasing function.

Proof It can be easily proven by setting

14 Oé(nQ + k2)’y COSh(\/’Im(T + Q)) n (58)

n=1

= 2 + k%)Y cosh(v/n? + k2 ? 2 i
p(a)=<z< a(n? + k?) h( + k2(T +q)) > (5)) .

Lemma 5.2 indicates that there exists a unique solution for (5.7) if [|¢°]| > 76 > 0.
Lemma 5.3 For the fixed 7 > 1, the regularized solution (3.7) combining with a-

posteriori rule (5.7) determine that the regularization parameter o = (4, ¢°) satisfies o >
(_I__l)e\/?Té
2 E

Proof From (5.7), there holds
2 h(v/n2 = B2(T
5 — Z n? + k?)7 cosh(v/n? + k(T + q)) & X, (2)
1 + a(n? + k2)7 cosh(v/n? + k2(T + q))
Z 2+ k%)Y cosh(v/n? + k2(T + q))
1 + af n2 + k2)7 cosh(v/n? + k2(T + q))
i a(n? + k?)7 cosh(vn? + k2(T + q))
— 1+ a(n? + k2)7 cosh(vn? + k2(T + q)) 7
i a(n? + k?)7 cosh(vn? + k2(T + q))
— 1+ a(n? + k2)7 cosh(vn? + k*(T + q))

IN

(902 - @n)Xn("E)

|,

(5.9)

+

e

IN

0+

(Pan(iB)
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and

onXn (x)

i a(n? + k)7 cosh(v/n? + k2(T + q))
“—~ 1+ a(n? + k)7 cosh(vn? + k2(T + q))

i( Oé(’I”LQ—{—kQ)'Ycosh(m(T_’_q)) >2 ) 1/2
— \1+a(n?+k?) cosh(vVn2 + k(T +q))) "

IN

IN

o 1/2
(Z o?(n? 4+ k2)¥ cosh®(Vn2 + E2(T + q))gpi) (5.10)

1/2
= a? VnZik2 SCEEE)
(Z cost® (V2 1 R2T) (e R ot (Vi ¢ kQTWl)

n=1

IN

- 1/2
4 2
(Z v (07 RSO (T ), Xn>2> < (2/e" Mok,

n=1

from (5.9), (5.10), we get that (7 — 1)8 < (2/eVET)aE. The proof is completed.

Theorem 5.4 Let u given by (2.3) be the exact solution of problem (1.2), u$ defined by
(3.7) is the regularization solution, the measured data (° satisfies (3.8). If the exact solution
u satisfies a priori bound (5.1), the regularization parameter is chosen by a-posteriori rule

(5.7), then for each fixed 0 < y < T, we have the convergence estimate

lud(y,-) = uly, )| < CET=6' "7, (5.11)

where C' = max {2 ((T — l)eﬁT/2>_TTq ,27H (K’Ye\/?T>_TTq (r+1)-15 }
Proof Asin (5.4), we know that
lug (g ) = uly, ) < lug(y, ) = ualy, M + lua(y, ) = uly, ). (5.12)

By (5.5) and Lemma 5.3, we get
i (g, ) = taly, )| < 20077 < 2((r = 1)eVETj2) T priagtorh, (5.13)
Now we give the estimate for the second term of (5.12). For fixed 0 < y < T', note that

A1 (y)(ualy, ) —uly, ")) (5.14)
_ )y e R cosh(Vi? 4 IP(T 4 q)) cosh(Vn? + FPy)ipn Xa(2)
' ot 1+ a(n? + k2)7 cosh(v/n2 + k2(T + q))
_ —a(n? + k?)7 cosh(v/n? + k2(T + q))
B Z 1 + a(n? + k2)7 cosh(vn? + k2(T + q))cann(:v)

n=1
_ i a(n? + k?)7 cosh(v/n? + k2(T + q))
= “— 1+ a(n? + k)7 cosh(vn® + k(T + q))
n i —a(n? + k)7 cosh(vn2 + k2T + q))
1+ a(n? + k2)7 cosh(\/m(T + q))SOn

