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Abstract: In the article we introduce two quasi-subordination subclasses of the function class
> of analytic and bi-univalent functions associated with the Dziok-Srivastava operator, and some
problems for their coefficient estimation and Fekete-Szeg6 functional. By using differential quasi-
subordination and convolution operator theory, we obtain some results about the corresponding
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theses subclasses, which generalize and improve some earlier known results.
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1 Introduction

In the article, our aim focuses on the certain quasi-subordination subclasses of analytic
and bi-univalent functions associated with the Dziok-Srivastava operator. To state our re-
sults, at first we will recall some notations and basic properties for analytic and bi-univalent
functions and Dziok-Srivastava operator.

Let A be the class of normalized analytic function f(z) by

o0

z—l—Zanz” (1.1)

n=2

f(z)

in the open unit disk A = {z € C:| z |< 1}.
Let the subclass S of A be the set of all univalent functions in A. According to the

Koebe one quarter theorem [1], the inverse f=! of every f € S satisfies

fHfR) =2 (z€d) and f(f'(w))=w (weA,),
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where p > 1 denotes the radius of the image f(A) and A, = {z € C:| z |< p}. It is recalled
that

fHw) = w — ayw? + (243 — az)w® — (5a3 — basas + ay)w* + - - . (1.2)

If both the function f € A and its inverse f~! are univalent in A, then it is bi-univalent.
Denote by 3 the class of all bi-univalent functions f € A in A.
For given f,g € A, define the Hadamard product or convolution f % g by

(f9)(2) =2+ > anbpz" (z € A),
n=2

where f(z) is given by (1.1) and g(2) = z + _ br2*. Assume that the Gaussian hypergeo-

=2
metric function ,Fy(ou, -+, aq; B1,- -+, Bs; 2) is defined by
I () 2
E@(ah"'aa;617"'7/88;2) = ]:_177
! ! ; Hj:l(ﬁj)n n!
o e (Oék;)nq on—1
= 1+ k=1 z€ A
2 TG o Y

for the complex parameters oy and (; with §; # 0,—-1,-2,-3,... (k = 1,--- ,¢;j =

1,---,s), where (¢),, denotes the Pochhammer symbol or shifted factorial by

© _T'(t+n) 1, if n=0,0€C\ {0},
T U+ D)(E+2).. (U+n—1), if neN={1,2,3...}.

Dziok and Srivastava (2, 3] ever introduced the convolution operator (Zs(ay, - -+, ag; B, -+, Bs)=

«Ls later named by themselves as follows

qu<a1a"' )O‘q;ﬁla"' aﬁs)f(z) = Zqu(ala"' 7aq;/61a"' 76532) *f(Z)

= z+ an(Q7 S)ann (Z S A), (13)
n=2
where
Hzfl(ak)n—l
Pu\e:8) = (5. : 1.4
(@5 I5_, (Bj)n—1(n — 1)! (1.4)
Note that

Z[qIS(Oél,"' ,Oéq;/g17'.' 7ﬁs)f(z)]/
= Oé1qu(a1 + ]_, ,Oéq;ﬁl,"' 7ﬂ§)f(z) - (al - 1)(11-3(0(1,"' 7aq§617"' 769)f(’z)
_ aqus(alaa2+ Lo ag; B, ’ﬁs)f(z) — (ag — 1)qIS(041,... 0 By 7ﬁs)f(2)

O‘qqZS(O‘Iv"' s+ 15,68, vﬁs)f(z) - (aq - 1)111'5(041,‘” s Qs By 7/88)f(2) (2 € A)'
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Here we remind some reduced versions of Dziok-Srivastava operator ,Z(aq, - -, o3 B1, -+, Bs)
for suitable parameters ai(k = 1,---,¢q) and 3;(j = 1,---,s); refer to the generalized

Bernardi operator J,, = 2Z1(1, 14+n; 24+n)(R(n) > —1) [4]; Carlson-Shaffer operator L(a, c) =

2Z1(a, 1;¢) [5]; Choi-Saigo-Srivastava operator Z, , = oZ;(u, ;A + 1)(A > =1, > 0) [6];

Hohlov operator Z%* = 1,7, (a,b;c) [7, 8]; Noor integral operator " = 5Z;(2,1;n + 1) [9];

Owa-Srivastava fractional differential operator Q) = ,77(2,1;2 — A\)(0 < X < 1) [10, 11];

Ruscheweyh derivative operator D° = 57, (1 + 6,1;1) [12].

