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, ���¡  ��¢u£���¤�¥§¦¨¤ Hadamard ©�ª , «¬C­u®�¯ ��°�±�²u³´�Cµ�¶�¥�·�¸�¹�º��b»�¼

, ½¡  �8���u�´�C¾�¿�À�Á���Â�Á�Ã�Ä�Å���¹Æ�ÇuÈuÉ�Ê ­uË �u�/��ÌCÍ
. Î!Ï�Ð ¦�Ñ�Ò�ÓÔ�C�������8��Õ�Ö�×CØ�Ù¡�bÚ´Û , Ü�Ý �b���Þ�ß Ã�à�á�â ß�ã�ä�å�ß�æ�ç �

. è ® á�â ß Ê�é§êUë ã�ì�Þ�í É�î'ï ç , ð Í  5ñ�ò , ½� ä�å�ß�ó ¯ à�ô � . õ�öb÷�ø�ù�ú�û�ü�ýuþ�ÿ � Krylov ������� ß��	��
�ç Ñ�Ò	��
 , ����
Krylov ������� ß ����� ø�ù ¶�����£  ���� £��Ô������� ,  ¾�!�"�#�$2� ø�ù�ú�%

�'& £(�	)/�+*�,�- , � ó�. ¯ ×0/ ÿ�ø�ù�ú�� ß ��1�²�2(3 . 1981 4 , O’Leary
ã

Simmons
[1] 5�6	798 ×�/ ÿ�� ß , 6	:�; Lanczos < Ó�= ú ¾�¿	> �8��?	@ ¯	A�B �8� , C Ó�D��8�ÕuÖ

TSVD ø�ù�ú . 2001 4 , Hanke [2] E'F Á2×01 ® Lanczos � ß ��/ ÿuø�ù�ú �:� . 2011

4 , G�H	H [3] I	7J8 ×��8�����/� ø�ù�ú GMRES � ß . 2014 4 , Novati I [4] 7J8�; ® ������§�LKw��M
Arnoldi-Tikhonov ø�ù�ú�� ß .NLO9P

Tikhonov ø´ù´úL� ß [5]
­ ë -��´��� ��� ö�Q�RTS	U �'VXW ,

��Y´Ã :L;
LSQR

Þ�ß ­ ¹ Æ ì�Þ�Z�['\�]9^`_ �/��VLa
,
²	b�> õu÷�ø�ù�ú�û�ü�ý�þ�ÿ M ; ® �C����/�'� ö .

2 cLdfefgihkjTl Krylov mfnpoXqir�:� ­�s�¯ ^ut�v�ã�w�x ¾�¿ ö , è ®'y ¦ « ¬�z �:�/�0{ í�|	} , ~ à/�:��� ú [6] . ����
Fredholm � Ã � ¿�� ; ®��'� �:�/����¶'� ú Ç � , �	��� à

∫ b

a

∫ d

c

K(u, v, x, y)f(x, y)dxdy + η(u, v) = g(u, v), (2.1)
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: «¥¬ (1963–), ­ , -w�%�%� , ®�¯ , °�±%687.Q�² : +5$¢³5 �Q ´�µUBED ,

� $�"�´ ¤5W�¶¢¤W¢·�?�¸ .
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õ�ö g(u, v)
��·�Í P ���8�

, f(x, y)
à «'Î �8� , η(u, v)

