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Abstract: In this paper, the nonlinear Klein-Gordon equation is studied. By using the
Crank-Nicolson moving grid nonconforming finite element method, the traditional Riesz projection
operator is not needed, interpolation techniques and special properties of the element are used to
obtain the corresponding convergence analysis and optimal error estimation.

Keywords: Klein-Gordon equation; anisotropy; moving grids; nonconforming; Crank-
Nicolson scheme

2010 MR Subject Classification: 65N30; 656N15

Document code: A Article ID: 0255-7797(2020)04-0421-10

1 Introduction

Moving grids method has important applications in a variety of physical and engineering
areas such as solid and fluid dynamics, combustion, heat transfer, material science, etc.
This method is more efficient than the fixed grids and does not increase computing cost.
We usually apply the finite element methods to the spatial domain, but choose difference
methods with respect to the time variable for solving evolution partial differential equations.
At the same time, different meshes of domain are used at different time level.

Several moving grids techniques were studied. Such as [1] considered the moving grids
finite element method; [2] and [3] constructed and analyzed this method for the oil-water
two-phase displacement problem; [4-8] analyzed the parabolic, Stokes problems, parabolic
integro-differential equations, generalized nerve conductive equations and fractional diffusion
equations with moving grids nonconforming finite element scheme respectively. But the
analysis in the above studies relies on the regular condition or quasi-uniform assumption for
meshes.

The Klein-Gordon equation is the most basic equation used in relativistic quantum me-
chanics and quantum field theory to describe a spin-zero particle. The equation is closely

related to the physical problem and plays an important role in the study of soliton. In [9],
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authors studied the existence of a unique global solution under the condition that the param-
eter is small enough. In [10], a display difference scheme was established for one-dimensional
Klein-Gordon equation of unbounded region, and the results of stability and convergence of
the scheme were obtained by the energy analysis method. In [11], the numerical solution of
one-dimensional Klein-Gordon equation was studied. However, the finite element method
for the Klein-Gordon equation is rare.

In this paper, we mainly focus on the convergence theory, the finite element method
of moving grids is introduced, and the Crank-Nicolson discrete scheme of the nonlinear
Klein-Gordon equation is analyzed without requiring the subdivision to satisfy the regular
hypothesis, and the corresponding optimal error estimation of the moving grid approach is
derived. It is worth mentioning that, in the usual finite element method of moving meshes, it
is necessary to use the Riesz projection to approximate the solution of the original problem,
and this paper makes use of the particularity of the element structure, that is, u — ITu and
the elements in the finite element space are orthogonal in the sense of energy mode, and the

Riesz projection is used to simplify the proof process of the previous documents.

2 Element Construction

For the sake of convenience, like [12], let 2 C R? be a rectangular domain with boundary
0%} parallel to the x-axis or y-axis in the plane, Let I'j, be a family of rectangular subdivisions,

ie, Q= |J K. For the general element K, we denote the lengths of edges parallel to z-axis
KeTy,
and y-axis by 2h, and 2h,, respectively, and the barycenter of element K by (zx,yx), the

four vertices of K are a1 = (zx —ha, yx —hy), a2 = (tx+ha, yx —hy), as = (Tx+ha, yx+hy)
and a4 = (xx — hy, Yk + hy), respectively, and the four edges are I; = @;a;41 (1 = 1,2,3,4

(mod 4)), hx = Ir(neari{hw,hy}, h = max hi.

Let K = [—1,1] x [=1,1] be reference element on the & — 1 plane, the four vertices of
K are a; = (=1,-1), a3 = (1,-1), ag = (1,1) and a4 = (—1,1), respectively, [; = a;a;41
(i =1,2,3,4 (mod4)) be the four edges of K.

We define the finite element (K, P, 2) (see [13])

> = {i1, 00,05, 04, 05}, P =span{1,&,1, (), ()},
where ¥; = ”—1‘ fh 0ds, i =1,2,3,4,05 = ﬁ [ 0dEdn, p(t) = 3(3t> — 1).

Vo e H 1(R' ), interpolation functions I15 can be expressed as

(02 — 04)€ + %(@3 —01)n + 1(172 + 04 — 205) (&) + %(@3 + 01 — 205)p(n). (2.1)

16 = o5 + 5

Lemma 2.1 [14] The interpolation operator II defined as (2.1) has the anisotropic
property, i.e., for all ¢ € HQ(K) and «a = (a1, az), when |o| = 1, there holds

1D (¢ — 11°9) ||z < C1D°d), % (2.2)
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Here and later, we use C' denotes a positive constant real number independent of hg

and Z—i, possibly different at different occurrences.