In 1967, Lewin [13] introduced the analytic and bi-univalent function and proved that
| ay |< 1.51. Moreover, Brannan and Clunie [14] conjectured that | a5 |< v/2, and Netanyahu
[15] obtained that gnazx | as |= 3. Later, Styer and Wright [17] showed that there exists

€

function f(z) so that | ap [> 3. However, so far the upper bound estimate | ap [< 1.485
of coefficient for functions in ) by Tan [18] is best. Unfortunately, as for the coefficient
estimate problem for every Taylor-Maclaurin coefficient | a,, | (n € N\ {1,2}) it is probably
still an open problem. Based on the works of Brannan and Taha [19] and Srivastava et al.
[20], many subclasses of analytic and bi-univalent functions class > were introduced and
investigated, and the non-sharp estimates of first two Taylor-Maclaurin coefficients | as |
and | as | were given; refer to Deniz [21], Frasin and Aouf [22], Hayami and Owa [23], Patil
and Naik [24, 25], Srivastava et al. [26, 27], Tang et al. [28] and Xu et al. [29, 30] for
more detailed information. Recently, Srivastava et al. [31, 32] gave some new subclasses
of the function class ) of analytic and bi-univalent functions to unify the works of Deniz
[21], Frasin [33], Keerthi and Raja [34], Srivastava et al. [35], Murugusundaramoorthy et
al.[36] and Xu et al. [29], etc. Besides, we also refer to Goyal et al. [37] for the subclasses
of analytic and bi-univalent associated with quasi-subordination. Since Fekete-Szego [38]
studied the determination of the sharp upper bounds for the subclass of S, Fekete-Szego
functional problem was considered in many classes of functions; refer to Abdel-Gawad [39] for
class of quasi-convex functions, Koepf [40] for class of close-to-convex functions, Orhan and
Raducanu [16] for class of starlike functions, Magesh and Balaji [41] for class of convex and
starlike functions, Orhan et al. [42] for the classes of bi-convex and bi-starlike type functions,
Panigrahi and Raina [43] for class of quasi-subordination functions, Tang et al. [28] for classes
of m-mold symmetric bi-univalent functions. In addition, Murugusundaramoorthy et al.
[36, 44, 45] and Patil and Naik [46] ever introduced and investigated several new subclasses
of the function class ) | of analytic and bi-univalent functions involving the hohlov operator.
Moreover, Al-Hawary et al. [47] studied the Fekete-Szego functional problem for the classes
of analytic functions of complex order defined by the Dziok-Srivastava operator. Motivated
by the statements above, in the article we are ready to introduce and investigate two new
subclasses of the function class > of analytic and bi-univalent functions associated with the
Dziok-Srivastava operator and quasi-subordination, and consider the corresponding bound
estimates of the coefficient as and as as well as the corresponding Fekete-Szego functional
inequalities. Furthermore, the consequences and connections to some earlier known results

would be pointed out.
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For two analytic functions f and g, if there exist two analytic functions ¢ and h with
| o(2) |< 1, h(0) = 0 and | h(z) |< 1 for z € A so that f(z) = p(2)g(h(z)), then f is
quasi-subordinate to g, i.e., f <quasi g- Note that if ¢ = 1, then f is subordinate to g in A,
i.e., f < g. Further, if h(z) = z, then f is majorized by g in A, i.e. f < g. For the related

work on quasi-subordination, refer to Robertson [48], and Frasin and Aouf [22]. Write
0(2) = Bo+ Biz+ B2® + B3z* + ... (| ¢(2) |[< 1,2 € A). (1.5)

First we will introduce the following general subclasses of analytic and bi-univalent functions
associated with the Dziok-Srivastava operator.