à�"�¶�Ï�Ð�Ñ'Ò
, � Ã � ¿2��Ó�Ô¹

K(u, v, x, y) ~ à�a(Õ�ÖLÔ¨¹ (PSF) .
a(Õ�ÖLÔ¨¹ R ¦ � �§� ,

²�b öC½ z ; ��Ó�Ô�¹�à×(Ø Ó
,
s�Ù

K(u, v, x, y) =
1

2πσ2
e−

(u−x)2+(v−y)2

2σ2 = ησ(u − x)ησ(v − y),

õ�ö ησ(t) = 1√
2πσ

e−
t2

2σ2 , σ = 0.02. è ®�y Í ë 8 (2.1) � �0-uÄ'- ,
²	b N	O�ë õ ¹ Æ - ,à�Ú�>

(2.1) � Ã � ¿�Û�Ö ú . ½	Ü	� Ã � ¿�Û	Ö ú�Ý � ó ��> � Ã � ¿�Þ ú à �¡  ¹ Æ�ë-2����¶ � ¿	ß , à'á�& P � Ã � ¿2�C¹ Æ - .
b�â

[7] ö ï à'ã�ä/�+å � × ; ® � Ã � ¿�ÛÖ/�¨¦ ��ë � ß ù (
Ù'æ	s�ç � ^»è s�ç � I�I ),

­ �	é , � ; ö a ç � Ó (2.1)
Õ�Ö�Û'Ö

,

∫ 1

0

ϕ(t)dt ≈

n∑

j=1

wjϕ(tj), (2.2)

õ�ö t1, t2, · · · , tn ��ê Ó�M ë � ß ù ��ë	ì	í , w1, w2, · · · , wn

à�Ó�M2��î	ï
.
Ó ® ö a ç �

R
tj =

j − 0.5

n
,wj =

1

n
, j = 1, 2, · · · , n.ðXñóò�ë � ß ù , �   > (2.1) ô B � ��� Fredholm � Ã � ¿óÛ9Ö ú . õ x, y ∈

[a, b]×[c, d] , u, v ∈ [a1, b1]×[c1, d1] ,
> � Ã�ö � [a, b]×[c, d]

Ã�à
m1×n1 I�÷ , [a1, b1]×[c1, d1]Ã�à

m2 × n2 I�÷ , �'& P
g(up, vq) =

∫ b

a

∫ d

c

K(up, vq, x, y)f(x, y)dxdy ≈

n1∑

j=1

m1∑

i=1

K(up, vq, xi, yj)f(xi, yj)wiw
′

j , (2.3)

õ�ö i = 1, 2, · · · , m1; j = 1, 2, · · · , n1, p = 1, 2, · · · , m2 ; q = 1, 2, · · · , n2. � ; æ�ø ��ê	�ù � ¿�� , & P ×0��¶�°�±
Af = g, (2.4)

õ2ö A
�

(m2× n2)× (m1× n1)
æ�ø

, f
ã

g
Ã	ú �	ê à m1× n1

B
, m2× n2

B ��û�ü í
.

��ý	þ Ë A
�CÖ(> �	ÿ ®�� ¹ u

ã
v
��Û'Ö

, A
��û�> �	ÿ ® x

ã
y
��Û'Ö

. A, f
ã

g
���

� Ã�ú�à
A = K(up, vq, xi, yj)wiw

′

j, f = f(xi, yj)  �� g = f(up, vq), õ¡ö i = 1, 2, · · · , m1;

j = 1, 2, · · · , n1, p = 1, 2, · · · , m2; q = 1, 2, · · · , n2.è ® A
� ç�� Ç
	�� æXø

, Q�R�
 ï �����/¶ ,
z & ì´Þ/ç�� Ç æXø � 	��´Æ Ã�-

(SVD)
¥�� ê Ý y ç ��� Þ�í�ã Ê�é í , :�; ���2����� 	���Æ Ã	- � ß (TSVD)

^ ë � Iá�â ß ë - ç�� Ç �u�:���������u�
. ÎwÏ ë - Af = g

� ç�� Ç���� ��¶ � ¿�ß2�bô ���ß �
Krylov ������� ß [8], õ 1�²�2'3�� ­ ��¤ Q	R�� D B ¹�� ����� K ⊂ Rn ö� �! ¢£#"�$ Ý ë �+*�,�- .

¬ Ú
, � � � ß E �2 &%�' ��?'@ � ß , () #! -�Ä(- ­ ������ö ��?@

.