Define the affine mapping Fi : K—K by
r=zK + h.§,
Y =yx +hyn.

Then VK € I'j,, the associated finite element spaces V}, can be defined as

Vh:{vh|f):vh|KoFKEP,/[vh}ds:O,FCE)K}, (24)
F

where [vy,] stands for the jump of v, across the edge F' if F is an internal edge, and it is
equal to vy, itself if F' belongs to 0f).
We define the following interpolations I over spaces V}, as

I1: H*(Q) — V,, O] = I = o Fil.

It is easy to show, || - |[» = ( 32 |-|? x)? is the norm over Vj,.
KeTy, ’

3 The Moving Grids Approximation of Crank-Nicolson Discretization
Scheme

We consider the nonlinear Klein-Gordon equation

utt—i—aut—’yAu—l—g(U):f(X,t), (X7t)EQX(07T]7

w(X,0) = uo(X), Xeq, 5)
u (X, 0) = o (X), X € Q, '
u(X,t) =w(X,t) =0, (X,t) € 09 x (0,77,

where X = (z,y), a > 0, v > 0, g(u) satisfies the Lipschitz continuous conditionon on the
variable u ,and has the second order bounded partial derivative.

Let uy = @, (3.1) is equivalent to the following question

% FaQ - abutglw = FX,0), (X, €Qx(0.T)
oq, (X,t) € 2 x[0,T],
ot (3.2)
U(X’0>:UO(X)7 X €Q,
Q(X,0) = ¢o(X), X eq,
[ u(X,t) =Q(X,t) =0, (X,t) € 002 x (0,T7.
The variational formulation for problem (3.2) is written as: Vv € Hg (),
0
2 ) +(0Q.v) + alu,) + (g, v) = (1.0),
S0 = (@) (3.3)
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where u(0) = u(X,0),Q(0) = Q(X,0),a(u,v) = [, VuVvdX.
Then the approximation problem corresponding to (3.3) reads as: find uy, Qp € Vi, Voy, €
V4, such that

8;2:7 vp) + (aQn,vn) + an(un,vy) + (g(up), vr) = (f,vn),
8Uh ) (Qh,vh) (3.4)

uh( ) Mg, v,) = 0,
Qn(0) — Ilpo, vp) = 0,

where ay, (up,vp,) = 'nyK Vuy, - VordX.

(
(5
(
(

In this section we apply the idea of moving grids to problem (3.4) and develop the
Crank-Nicolson discretization scheme for anisotropic finite element. Let 0 =ty <t < --- <
ty = T be a partition of the time interval [0,T], At = %, t, =nAt (n=20,1,2,--- ,N),
VI = {v(X,t,);v € V,}. We choose the approximating space S of u(X,t) in the following
way: the approximation solution u"(X,t) € S is the piecewise linear function with respect to
the time subdivisions 0 =ty < t; < --- < ty = T based on u"(z,t,) € V! (n=0,1,2,---,N).

Now, we introduce the Crank-Nicolson discretization scheme of anisotropic finite element

to determine the function values u" = u"(X,t,) as follows
(ug —uo,vn) = 0, Vo, eV forn=0, (3.5)
(Qo Qo,vn) = 0, Yo, €V forn=0, (3.6)
@ —ulvy) = 0, Yu,eVh, forn>0, (3.7)
(@Z— wUp) = 0, Vvh€V+1forn>0 (3.8)
(Qia =@ on)+(@Ql 1 o) Attan (4, 0) At (gt ) 00) A= (Frg y vn) DL, Von € Vi,
(3.9)
U — has + @
() = (%,vh), (3.10)

where ulf = (X, ), ) = S(@uly). @y = 2@ 4QM)s fury = 5 (X t)+
F(X,tni1)). (3.7),(3.8) implies that @ = u,Q" = QZ when V" = V' . Furthermore,
(3.7), (3.8) is a L*-projection modification scheme for the former space when the two spaces
V' and V', have different meshes or different interpolation functions. (3.9) is the general
trapezoid difference scheme. We get u”, @Z from u!, Q" in (3.7),(3.8) and get u" ,,Q"
from ﬁﬁ,@ﬁ in (3.9),(3.10). So by partial differential equation theory u and Q" can be
determined uniquely through (3.5)—(3.10).