Definition 1.1 A function f(z) € > given by (1.1), belongs to the class QHy> 51 "7 (1; ¢)
if the following quasi-subordinations are satisfied

2 L) (2)] [T )] | B
[ oLs f(2) ] { z | 1 <quasi (¢(2) = 1) (1.6)
and ( T )/( ) ( T )( )- n
4 q sg w q sg)(w B . . |
[ qzsg(w) ] [ w 1 '<quas1 <¢< ) 1) (1 7)

for z,w € A, where n > 0 and the function g is the inverse of f given by (1.2).
Definition 1.2 A function f(z) € > given by (1.1), belongs to the class QSy> 5!
(7, py A, y; @) if the following quasi-subordinations are satisfied:

%[ Z(quf)l(Z) + MZQ(quf)”(Z) . 1 ] < quasi (¢(Z) - 1) (18)

(=22 + A1) + =LV E) T+ )
and
R ) [ R e ) ) M i
AT Nw + A Za)w) 7l Zgy@) Ly x) e =D 19

for z,w € A, where 7 € C\ {0}, 0 < <1,0<A<1,0<~ <1 and the function g is the
inverse of f given by (1.2).
Lemma 1.3 (see [1, 49]) Let P be the class of all analytic functions ¢(z) of the following

form
oo

q(z) =1+ chz” (z € A)

n=1
satisfying Rq(z) > 0 and ¢(0) = 1. Then the sharp estimates | ¢, |< 2(n € N) are true. In

particular, the equality holds for all n for the next function

2 Coefficient Bounds for the Function Class QHs5" "3 (1; ¢)
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Denote the functions s and t in P by

1 H4u(z
s(2) T—ul)

; :1+§:cnz" and t(w) = 1+v((w

; =1+ idnw" (z,w e A). (2.1)

1 —wu(z 1 —o(w

Equivalently, from (2.1) we know that

u(z) = 28 . 1 = %z + %@z - %)f +... (z€A) (2.2)
and t 1 d 1 &2
v(w)_%_zlw+2(d2_21)w2+"' (we A). (2.3)

Given ¢ € P with ¢'(0) > 0, let ¢(A) be symmetric with respect to the real axis. When the

series expansion form of ¢ is denoted by
$(z) =1+ En.z" (BE1 >0,z €A), (2.4)
n=1

by (2.2)-(2.3) and (2.4) it follows that

1 1 2 1
o(u(2)) = 1+ Ererz + [5 B(e — %) + 1Bl L (€A (2.5)
and
1 1 Eoo1

In the section we study the estimates for the class QHy 3" "7%(n; ¢). Now, we establish
the next theorem.
Theorem 2.1 If f(z) given by (1.1) belongs to the class QHy 3" 5(; ¢), then

1 ‘»55
0y |< min{F_ 2B~ Bl + By) BB, B 1)
B m+1)" i+ 1)(n+2) /21, Bo, Er, E»)| [p2(g;9)]
and
g |< (|Bo + |B1]) Ex n min{|B0|E12 2(|Ey — By| + El)} | By (2.8)
~ (n+2)ps(g, )| n+1"’ n+2 (n+1)|ps(q,s)|’
where
E(n, Bo, E1, E2) = (n+1)(n + 2)BoE} + 2(n + 1)*(E1 — E). (2.9)

Proof 1If f(z) € QHy gll ’g‘? (n; ¢), then by Definition 1.1 and Lemma 1.3, there exist

two analytic functions u(z) and v(w) € P so that

2L ) (2)1 (s f)E)n 4 Vo (ule)) —

[ X0 F=20 = 1= 0(2) () - 1] (2.10)
and

[Z(qug) (w)”(qfsg)(w)]n — 1 = p(w)[b(o(w)) — 1. (2.11)

oLsg(w) w
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Expanding the left half parts of (2.11) and (2.12), we obtain that

[z<q18f)/(z)][(quf)(Z)]n
quf(Z) <

= 1+ (n+ 1)pa2(g, s)azz + [(n + 2)p3(q, s)as +

(n—1n+2)

g, el e (212)

and

[Z(qz-sg),(w> ] [ (qug) (U)) ]77
oZsg(w) w

(n+2)(n+3) ,

= 1—(n+ Dpa(g, s)asw + [—(n + 2)ps(q, s)az + p5(q, s)aslw® + - . (2.13)

