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Abstract: For any fixed (1,0) vector field of a pseudoconvex hypersurface in C*, we prove
that its commutator type and Levi form type are equal to each other. This answers affirmatively
a problem of D’Angelo in complex dimension three.
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1 Introduction

The finite type conditions gave their rise from the investigation of the subellipticity
of the 0-Neumann operator. For any boundary point of a smooth pseudoconvex domain
in C%, Kohn [1] introduced three kinds of integer invariants, which are respectively the
regular contact type, the commutator type and the Levi form type. Kohn proved that these
invariants are equal to each other. When they are finite at a boundary point, the domain
possesses local sub-elliptic estimates near this point. The domain is said to be of finite type
if these invariants are finite at each boundary point of the domain.

Ever since then, much attention paid to generalize these finite type conditions to the
higher dimensional case. Kohn [2] defined the subelliptic multiplier ideals near each boundary
point of a pseudoconvex domain, and if 1 is in any of these ideals, the boundary point is said
to be of finite ideal type. In [3], D’Angelo introduced the D’Angelo finite type condition in
terms of the order of contact with respect to singular complex analytic varieties. Both of these
finite type conditions imply the existence of the sub-elliptic estimates. Bloom [4] generalized
Kohn’s type conditions in C? directly to higher dimensional spaces. More precisely, for a
smooth real hypersurface M C C™ and p € M, Bloom defined the regular contact type
a'®) (M, p), the commutator type t*)(M,p) and the Levi-form type c*)(M,p) of M at p.
Bloom conjectured in [4] that these three invariants are the same when the hypersurface is
pseudoconvex, which is known as the Bloom conjecture. Bloom-Graham [5] and Bloom [6]
proved the conjecture for s = n — 1. In [4], Bloom showed that a*) (M, p) = ¢*) (M, p) when
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M C C3. Recently, Huang-Yin [7] proved that the Bloom conjecture holds for s = n — 2.
This, in particular, gave a complete solution of the conjecture in complex dimension 3.

For a fixed (1, 0) type vector field L at a point p of a smooth real hypersurface, D’ Angelo
introduced the commutator type ¢(L,p) and the Levi form type ¢(L, p).

In fact, let M C C" be a smooth real hypersurface with p € M, and let p be a defining
function of M near p. Denote by M, (L) the C>(M)-module spanned by L and L. For
any k > 1, we inductively define M (L) to be the C*°(M )-module spanned by Mj_1(L)
and the elements of the of form [X,Y] with X € My_1(L) and Y € M;(L). We say the
commutator type t(L,p) = m if (F,0p)(p) = 0 for any F' € M,,,_1(L) but (G,0p)(p) # 0
for a certain G € M,,(L). We define the Levi form type ¢(L, p) = m if for any m — 3 vector
fields F,--- , Fy,_3 of M1(L), we have

Fm—3 e F1<[Laf]7ap>(p) = 0’
and for a certain choice of m — 2 vector fields Gy, -+ , G,,—o of M;(L), we have
Gm—z---Gi([L, L],dp)(p) # 0.

D’Angelo [8] conjectured that these two types equal to each other when the real hyper-
surface is pseudoconvex. He confirmed the conjecture when one of the type is exactly 4. The
present paper is devoted to proving this conjecture when the real hypersurface is in C3.

Theorem 1.1 Let M be a smooth pseudoconvex hypersurface in C* and p € M. For
any fixed (1,0) vector field L near p, we have t(L,p) = ¢(L,p).

2 Proof of Main Theorems

This section is devoted to the proof of Theorem 1.1.
Let (21,, 22,w) be the coordinates in C3. Suppose that p = 0, and the defining function
of M takes the form

p=—Imw+ E(z,w,z,w), E(z,w,z,w) = O(|z]> + |zw| + |w?]).