3 *,+,-/.fg LSQR qirë -���¶�°�±
(2.4) I�0 ® ë - 5 D ô�1 �'� [9]

min
f∈Rn

‖Af − g‖, (3.1)
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Ó�6	2'3�� ë 8 �0-Xü í f 7 � z	æ�ø � ¿ æ�8 �b»�¼�9 � ã 5 D ú . : � Z , 5 D ô�1 ��
(3.1) E(I�0 ®�;=< � ø � � ¿

AT Af = AT g. (3.2)

> «(� ¿ Af = g
Þ ú à ø � � ¿/�C��¤ 5 ç�> a¨� : ©�ª ¹�� « �'�/��9 � .

Ù�? « ��/� ©�ª ¹�²�³ ó î:ï ç , ù�ø � � ¿/� ©�ª ¹ ó � ç ,
ä�å ë -�� [�\�@ ��A , á�ð�B Ù�»¼/��@�C E �JS�U . ½¡  ,

Ù�? °�¹ æ�ø ©�ª ¹ î:ï ç , ù ��D�E�á�â ë - ø � � ¿ .
­ � �F�G ;

, �2 IH ; Paige
ã

Saunders [10] 7L8 � LSQR � ß .J ý P , « ��¶ � ¿	ß I�0 ®�;=< ��K�a§�:�
[

I A

AT 0

][
r

f

]
=

[
g

0

]
⇔ Af̃ = g̃, (3.3)

õÔö r = g − Af . ����L Æ [0, 0]T ,
��M H ; Lanczos � ß�.�N Krylov ����� K(A, g0) =

span{g0, Ag0, · · · , Am−1g0}
�C��ß'í�O ø�P 1 , õ2ö g0 = [g, 0]T .  ¾�á�â ì�Þ ��Q

v1 =
1

‖g‖2

[
g

0

]
, v2 =

1

‖ATg‖2

[
0

AT g

]
.

R�S���T
, �2 �U�V���W ��¤ ��X :

1Jü í
v2k−1

ã
v2k

Ã	ú Q'R ;=< � s �
v2k−1 =

[
∗

0

]
, v2k =

[
0

∗

]
.

¬ Ú
, Y Ù�Z'$ æ ß�[�\Jü í {uk}

ã
{wk} %'�	ê�� ß'1 , (

v2k−1 =

[
uk

0

]
, v2k =

[
0

wk

]
, k = 1, 2, · · · .

w
β = ‖g‖2, ù Ó ~ K�a§�'� (3.3)

�
Lanczos

¾�¿ � �'� à
βu1 = g, α1w1 = AT u1,

{
βkuk+1 = Awk − αkuk

αk+1wk+1 = AT uk+1 − βkwk

, k = 1, 2, · · · , (3.4)

õ2ö βk > 0
ã

αk+1 > 0
� �	� ��]�^ ‖uk+1‖2 = ‖wk+1‖2 = 1, (

βk = ‖Awk − αkuk‖2, αk+1 = ‖ATuk+1 − βkwk‖2.

Z < � � ¤�¾�¿��_� Z�ó ����¤ Lanczos < Ó�= ú ¾�¿ ,
� è Golub

ã
Kahan [11] 7L8 % � .w

Um = [u1, u2, · · · , um], Um = [w1, w2, · · · , wm] , ù'R
AWm = UmH̃m, AU = WmH̃T

m + αmwmeT
m+1, (3.5)
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õ2ö em+1 = [0, 0, · · · , 1]T ∈ Rm+1,

H̃m =




α1

β1 α2

β2
. . .