2
In addition, we know that
1 1 1 o1 -
o(2)[p(u(z)) — 1] = QBOElclz + [§BlElcl + §BOE1 (co — 5) + ZBOEgcl]z +--- (2.14)
and
1 1 1 2.1 -
<p(w)[¢(v(w)) — 1] = 530E1d1w+ [§BlE1d1 + §B()E1 (dg — 5) + ZBOEle]w +-ee (215)
Therefore, from (2.10)—(2.15) we have that
1
(n + 1)p2(q, s)as = §BOE10M (2.16)
-1 + 2 1 1 c? 1
(n+2)p3(q, s)as+ wpg(qa s)as = §B1E101 + §BOE1(C2 - 51) + 130E2C%7 (2.17)
1
—(n+1)p2(q; s)az = 5 BoEndy (2.18)
and
+2 +3 1 1 d? 1
—(n+2)ps(q, s)as + %Pg(q, s)as = §B1E1d1 + iBOEl(dZ - 51) + ZBOE%ﬁ'
(2.19)
From (2.16) and (2.18), it infers that
BoFE BoFEid
4= —o 2 Joi® (2.20)
2(n + 1)p2(q; 5) 2(n + )p2(g, s)
Then, we show that
¢ =—d; (2.21)
and
BYEY(c + d}) = 8(n + 1)°p3(q, s)as. (2.22)

By (2.17) and (2.19), we have that

1 1
1 Bo(Bs = Ey)(ci +d7) + gBoBi(e2 +da) = (n+ 1)(n+ 2)p3(q, s)as. (2.23)
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Therefore, by (2.22)—(2.23) we obtain that

2 _ BiE} ¢z + d)
“2 T 2+ D)0+ 2)BoE? +2(n + 1)(Er — Bs)Jpi(q,5)° (2.24)

We follow from Lemma 1.3 and (2.22)—(2.24) that

| Bo| EX
lag |< —————,
(n+ 1)[p2(g, s)|
2|Bo|(|Ey — By |+ Ey)

V(1 +1)(n+2)Ip2(q, 5)]

las |< |Bo| E1v/2E,
~ VO + DI+ 2)BoE? + 2(n + 1)(Br — Ba)llp2(q, 5)]
then (2.7) holds. Similarly, from (2.17), (2.19) and (2.21), it also implies that

| as |<

and

B1E1(01 - dl) + BOE1(02 - d2) = 4(77 + 2)?3(% 5)03 - 4(77 + 2)]73(% S)CL; (2~25>
Hence, from (2.22) and (2.25), we obtain that

_ BiEi(c; —dy) + BoEi(ca — da) BIE}(c} + d7)
4(n +2)ps(q, 9) 8(n + 1)ps(q; s)’

Therefore, from Lemma 1.3 it shows that

ag

(1Bo + [B1]) Ex BiEY
(n+2)lps(a:s) — (n+1)%|ps(q, )]
On the other hand, by (2.23) and (2.25), we infer that

| as |<

e — B1E1<Cl — dl) + BoE1(62 - dg) Bo(E2 — El)(C% + d%) + 230E1 (62 + dg)
3 =
A(n+2)ps(g; 5) A+ 1)(n +2)ps(g; 5)

Thus, from Lemma 1.3, we see that

(|Bo + |Bil)Er | 2|Bo|(|E2 — Eu| + Ey)
(n+2)|ps(g,s)|  (n+1)(n+2)|ps(q,s)|

Next, we consider Fekete-Szego problems for the class QHy~ ;11 vgq (n; ).
Theorem 2.2 If f(z) given by (1.1) belongs to the class QHs gll vgq (n;¢) and 6 € R,
then