(‘pi — n) Xn(2)

X (),

n=1
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using (3.8), (5.7), (5.14), we can obtain that
141 (y) (waly, ) = uly, ")) [| <0+ 70 = (T + 1)é. (5.15)
Meanwhile, according to the definition in (2.2) and a-priori condition (5.1), we have

Hu@(y» ) - U(% ')HD}\{Lz—u

2 | 1.2yv 2 T T3 2
_ Z n T k‘ 2+ 2(T+q)1 /n2 4 k2 < a(n +k ) cosh (2 n? 4+ k (T + q)) > COSh2( /n2 i ka)(PEL
= 1+ a(n? + k2)7 cosh®(v/n? + k2(T + q))

1
2

Nl

IN

(Z n? + k%) 2TTOV R (0o (V2 + k2T > <E, (5.16)

then, by the condition stability result (2.6), it can be obtained that

__Y
T+q

lualy,) = u(y, )| < 27 (K7e/ET) T (r 4 1) priagto s, (5.17)

Finally, combining (5.13) with (5.17), we can obtain the convergence estimate (5.11).

5.2 Convergence Estimate for the Method of Problem (1.3)

5.2.1 A-Priori Convergence Estimate

Theorem 5.5 Let v given by (2.4) be the exact solution of problem (1.3), v} defined
by (3.15) is the regularization solution, the measured data v° satisfies (3.16). If the exact

solution v satisfies

[o(T, )5y = D (0% + STV (0T, ), X) [P < E?, (5.18)
n=1

and the regularization parameter 3 is chosen as
B=0/FE, (5.19)
then for fixed 0 < y < T, we have the following convergence estimate
oy, ) = ol )l < 264 (1+1/eV57) Ertagt-rs, (5.20)

where C is given in Theorem 4.3.
Proof Denote vz be the solution defined by (3.15) with exact data 1. Using the
triangle inequality, we get that

I — vl < 1o~ vsll + o — vl (5.21)
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For0<y<T+gq,asn>1, Sinh(\/my) < e\/n‘uiﬁy7 sinh(my) > e\/my(l _
6*2‘/?9)/2, from (3.15), (4.6), (3.16), we note that

105 (v, ) = va (v )] (5.22)
DX Sinb(v? FK) Y208 — 1hn)?
< VN2 (14 B(n? + k2)7 3 sinh(vnZ + k2(T + q))) n
= o~ (T+a—y)\/n2+k2
< n
- 712::1(\/?(6(79 +k2)7—%(%¢m) —(T+q)\/m)) (W% = ¥n)?
< 20,68 TH.

On the other hand, by (2.4), (3.15), (4.6), (5.18), we have
lvs(y,-) = v(y, )l (5.23)

Z B(n? + k%)~ 3 smh(m(T +q)) )Q(Sinh(\/mT)
1+ B(n? + k2)"~ 2 sinh(v/n? + K2(T + q)) vn? + k?

¥n)?

- i eV/n2+k2y y
B =1 VN2 + k2eVrirRiy (1 4 B(n2 + k2)7™ 2 sinh(vn? + k2(T + q)))
35z, sinh(v/n? + k2T))
¢(n2 + k2)2ve2(T+a)vni+k (—FQ e )2
S G R OO N R ST
- = VEeVEy(1 + B(n? + k2)7~ 2 sinh(vn? + k2(T + q)))
_ = v ]
- e\ﬁy z:: (B(n2 + kz)v—f(l e 2F(T+‘1)) e—(T-&-q)\/m))
< 2/ )CiEp T

From (5.19), (5.21), (5.22), (5.23), the convergence result (5.20) can be derived.
5.2.2 A-Posteriori Convergence Estimate

We find ( such that
1(v3)y(0,2) — ¢° ()| = 75, (5.24)
here 7 > 1 is a constant.