4 FError Estimates

The main error between the solution u(X,t) and the approximation solution u"(X,t)
consists of three parts: the interpolation error with respect to the finite element method,

the difference error with respect to the time, and the error of moving grids.
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Lemma 4.1 [13] For anisotropic meshes, Vu € H?(Q), then we have

ou
]g};/ﬂan.vhds

here and later n = (n,,n,) denotes the outward unit normal vector to JK.
Lemma 4.2 [13] Vu € H'(Q2), there hold ay(u — Hu,v,) =0, Vv, € Vj,.
Lemma 4.3 [13] ||vnllo < Cllonlln, Y vy € V.
Lemma 4.4 Let u, = u(X,t,), Vv, € V| ,then there holds

< Chluls||vnlln, ¥ v € Vi, (4.1)

(Qns1—Qn, Uh)‘f'(O‘Qwr% ) vh)At+ah(un+% ) Uh)AH‘(Q(UnJr%)a vp) At = (fn-i—% s V) DB (),
(4.2)

where

tn n+1
Bl < clf 15kt [ 15 ! (4.3
tn

tn+1 tn+1 82 1 5
o[ UG ([ NG )+ Chtl
tn

Proof From (3.2), for allv € V!, |,

(Qnt1 — Qn,vn) + (/ ’ aQdr, vy) +ah(/ ) udT, vp,) + (/ " g(u)dr, vp)
: tn tn (4.4)

tnil tnt1
= (/ fd’l', ”Uh) —|—/ Fh(u,vh)dr
t t

n n

Combining (4.2) and (4.4), we get

trnt1 tnt1 tn+1
En(vh) = (/ (f - fn+%)d7—7 vh) - (/ Oé(Q - Qn+%)d7—7 Uh) - a’h(/ (u - unJr%)dT? Uh)

n n n

tnt1

tnt1
([ (0w = gt imo) + [ Tt
v " (4.5)

where Ty, (u, vp,) ZfaK (%vhds
By Cauchy- Schwartz inequality and one-dimensional linear interpolation theory, we de-

duce that

tnt1 tn+1 82.}(‘ tnt1 i 5
([ peparmi [ Sheran s e[ 15 R 20 ol
t tn t

n n

Similarly,
toia tn1
([ a@=@upanal < o[ 1521 A0
tn . t,;n+1
([ il < o) 15 RnHE0 0l
tng1 ' nn+1 82 . s
([ 00~ s pnimanl < o[ 15 a0

n
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Applying Lemma 4.1,we obtain
tn+1
|/ T (u, vp)dr| < C(u)hAt||vp]|p-
tn

Then (4.3 ) comes from the combination of above inequalities. Let

V& =0, Ve =0, Ao =0, 0y =0

n = uly — Mpuy, Mo = Un — U, n=1,2--- N,
EL:@Z—HnHum Mo =tup — piqu,, n=0,1,2,--- N,
:\\":QZ_HVLQW /Q\HZQn—HnQn, n=12..-,N,
Xo=Q L, 1Qu, 0, =Qp —11,11Qn, n=0,1,2,---,N.

Theorem 4.1 For the approximate solution u”, Q" and the solution w,, @, of (3.5) —
(3.10), the following optimal error estimate holds

i (1Q1 — Qul3 + lul — wall2) < C(* + (20)"). (4.6)

Proof By definitions of &,, 1., \n, 0, combining (3.9) and (4.2), we have for all v, €

h
VnJrl?

(Ansr = Ay o) + (@222 0 )AL+ an (S50 ) At + (g(ul ) = gt 4y), 0n) At
= (Buy1 — Opyvn) + (aw, vp) At + ah(%—%’vh)ﬁt — B, (vn).
(4.7)

Applying Lemma 4.2, we obtain ah(%, vp) At = 0. By (3.10), we have

)\n+1 + /)\\n o £n+1 - gn

Up+1 — Un _ QnJrl + Qn
Eon S ). (4.8)

At 2

+ Hn+1(

Substituting (4.8) into (4.7) with vy = Aps1 + An, We deduce that

[Antilly = IAlE + § A1 + AllFAE + [[6nra |7 = 1€nll

= (0n+1 - é\nv )‘n-‘rl + /):n) + (awa /\n+1 + Xﬂ)At - (g<u2+%) - g(un—&-%)a /\n-‘rl + Xn)At

+ah(§n+1 + Env Hn+1(un+it_un - Qn+12+Qn ))At - En(>\n+1 + An)

(4.9)
Applying Cauchy-Schwartz inequality and Young inequality to yield
|Gt = By A+ A)] < 101 = BullollAnsa + Aullo
Opi1—0n 2 N
< OlnZhli 4 o, + A 3A (4.10)
<

) tnt1 aQ ) ) R )
on? [ 155 + UM 15 + IRl A,
tn
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(@2 Ny + A) A < CllOngr + Onllol Anra + Anllort