Bol|E . —_
S 2 < 2(7]4‘_2)0‘1,33%5)|7 if Q‘BO|E12(T]+2)|p%(q7 5) - 6p3(q>8)| S| = | p%(q>8)7
| a5=003 [ 9 o PEllpt(@n)-oms@a)l 55 o1 B B2 (0 4 D 02(a. 8) — SIE (g2
. if 2|BolET (n 4 2)[p3(q, s) — dp3(q, s)| =] E | p3(q, 5),

|Ep3(q,s)|p2(a,s)

| as |<

where = = Z(n, By, E1, F») is the same as in Theorem 2.1.
Proof From (2.25), it follows that
_ p3(g,8)a3 _ BiEi(¢c1 — di) + BoEi(c2 — da)
p3(g, ) 4(n +2)ps(g. s)

as



438 Journal of Mathematics Vol. 40

By (2.24) we easily obtain that

52— BoEiEPI(a,8) + 2BoET(n +2)(p3(g, 8) — opa(a, 5))]e2
? A(n + 2)Zps(q, $)p3 (. s)
LB [Ep3(q,8) + 2BoE7 (1 + 2)(p3(q, 5) — dps(q, 5))]d2
4(n +2)=ps(q, s)p3(q, )

Hence, from Lemma 1.3, we imply that

Bol|E . —_
anda? |< T, if 2|Bo|E} (1 + 2)[p3(g, s) — 6ps(g, s)| <[ | p3(q, 9),
3 2 Bo|?E2|p2(q,s)—6p3(q,: . —
2Bl Bilpa(@e) Opsas)l i 9| By | B2 (1 + 2)|p3(g, s) — Ops(a, s)| =] E | p3(g, s).

|Zp3(g,5)|p3(g;s)

Corollary 2.3 If f(z) given by (1.1) belongs to the class QHy 3" "7 (n; ¢) and 6 € R,
then

—_
—
—

<
2| B, E .
|lpf<|q BIE if 2|BolEf(n+2) >

—_
—
—

Bo|E :
o] < { sty i 2Bl B +2)
3 =

where = = Z(n, By, E1, F») is the same as in Theorem 2.1.

Remark 2.4 Without quasi-subordination (i.e., ¢(z) = 1), if we choose some suitable
parameters oy (K = 1,---,q), 8; (j = 1,---,s) and 1, we obtain the following reduced
versions for QHs gll gq (; ¢) in Theorem 2.1.

(I) QHy “"(a;¢) = ji’blc(a, ¢), refer to Patil and Naik [46].

Remark 2.5 Without Dziok-Srivastava operator, we can collect the following reduced
versions for QHsx gll gq (n; ¢) in Theorem 2.1.

(I) QHy 5 5 (n:¢0) = T () (n = 0), refer to Goyal et al. [37].

(I) QHy 55 (1i9) = Hz(gb) for p(z) = 1, refer to Ali et al. [50] and Tang et al.
[51] for Corollary 2.2; QHy 51701 (0;¢) = S5 (¢) for ¢(2) = 1, refer to Brannan and Taha.
[19] and Tang et al. [51] for Corollary 2.4.

3 Coefficient Bound Estimates for the Function Class QSZ(“’ (T Ay )

Now, we study the coefficients for the class QS B (7' i, A, y; @) and establish the
next theorem.

Theorem 3.1 If f(z) given by (1.1) belongs to the class QSZB ) (T o A, Y5 D),
then

| az |< min{Fy, Fo, F3} (3.1)
for
F, = | Bor | Ex(1 47 —A)? Ty = | Bo | (| Eo — E1 | +Ey) | 7| (1 4+~ —7A)3
p2(q, )W (A )| (1, ), 7, p2(4, 9), p3(2,9)) |
and
£ = | Bor | Y2 (1 47 —9))?

VI BorE2(1+~ =y N)® (1, A, 7, p2(4, 8),3(0, 8)) + (Br — E2)pd(q, ) 02(u, A, y) |
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and
| as |§ min{g17g2}
for 2 2 P22 4
G, — | 71 (|Bol +Bi)Er(1 +v—9A)? | [ 7] BET(1+7— 7))
L=
pa(q,5)|O(1, A7) P5(q, )W (1, A, )
and
Gy = | 7| (1Bo| + [Bi]) Ex(1 + v —9A)° 4B [ (1B — Br| + B (A 4 —A)?

|p3(Q7S)|@(IM7)\7’Y) ‘q)('u’ )‘777p2(Q7 5)7]93((]7 S))‘

where

D, X, v, 02(0, 8), p3(a,9)) = (L+7 —=yN)O (1, A, 7)ps(a, 8) — AL =) +29]¥ (1, X, 7)p5(q, 5),