Lemma 5.6 Let o(3) = [|(v}),(0,2) — ¢°(2)|, then we have the following conclusions
(a) o(0) is a continuous function;

(b) lim o(3) =0;

(c) ;ﬁrﬁx o(B) = lv°l;

(d) For 8 € (0,+00), o(f) is a strictly increasing function.
Proof It can be easily proven by setting

= 2 4 k273 sinh(v/n? + k2 ’ 2 i
o(8) = (Z( B(n? + k?) h(vn2+ k(T + q)) > () > ‘ (5.25)

1+ B(n? + k2)7~2 sinh(vn? + k2(T + q))
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Lemma 5.6 means that there exists a unique solution for (5.24) if [|[¢°| > 76 > 0.

Lemma 5.7 For the fixed 7 > 1, the regularization solution (3.15) combining with
a-posteriori rule (5.24) determine that the regularization parameter 3 = [((6,v°) satisfies
B > sinh(VKT)(T — 1)L

Proof From (5.24), there holds

24 k) smh(\/n2 +EX (T +4q) s
m <1+ ﬁ (n? 4 k2)7~ 2 sinh(v/n? + E2(T + q)>¢an($)
n? 4+ k)72 51nh(\/n2+k2(T—|-q)) 5
- <1+ ﬁ (n? + k2)7=2 sinh(v/n? + k2(T + q)) Wh = ¥n)Xa() (5.26)
B(n? + k)72 Smh(\/n2 +k2(T +q))
Z 1+ B(n? + k2)7~2 sinh(v/n? + k2(T + q))wan(@H
B(n? + k?)7—2 smh(\/n2 + k2T +q))
- Z 1+ B(n? + k2)7=3 sinh(vn? + k(T + q)) YnXn() ' ’
and
(n? + k2) 2 sinh(vn2 + k2(T + q)) X ()
— 1+ B(n? + k2)7 "3 sinh(vVnZ + k(T +q))
2 4 k22 smh(\/n2 +k2(T +q)) >2 w2 v
1 + ﬁ (n? + k2)7~2 sinh(vn2 + k2(T + q)) "

o 1/2
< (Z (n? 4+ k%)~ Lsinh®(Vn2 + k2(T + q))wfl> (5.27)
< (n? + k?)27e2(T+a)vn®+k> 51nh2(\/n2 + k:QT)w i
- sinh?(v/n2 + k27) (Vn? + k?)? "

[} 1/2

2 2\2v ,2(T+q)VnZ+k? . 2

< (Z e rT () (o(T,), X )
< /sinh(VKT))BE,

combing with (5.26) and (5.27), we otain that (7 — 1)§ < (1/sinh(v/KT))BE.

Theorem 5.8 Let v given by (2.4) be the exact solution of problem (1.3), v} defined
by (3.15) is the regularization solution, the measured data ¢° satisfies (3.16). If the exact
solution v satisfies a priori bound (5.18), and the regularization parameter is chosen by

a-posteriori rule (5.24), then for fixed 0 < y < T, we have the convergence estimate

vy, ) = vy, )l < CoETR G T4, (5.28)
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where
O, = max {20, <sinh(\/7(T)(r _ 1)) o
27Fa (K(%—'Y)_T‘zt/q) o <e‘/?T <1 — 6_2\/?T))7T+q (T + 1) T4 I

(] is given in Theorem 4.3.
Proof Notice that

v (5, ) = vy < gy, ) = va(y, )l + lvs(y, ) — vy, )ll- (5.29)

By (5.22) and Lemma 5.7, we get

oy, ) = valy, Il < 2010674 < 20; (sinh(VET)(r = 1)) " Ertst . (5.30)
Below, we do the estimate for the second term of (5.29). For fixed 0 < y < T, we have

Ax(y) (vs(y,-) —v(y, ) (5.31)
B L —B(n? + k)72 sinh(v/n? + E2(T + q)) sinh(vV/n? + k2y) .
= Ay(y) Z V2 + k2 (14 B(n2 + k2)7~2 sinh(v/n2 + k2(T + q))) Yndn(®)
B(n?+ k?)1— 3 s.lnh(\/n2 +k2(T +q))
= 1+ B(n®+ k)75 sinh(vVn® + E2(T + q))
Z —B(n* + k*)7 2smh(\/n2+k2(T+q))
14 B(n? + k2)7~ 2 sinh(vn2 + E2(T + q))