For any j = 1,2, write

)

=5 "5 5 e
] ] ]

Then L; and Ly form a basis of the complex tangent vector fields of type (1,0) along M
near 0. Suppose that L = A;(z,w,z,w)L, + As(z,w,Z,w)Ly. After a linear change of
coordinates, we can assume A;(0) # 0 and A5(0) = 0. Notice that for any smooth function
f on M with f(0) # 0, we have t(fL,0) = ¢(L,0) and ¢(fL,0) = ¢(L,0). Thus we can
replace L by AT'L, then L takes the form L = L, + A(z,w,Z,w)Lo.
Denote by Iy — 2 the vanishing order of %A(zl,o,zﬁ, 0) and denote by mg — 2 the
o2

vanishing order of o (21,0,%1,0). The proof of main theorem is carried out for three

cases, according to the values of Iy and my.
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Case I In this case, we assume [y = mg = 00.

For any fixed integer k, after a holomorphic change of coordinates, we make
E(21,0,77,0) = O(|z1|"*"), A(21,0,71,0) = O(k + 1).

A direct computation shows that ¢(L,0) > k and ¢(L,0) > k. By the arbitrariness of k, we
obtain t(L,0) = ¢(L,0) = +o0.

Case II In this case, we assume mgy < oo and [y > myg.

After a holomorphic change of coordinates (see [4] or [7]), we make E(z1, 0, %7, 0) contains
no holomorphic or anti-holomorphic terms, and the terms of degree mg in E(z1,0,%7,0) is
non-zero. Also, we make the vanishing order of A(z,0,%7,0) is at least mg. Now, we

introduce the following weighting system

wt(z1) = wt(z7) = 1, wt(zg) = wt(Z3) = mo, wt(w) = wt(w) = my.

0 0 0 0
—_— = —_— = —1 _— = e = —
Wt(@zl) wi( 71) , wt(aZQ) Wt(az?) mo,
0 0
Wt(—aw) = wt(—aw) = —my.
Define
0 0 0
(mo) — _ (mo) - - 2 i~ p(mo) > ) —
P Imw + E'"(2,0,%1,0), L_4 A + 22821 E'0) (2,0, 71, 0>8w

Denote by O, (k) a smooth function or vector field with weighted degree at least k. Then
we have
p= p(WLO) —+ Owt(mo + 1), L= L_1 + Owt(())

Thus for any 1 < j <my —2 and Xy,---,X; € M;(L), the weighted degree of terms in
X; - X100p(L, L) and ([X;,[X,_1, -, [X1,[L,L]---],0p)

are at least mo — j + 2. Hence both of them are 0 when restricted to the origin for any

1< j<mg—3. When j =mgy — 2, by considering the weighted degree, we know

Xj-- Xlagp(L,f)(O) = (Xj)—l T (Xl)—lagp(mo)(lf—hf—l)(o) (2.1)
and
<[Xj [Xj—l"" ,[Xl,[L,f]'-~],6p>(0) (2.2)
:<[(Xj)*17 [(Xjfl)*lv Tt [(Xl)*lv [L,l,Z] o ']7 ap(m0)>(0>7

here (X}5,)_1 is the sum of the vector field terms in X}, of weighted degree —1.

Notice that L_; is an (1,0) tangent field of the real hypersurface defined by p(™o) = 0,
which must be pseudoconvex. By the finite type theory is dimension 2 (see [9]), we have
t(L-1,0) = ¢(L_1,0) = mg. Thus in (2.1) and (2.2), we can choose X}, for 1 < h < mg— 2

such that the two expressions are non-zero. This means ¢(L,0) = ¢(L,0) = m,.
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Case III In this case, we assume mg < oo and [y < mg — 1.