(3.2)
U, A y) =2 =9A = A +2u(1 +v9 —9A) (3.3)

and
O, A, y) =3 —=29A — A+ 6p(l +v — M. (3.4)

Proof Here, we follow the method of Theorem 2.1. If f(z) € QSy- gll gq (T, s Ay v ),
then by Definition 1.2 there exist two analytic functions u(z),v(z) : A — A with u(0) =0
and v(0) = 0 such that

1 2(Zs ) (2) + n22(Zs )" (2) 3 1 = o b)) —
Ve R & { S R 0 o B LR TU Y L
and
1 w(,Zsg)' (2) + pw?(,Zsg)" (w) B 1 — olw) (o)) —
AT N0+ M- (T w) + el gy @) L raa-n) - e (1;'6)
Expanding the left half parts of (3.5) and (3.6), we have that
1[ 2(oZsf)' (2) + p2*(Zs )" (2) B 1 ]
T (1 =Nz + A1 =)L f(2) + 72( L f) (2)  [L+7(1—A)]
YAy Naoz
= i) 7/\)2102((1, Jas
O, A7) AL =) +29]¥ (s, A7) 21,2
+[m?3(q’5)a3 - P SRR p3(g,s)azlz"+ -+ (3.7)
and
l[ w(,Zs9) (2) + pw?(,Zs9)" (w) o 1 ]
T (1= Nw+ A1 =) (Zsg)(w) + yw(oZsg) (w)  [1+ (1= N)]
Y A) (g, 5)azw
(L — 2 2 e
1 O A\7) AL =) +29]¥(p, A7) 21, 2
;[mm(% s)az — 1+ A3 pa(g; s)aglw™ + -+ . (3.8)
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Therefore, From (2.14)—(2.15) and (3.5)—(3.8), we get that

W(p A7) 1
TR (39)
@('u’ )\’ FY) [/\(1 B ’Y) + 27]\11(/'L’ >‘7 PY) 2 2
T(14+~— ’y)\)2p3(q, 8)as T(1 4y —7A)3 P2(q; 5)a3
1 1 c? 1 )
= §B1E161 + §BOE1 (CQ - 5) + ZBOE?CI, (310)
Wp, Ay 1
Mﬁz(q, s)az = §BOE1d1 (3.11)

and

O(u, A, ) 9 AL =) + 299 (u, A, y) 2
S Vit A I A 22 — _
T<1+7_7A)2p3(q75)( a a3) T(1+’Y—’Y/\)3 p2(Qa S)a’Z
1 1 21 )
= 531E1d1 + §B0E1(d2 - ?) + EBQEle. (312)

From (3.9) and (3.11), we know that
. BoElclT(l +v— 'Y)\)Q o BOElle(l + - ’YA)Q

© T om0 A) 258 A) (3:19)
Then, it infers that
¢, = —d; (3.14)
and ) )
BB + &) = S VWA ) (3.15)

214y —A)!
By (3.10) and (3.12), we have that

1 1 2a3
ZBo(C?‘*‘d?)(]%—E1)+§BOE1(Cz+d2) = mq’(% A7, p2(4, 8),p3(q, ). (3.16)
Therefore, by (3.15)-(3.16) we know that
> IBIEIT (14 — v\ (c2 + da)

(3.17)

A, = .
2 BOE%T<1 + Y ’}/)\)CI)(,L&, )‘7 '77]92(‘17 8)7p3(Q7 S)) + (El - EQ)p%(qv S)\Il2(/~1’7 )‘7 ’Y)

Therefore, from (3.15)—(3.17) and Lemma 1.3, we obtain that
| Bor | Ex(1+v = 7)°

a | <

el < )

lar| < | Bo | (| Ba — By | +E1) | 7] (14+7—9))3
B |<I)(/J” )\777p2(Q7 8)7p3(Q7 5)) ’

and
o |< | Bor | EY2(1 47 — 90
T VI BotE2(1+ v — yA)@ (1, A, v, p2(, 8), p3(q, 8)) + (Br — E2)p3(q, s)V2(1, A7) |
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Similarly, from (3.10) and (3.12), it implies that