(1/12 - %)Xn(l‘)

Mg

@ban(x)»

using (3.16), (5.24), (5.31), we can obtain
[42(y) (va(y, ) —v(y, ")) [| <6+ 76 = (7 + 1)6. (5.32)
Meanwhile, according to the definition in (2.2) and a-priori bound condition (5.18), we have
o300~ (5 (5.3

1. 2
_ <z | Ry AT ( Bn? + 1)1~ sinh (Vi £ FE(T + ) >
14 B(n? + k2)7~ 2 sinh(vn2 + E2(T + q))

(sinh(\/my)fm;

Vvn? + k?
[e%s) . 2 %
< (S 4 perraviE sinh(v'n® + k*T) A
— n2 + k2 n

then, by the condition stability result (2.8), we can get that

lvs(y, ) —v(y, )l (5.34)
< orts (KO)75) T (VR (12 o 2VRT) )T (e gt gt




534 Journal of Mathematics Vol. 40

Finally, combining (5.30) with (5.34), we can obtain the convergence estimate (5.28).

6 Numerical Experiments

In this section, we use numerical experiment to verify the efficiency of our method. For
the simplification, we only investigate the numerical efficiency of the regularization method
for (1.2), which is similar with the case of inhomogeneous Neumann data (1.3).

Example We can verify that u(y,z) = sin(z)cosh(v/1+ k2y)(k > 0) is the exact
solution of problem (1.2). We take the Cauchy data ¢(x) = u(0,2) = sin(z). Denote
Az = ¥ as the step size for variable z, z, = 1Az as the nodes in [0, 7] for + = 0,1,2,--- , N,
and choose the measured data as ¢° = p+erandn(size(y)), where ¢ is a (N+1) x 1 dimension
vector, € is the noisy level, the function randn(-) generates arrays of random numbers whose
elements are normally distributed with mean 0 and standard deviation 1, randn(size(y))
returns an array of random entries that is of the same size as ¢. The bound of measured

error ¢ is calculated in the sense of the root mean square error

5= ¢’ = elli, = N+1 ZI@ z,) — (). (6.2)

For each 0 < y < 1, the regularization solution u’(y,z) is computed by (3.7) for

n=1,2,---, M, and the relative root mean square error is computed by

2
N+1 Zz o (u(y,z.) — ud(y,2,))

Vs S w2y, 2)

Since the a-priori bound F is generally difficult to be obtained in practice, we only give

e(u) = (6.3)

the numerical results by the a-posteriori selection rule (5.7) for the regularization parameter
a, here « is found by the Matlab command fzero, and we take 7 = 1.1.

For k = 0.5,1.5, v = 2, ¢ = 0.5, the relative root mean square errors for various noisy
level € are presented in Tables 6.1-6.2. For k = 0.5,1.5, taking ¢ = 0.01, ¢ = 0.5, we
also compute the corresponding errors to investigate the influence of v on numerical results,
which are shown in Tables 6.3-6.4. For k = 0.5, 1.5, taking ¢ = 0.01, v = 2, we calculate the
errors to investigate the influence of ¢ on numerical results, the results are shown in Tables
6.5-6.6.

From Tables 6.1-6.6, we observe that our method is stable and feasible. From Tables
6.1-6.2, we see that numerical results become better as £ goes to zero, which verifies the
convergence of our method in practice. Tables 6.3—-6.4 show that, for the same ¢, ¢, the error
decreases as v becomes large. Tables 6.5—6.6 indicate that, for the same &,-, numerical
results become well as ¢ increases. Then, in order to guarantee to obtain the satisfied
calculational result, we should choose the parameter 7, q as a relative large positive number,
this conclusion are coincident with the expression of the regularization solution (3.7) and

the convergence result (5.11).
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Table 6.1 k£ = 0.5, v = 2, ¢ = 0.5, the relative root mean square errors for various noisy

level € at y = 0.6, 1

€ 0.001 0.005 0.01 0.05 0.1

o 6.5541e-05 3.2747e-04 6.5333e-04 0.0031 0.0058
eos(u) 6.5366e-04 0.0032 0.0062 0.0272  0.0495
er(u)  8.2972e-04 0.0040 0.0077 0.0315 0.0549