. . . αm

βm




∈ R(m+1)×m,

ð UT
m+1Um+1 = Im+1, W T

mWm = Im. ½�  æ�ø
[

u1 0 u2 0 · · · 0 um

0 w1 0 w2 · · · wm−1 0

]
,

¥�Ò
[

Um+1 0

0 Wm

]

��û�ü í ß . ¯ ×
K2m+1(A, g0)

�C��ß'1
.;#<

,
­ ����� K2m+1(A, g0) ö� �!	� ¿�ß (3.3)

�0*	,	-
,
w à

[f̃ , r̃]T ,
z &u«'� ¿�ß��` í�a ¹

( ( ‖g − Af̃‖2) � P 5 D .ô 6 ,
>

[f̃ , r̃]T b ¯
[

r̃

f̃

]
=

[
Um+1 0

0 Wm

][
tm+1

ym

]
,

¥�Ò
{

r̃ = Um+1tm+1,

f̃ = Wmym.

è (3.5) ����Q
g − Af̃ = βu1 − AWmym

= Um+1(βe1) − Um+1H̃mym

= Um+1(βe1 − H̃mym).

(3.6)

c
Tm

�
Lanczos � ß [12] ' ; P ø � � ¿ AT Af = AT g

Z & P �8Ó ~�d Ó�= æ�ø , ù�� �e9S , H̃m

ó �
Tm

� < Ó�= ú ¬ � , ( Tm = H̃T
mH̃m. è ® UT

m+1Um+1 = Im+1,
¬ Ú�Ó

(3.6) �'� a ¹ R
‖g − Af̃‖2 = ‖Um+1(βe1 − H̃mym)‖2 = ‖βe1 − H̃mym‖2, (3.7)

½� �f D ú ` í�a ¹ ó I�0 ® ë - ;=< � 5 D ô�1 �:�
min

y∈Rm
‖βe1 − H̃mym‖2. (3.8)
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�Ô �H ; 1 ® Givens
|�g �

QR
Ã�-

[13] % ë - ò �C� .
¬ à

H̃m Q�R µ�h s � , QRÃ'-�i	$�j�[�kml�n_o
O(m)

¤�� Þ
. � ó s�¯ ×+ã�ä/� LSQR � ß .

ë -
Af = g

�U·�¸�¹º�»�¼2��p ç ¬ � � 	���Æ ��qu¹ ,
ë -

AT Af = ATg
��·�¸�¹�º�»�¼2��p ç ¬ � � 	��Æ 9 � ��q�¹ . ½¡  ,

Ó ® ���¡�:�
LSQR

Þ�ß �)r ? Ý ) , sL� ¹�ºu»�¼ ï ç � LSQR
Þß�t�@ U Ö .

à'Ú
, u º Tikhonov ø�ù�ú ��2(3 ,  ¾�Ó�v�¢�w/� æ�ø A

��x ��y æ�ø ATAz�{�|�}�~_����������|�}_����z)���
λ, ������� z x�� y���� AT A ���������������

� z AT A + λI ��� , ���������#��������� w �_� Af = g
z��������� 

, ¡)¢�£�¤¦¥�§�¨��z � � . ©�ª���«�¬ ��­�®¦¯&°

min‖Af − g‖2
2 + λ‖f‖2

2, (3.9)

±
²
λ > 0 ��³�´�µ�¶ � , ·�©�¸�¹�����º¼»�½ z�¾�¿�À�Á�Â�Ã�¿_Ä�Å�z�Á�Æ ,

~ »�½�Ç_ÈÉ�Ê
z�Ë�Ì�Í�Î�Ï
z�Ð�Ñ
. Ò�Ó�Ô ² , Õ�©�Ö�× ��Ø¼² g

z�Ù�~�Ú y�¶ � ε Û¦Ü&Ý�Þ�ß�à
á ,â Ü&· Morozov ã�y�Ö�ä [14,15] å�æ � ³�´�µ�¶ � λ. ç#è (3.9) é�ê�©�ë�ì�í � Ã

(ATA + λI)f = AT g, (3.10)

î�ï �
A1f = g1, (3.11)

ð¦²
A1 = AT A + λI, g1 = AT g. ñ�º�ò�·�ó�ô LSQR à�í���� � Ã (3.11) , õ�ö�÷�ø_³�´

µ�ù�ú À LSQR
� í�û�ü�Ò |�ý , þ�ÿ â�� , ���¦¥�������������	�
�� �¦¯�°
z
� à�í��� ü�³�´�µ LSQR à�í .��Ø Ü�ó���ô���á � ü�³�´�µ LSQR à�í z�����������Ã .