1 1 2p3(g: 5)© (1 A7) (as — a3)
§BlE1 (01 - dl) + §BOE1(C2 — d2) = 7—(1 T P ’y)\)2 . (318)

Hence, by (3.15) and (3.18), it follows that

S 7[B1E(c1 — di) + BoEy(co — do)|(14+ v —y\)? | T°BiEF (147 —y\)*(ci +d})
s =
4p3 (Q7 8)@([1‘1 )\a ’Y) 8p%(Qa S)\IJQ(/JH )\a 7)

So, we obtain from Lemma 1.3 that

| 71 (IBo| + |Bi)Ex(1 +v —A)* | |7 ? BREF(1 +v—9A)"
| p3(g,5)0(n, A, 7) | p3(q, $)¥* (1, A, )
On the other hand, by (3.16) and (3.18), we infer that

| ag |<

7[B1E\(c1 — di) + BoEi(ca — do)](1 +v — y\)?
4p3(q, 8)O (1, A, )

+TBO[(E2 — E) (A& +d3) +2E1(ca+ d2)](1+7—7A)?
8P (1, A, 7, p2(¢, 5), p3(q, 5)) '

az =

Thus, from Lemma 1.3 we see that

| 7| (I1Bol +|Bi)Ex(1 +v =~A)? [ 7Bo | (B2 — Er| + E )(1 4+ —9A)?
‘p3(Q7 8) | 6(:“7 /\77) |(I)(,U, /\777p2(q7 S>7p3(Q7 S))'

| ag |<

Next, we consider Fekete-Szeg6 problems for the class QSy gll’_'f: _’gq (T py Ay 5 0).
Theorem 3.2 Let f(z) given by (1.1) belong to the class QSZ‘;;’_‘_‘: »gq (T, oy Ay v5 0)
and 0 € R. Then

oo aa < BTy~ 1 BB BRI+ 7 — v’
2= IUBIE |BoET(1 47 — yA)® + (B — Ea)pi(q, s)¥?|’
if
|BoET(1 47 —yA)® + (Ey — E2)p3(q,s)V?| < [(1 = 6)Botps(q, s)|OET (1 + v — vA)?,
o Bo| + | BT E; (1 A)2
s a2 < (Bl BB 9 =90
Ips(gq,s)|©
if

|BoET(1 45 —yA)® + (Ey — E2)p3(q,s)V?| > [(1 = 6)Botps(q, s)|OET (1 + v — vA)?,

where ® = ®(u, A, v,p2(¢,5),3(¢,8)), © = O(11, A, 7) and ¥ = W(y, A, ) are the same as in
Theorem 3.1.
Proof From (3.18), it follows that

as — a2 = BiEi7(ci —di)(1+~7—7A)? | BoEr7(co —dy)(1 4+~ —y))?
s—a2= .
2 4ps(gq, $)O(1, A,7) 4ps(q, 5)O(1, A, )
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By (3.17) we easily obtain that
BiEiT(cr — di)(1 +7 —7A)?
4p3(qa 3)9(% )‘)7)

L BoBvT(1 4y = WA [BoBir(1 45 = yN)® + (Ey = By)pi(g, 5)W° + (1 = 6) Bo B pa(q, s)O(L + 7 = 7A)Jez
4p3(q, 8)O(k, A, 1) [BoEFT(1 + v = YA)® + (E1 — E2)p5(g, s) V2]

as — dai =

L BoBit(1 4y = W [BoBRr(1 49 = yN)® + (By — B)pi(g, )¥? — (1 — 8) BoBi7pa(g, 8)O(1 + v = YA)*]ds

4ps(q,5)O (1, A, 1) [BoEFT(1 + 4 = yA)® + (E1 — E2)p3(g, s) V2]
Hence, from Lemma 1.3, we imply that

[ Bi7|Er(1 45 —9A)° 1 - d|IBRET|7|(1 + 7 —N)*

| a3 - 5@3 |§ 2 2 217
Ips(q, s)|© |BoE:T(1 4+ v —y\)® + (E1 — E2)p3(q, s)P?|

when
|BoEIT(1 47 =A@ + (By — E2)p3(gq, s)V?| < |(1 - 6)BoTps(q, s)|OET (1 + v — yA)?,
or

(|Bol + | Bi))|T|Er (1 +v —y\)?
Ips(q, s)|© ’

| as — (5a§ |<
when
|BoE?T(1 47 —yA)® + (By — E2)p3(gq, s)¥?| > |(1 = 6)BoTps(q, )| OEF (1 + v — yA)>.