After a holomorphic change of coordinates, we eliminate the holomorphic and anti-
holomorphic terms in E up to order mg, and get rid of the holomorphic terms in A up to
order ly. As in Case II, we define

wt(z1) = wt(Z7) = 1, wt(z2) = wt(Zz) = lo. (2.3)

Denote by m; the lowest weighted vanishing order of p(z,0,z,0) with the weights given in
(2.3). Then m; < mg. Define

wt(w) = wt(w) = my,

0 0 0 0
0 0

Write

p(mO) = _Imw + E(mO)(Zlv 22, 07717 727 0)7

9 aptmy) +A(lol)ap(ml)> 9

0
Log=— +Ab-D_— 49
! 821 * 82’2 T < 82’1 82’2

By our construction and definition, we have

p=p") + Op(mi +1), L=L_1+ 0,(0),

2.4
p'™) is not identically 0 and contains no holomorphic terms. 24
By a similar weighted degree estimate as in Case I, for any 1 < j <mg—3 and X3,--- , X, €
M, (L), we know
Xj o X185p(L,Z)(0) =0 and <[Xj’ [Xj—l’ B [le [Lvi} o ']a ap>(0) =0.
Also, for any Xy,-, X,,,, 2 € M;(L), we have
X2+ X100p(L, L)(0) = (X;5) -1 -+ (X1)-109p"™) (L1, L1)(0) (2.5)
and
Xm1—7X'—7"'7X7L7Z"'>a 0
(l 2, [Xj-1 (X1, [L, L] - -], 0p)(0) (2.6)

=([(Xmy—2)—1, [(Ximy—s) =1, [(X1) =1, [Lo1, L] -], 9p"™ = D)(0).

Consider L_; as a complex (1,0) tangent vector field of M° := {p(™) = 0}. We claim
that t(L_l, 0) = C(L_h 0) =mi.
Since L_; is real analytic, by the Nagano Theorem, Re(L_1), Im(L_;) and their Lie

brackets will generate a homogeneous real manifold N°.
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Suppose that t(L_1,0) > my, then for any Xy, -, X,,, 2 € My(L_y),
Xy 2 X100p(L, L)(0) = (X, —2)_1--- (X1)_100p™)(L_,,L_1)(0) = 0.

On the other hand, for any j > 0, (X;)_1---(X1)-100p™)(L_y,L_1)(z,w) is a weighted
homogeneous polynomial of degree m; — j — 2. Hence it must be 0 when (z,w) = 0 and
j #mq — 2. Thus j > 0, we have

([(Xmy—2) =1, [(Xmy—3) =1, - [(X1) =1, [Lo1, L2q] -], 0p™ D) (0) = 0.

This means ﬁ ¢ TyN°. Hence the real dimension of NV is at most 4. By our assumption
and normalization, A is non-zero and contains no holomorphic terms. By [4, Lemma 4.8],
the real dimension of N can only be 3 or 4. From [7], such N° exists only if N is Levi-flat,
which contradicts to the second line of (2.4). Hence ¢(L_1,0) = m;. Together with (2.5),

we obtain ¢(L,0) = m;.

Next, suppose that ¢(L_1,0) > my, then for any j < m; — 3, Xy, -+, X; € My(L), we

have
X ~X185p([/,f)(0) =0. (2.7)

A similar weighted degree argument shows that for any j > 0, Xy,--- ,X; € My(L_;), we

have

This implies d9p(L, L) = 0 on N°. Hence for any ¢ € N° around 0, we have Re(L_1)(q), Im(L_,)(q) €

TN N®, where
TNN®:={SeT,N°: S=Re(X), X € T\"M°, 99p(X,X)(q) =0}.

By [10, Proposition 2], TNN® = T,N°. 1In particular, any S € ToN° is in T2(M°) =
{Y = Re(X) : X € Ty"”M°}. Thus 52|
t(L_1,0) = my, such N exists only if N is Levi-flat, which again contradicts to (2.4).
Hence we obtain ¢(L_1,0) = my. Together with (2.6), we obtain ¢(L,0) = m;. Hence in
this case, we again obtain ¢(L,0) = ¢(L,0).

The proof of Theorem 1.1 is completed.

Z ToN°. By the argument in the proof of
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