R (4.11)
S ChAAE+ & Ans1 + All§AL
Using Lemmas 4.3, we deduce that
(9l 1) = 9(tiy)s s + M)A < Clluly s =ty o Anss + AalloSt
< CUlEnr 2l + 1mng g loll Anss + Anllo) At
< CUVE IR+ V&R D+ Ch DT+ S Ay + Rall3A (4.12)
=~ Up — Up Qn + Qn
lan (Ent1 + &ns g ( +1At - +12 NAL
= Unp — Up n + &
< Vi + Bl P (Mt Dot Oy
-~ e B
< 6w +EIY [ @—%;)drno
tn
R tn41
< C(IVéalls + IVEID At + C(/ || pI® ||2dT)(At)4- (4.13)
tn
By (4.3) and Young inequality, we have
N tn
E,(\ )| < dr) (At
[Ea(nsr + )| < c</tn W20 221+ 1 2L 13+ 12 .

+%||)\n+1 + Nal2At + CR2AL + gHAnH + Nal2At.

Substituting (4.10) — (4.14) into (4.9), we get

- ~ ;8]

(1= OO AnsalE + [€nsa]2) = (1 4+ CAO(AZ + [E:112) < Ch / 155 13d7 + 60,
tn

(4.15)

where

tnit a
= A A Nt
on= (USRI 1L + 1 S R + cret

On the other hand, by (3.8), we obtain
O = Ay i) = (O — Oy 0n), ¥ 0y € V2. (4.16)
Choosing v, = A, into (4.16), applying e-Cauchy inequality to yield

- 1 1 ~
M2 < ——IMI2 + —— 10, — 6,12 4.1
I3l < T IMlE + gy 10— 00 (417)

(1

Similarly, by (3.7), we obtain

~ 1 1 ~
[1€nll5 < 17—5“5”% + —75)5”77” — 1nl[5- (4.18)

§
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Substituting (4.17) — (4.18) into (4.15), we get

(1-e)(1-CAL)
1+ CAt

(s 15 4 l1Enall7) = (INallG + N1€al15)

00 R o1 i (4.19)
< on [ 152+ 0+ L1~ 0ulR+ L1 -l
tn
When there is no change between the two layers of the meshes,
1—CAt trt1
TG (Pl 16l = Ul + el < o [ 1T ar 400 (420

We use M to represent the number of mesh changes and assume that M is a bounded
number independent of h and At . Assume that the former M-level mesh changes, and the

N — M layer mesh does not change, we have

(1-¢)(1—CAL)

1+0At (A1l + N€nsall) = ARG + l1€all7) (4.21)
2 e 2 0 o L~ 2
< on [N+ ouk LB~ 0+ N -l m= 120 0L
tn
1—-CAt
o wsa 3+ 1wl — (A3 + 13) (1.22)
tni1
< ChZ/ H ||2d tén, n=MM+1,M~+2,-- N—1.
tn
Take n = 1, notice the selection of u; and Q1, [[A1]lo = ||&1]lo = 0, by (4.21), we obtain
1+ CAt o .
el + 105 < oy e O [ Vg +u B = i+ C1 = ml)
(4.23)
when At is full small
1+ CAt 1+ CAt 2CAL 1 o
n < = (1 ~t < . 4.24
Goead =G—aa) =i aa) ™ =¢ (4.24)
Again by the ¢,,, we obtain
Aall§ + [1E2ll7 < Ci(h® + (A1)Y).
Furthermore, we have
IAalls + [1€allfy < Cacn(B? + (A1), 3<n< M +1,
where C,,_1 (n=2,---, M + 1) are bounded number.
On both sides of (4.22) is multiplied by (;gﬁi)", we have
1-CAt 1-CAt
(m)N(HANH% + [l i7) - (m)M+1(\|)\M+1||3 + [|€ar4117) w2s)

N1 tn 1—-CAt
< C h? 2d 771,
< oy [T IG oG aRy)
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that is

oQ

%12
2 ),

(4.26)

trnt1
IAIE + lIEn i < Ce (M I + 1€l + T max (¢ + h2/ |
sns t

n

take At full small, by Gronwall inequalities, we have
IANIE + IEnl7 < C(h* + (At)Y).

Furthermore

max_ ([ Aall + 16 [7) < C(R* + (A1)Y).

M+1<n<N
Again
1Q% = Qullg + llusy — wnll < IAGlG + 1602115 + €15 + llmall?,

by Lemma 2.1 and the finite element interpolation theory, we obtain (4.6), the proof is
completed.
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