Table 6.2 k= 1.5, v =2, ¢ = 0.5, the relative root mean square errors for various noisy

level € at y = 0.6, 1

€ 0.001 0.005 0.01 0.05 0.1

o 3.5832e-06  1.7930e-05 3.5915e-05 1.8155e-04 3.6522e-04
eoe(u) 6.4477e-04 0.0032 0.0063 0.0304 0.0580
€1(u) 7.7046e-04  0.0037 0.0074 0.0346 0.0650

Table 6.3 k = 0.5, ¢ = 0.5, ¢ = 0.01, the relative root mean square errors for various =
at y =0.6,1

v 1 2 3 4 5 6

o 8.2264e-04 6.5333¢-04 5.0207e-04 3.4938¢-04 2.1572e-04 1.2325e-04
co.6(u)  0.0065 0.0062 0.0057 0.0049 0.0041 0.0035
er(u)  0.0082 0.0077 0.0067 0.0054 0.0043 0.0035

Table 6.4 k = 1.5, ¢ = 0.5, ¢ = 0.01, the relative root mean square errors for various ~y
at y =0.6,1

v 1 2 3 4 5 6

a  1.1693e-04 3.5915¢-05 1.1029e-05 3.3810e-06 1.0296e-06  3.0864e-07
c0.6(u) 0.0064 0.0063 0.0063 0.0062 0.0060 0.0057
er(u)  0.0076 0.0074 0.0072 0.0071 0.0068 0.0063

7 Conclusion and Discussion

The article researches a Cauchy problem of the Helmholtz-type equation with nonho-
mogeneous Dirichlet and Neumann datum. For problems (1.2) and (1.3), we respectively
give the conditional stability estimate under an a-priori bound assumption for exact solu-
tion. One modified Lavrentiev method is constructed to solve these two problems, and some

convergence results of Holder type for our method are derived under an a-priori and an
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Table 6.5 k= 0.5, v =2, ¢ = 0.01, the relative root mean square errors for various ¢ at
y=10.6,1

q 0.1 0.5 1 1.5 2 2.5
9.7801e-04 6.5333e-04 3.7885e-04 2.1455e-04 1.1932e-04 6.5121e-05

eos(u) 0.0063 0.0062 0.0061 0.0058 0.0056 0.0053

er(u)  0.0079 0.0077 0.0074 0.0070 0.0065 0.0060

Table 6.6 £k = 1.5, v = 2, € = 0.01, the relative root mean square errors for various g at
y=0.6,1

q 0.1 0.5 1 1.5 2 2.5

o 7.2900e-05 3.5915e-05 1.4619e-05 5.9326e-06 2.4051e-06 9.7384e-07
eo6(u) 0.0064 0.0063 0.0063 0.0063 0.0062 0.0061
er(u)  0.0075 0.0074 0.0073 0.0072 0.0071 0.0070

a-posteriori selection rule for the regularization parameter, respectively. We also verify the
practicability of this method by making the corresponding numerical experiments.

It should be pointed out that the proposed method also can be used to solve the Cauchy
problem of elliptic equation in cylindrical domain. However this method can not be applied
to deal with some other problems in more general domains, which is a deficiency of this
article. In addition, in the procedure of the computation, we need to choose the suitable
parameters which include the regularization parameter «, positive integer N and positive
numbers v, q. We choose the parameters N, v and ¢ by using the a-priori method, but not
to consider the a-posteriori rule for them. It is well know that the selection of the parameter
is a sensitive and widespread concerned issue in the inverse problems, their values often
can influence the numerical computation effect directly, so it is necessary to consider the

a-posteriori selection rule for the parameters N, v and ¢ in future works.
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