Remark 3.3 In fact, from Theorems 3.1 and 3.2, we may consider the coefficient bound
estimates and Fekete-Szegt problem for the classes QSy ;11 7’;‘5 (1,7 1,7 9), QSx gll )’g:
(7.1,0,1;6), Q855 27(1, 1,0,0; ), @Sy 5 9%(1,0,1,7;¢) and QS5 %" %7(1,0, A, 0; ),
etc. Similarly, if we choose some suitable parameters ai(k = 1,---,q), B;(j = 1,---,s),
7, b, A and vy without quasi-subordination (i.e., ¢(z) = 1), we provide the following reduced
versions for QSs- gll gq (1, py A\, y; @) in Theorem 3.1.

(I) 9Sx Z’l(l, 0,1,0;¢) = Ss-(¢), refer to Ma and Minda [52];

II) 9Ss Z’l(l, 0,X,0;9) = Q%‘z’(y), refer to Magesh and Yamini [53];

1) QSs- Z’l(T, 1, 0,0; ) = > (7, u, @), refer to Srivastava and Bansal [35];

IV) QSs Z’l(T, v, 1,75 ¢) = Ss= (7,73 ¢), refer to Deniz [21];

V) @Sy (7,7, 1,7 6) = SE(7,7; ), QSy (7, 1, 0,05.6) = K&(7, 1 ¢) and
QSs Z’b(l, 0,1,0;¢) = J5 (0, ¢), refer to refer to Patil and Naik [46];

(VI) Q85 1(7,1,0,15¢) = Sy (7,1,0,1;¢) and QS (7,7, A\, 1; ¢) = Sy (1,7, A, 13 A, B),
refer to srivastava et al. for Corollary 1 and Example 10 in [32], respectively. Here, the func-

(
(
(
(

tion ¢ in the second equality is defined by

B 1+ Az
1+ Bz

é(2) (-1<A<B<1). (3.19)

Remark 3.4 Let ¢(z) = 1 and ¢(z) = H(ll_;fﬁ)z for 0 < B < 1. If we take

some suitable parameters 7,u, A and 7, we also have the following reduced versions for
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QSy gll )’g: (7, A, v; @) in Theorems 3.1 and 3.2. For example, QSs gll g: (1,0,1,0; 8) =

¢Ss(7, ), QSy gll ;‘: (1,1,1,1; 8) = ,Cs(7, ), refer to Al-Hawary et al. [47] for the classes
of analytic and univalent (but not bi-univalent) functions.

Remark 3.5 In addition, if we only choose some suitable parameters 7, u, A\ and
v, we give some reduced versions for QSs- gll’_'ff jg“ (T, pty A, 5 ¢) without Dziok-Srivastava

operator in Theorem 3.1. For example, QS8y 3" "04(7,7,0,0;¢) = K9 (¢)(1 = v = 0),

B1,
A8y 5(La, 1,0;9) = HL(¢)(r = 0), refer to Goyal et al. [37].
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5Dziok-Srivastava BF B X8 LRIV RERHENE FH

Y Fekete-Szeg6 o)7L

JeaL, & B,
(TEREFHCE G B, TR AR 750021)

WE: AN T SDziok-Srivastava 5747 KN XCRISE S0 KPR 7K, REfh it

HFekete-Szegd 72 8. FI AV B MG T B8, 3R 1AL b8 HL T 2K U Fekete-Szego 12 B A4 A
FHBas Mag KA ST, 7 MSGE 7R R g R,

X $E17): Fekete-Szegd A/8; WK% Gaussian #8 )L %; Dziok-Srivastava H-7; #IMJE
MR(2010)F # 7 2K S:  30C45; 30C50 FESES: 0174.51; 0177.2