(1) ��� � , � � A
À

g  M , ß�à��_� A
z §�¨ � cond(A), õ�! cond(A) ≥ M ( Û�ÿ

M = 108 ), ´�"$# (2), %�´ A1 = A, g1 = g "$# (3) ;

(2) &��_³�´�µ ��Ã : '�ÿ�³�´�µ�¶ � λ ( Ó�Ô�ò�· Morozov ã�y�Ö�ä æ � λ
z��

), ³
´�µ A1 = AT A + λI, g1 = AT g ;

(3) (�)���×�µ
x0 = 0, β1 = ‖g1‖2, u1 = g1/β1, α1 = ‖AT

1 u1‖2,

v1 = AT
1 u1/α1, w1 = v1, φ̄1 = β1, ρ̄1 = α1 ;

(4)
~

i = 1, 2, · · · , *�È (5)–(8);

(5) Lanczos + ~�� µ
w = A1vi − αiui, βi+1 = ‖w‖2, ui+1 = w/βi+1,

z = AT
1 ui+1 − βi+1vi, αi+1 = ‖z‖2, vi+1 = z/αi+1 ;

(6) (�) QR ,��
ρi = (ρ̄2

i + β2
i+1)

1/2, ci = ρ̄i/ρi, si = βi+1/ρi,

θi+1 = siαi+1, ρ̄i+1 = −ciαi+1, φi = ciφ̄i, φ̄i+1 = siφ̄i ;



No.3 -/.10 : 243658789/:1;6<>=1? LSQR @1A 337

(7) B ��C�D ���
xi = xi−1 + (φi/ρi)wi , wi+1 = vi+1 − (θi+1/ρi)wi ;

(8) (�)�EGF�H�I .

4 JLKLMON
�
¥QP�R â�S�� í z Û�)   , T�U��
á ��� à�V , ��W�¢�
�X�Y�Z�Ö�×¦»�½ f [�ç , g Û\ � ��	^]  �_^` Af = g a�� , b ~ g

���dc�egf
h�i
, j gn = g + ε· randn(n, 1),

ð/²
randn(n,1) ª�k�� � y�� 1 l � � 0

zmc�e ,�n , Ó�Ô�ÿ ε = 0.01. o�p , ·�� z�Ù�~�Ú y δÀ �m(�q hsr [16] t ô�Ç�È�»�½ zQu�v#¿ , ß�à�w ± ,�I��
δ =

‖f − f̃‖2

‖f‖2

, ISNR = 10 · lg

(
‖g − f‖2

‖f̃ − f‖2

)
,

ð¦²
g ��x�µ¦»�½ , f ��Ö�×¦»�½ , f̃ ��Ç�È�»�½ . δ y � , ISNR y�� , »�½�Ç�È z�u�v�¿ yc

, Ç�È�z�!�y Ë . {�©�ó�ô�|�ê�}�~ , ��áQ� }���� à�í  ��_z à�V .���
1 '�ÿ�Ö#×
»�½�� � 41× 41, Ó�V ²�z �_� A ª�ò�· ²m� w ± ��	���,�w ± â �

« z , Õ Morozov ã�y�Ö�ä æ � ³�´�µ�¶ � λ = 3.725e − 09. » 1 �
á�¥�Ö�×¦»�½$����� hi »�½¼Ü���· � ü�³�´�µ LSQR
� í�������� h » , » 2 �
á�¥ LSQR à�í$� Ô�� [3]

²�z
³�´�µ Gmres à�í ( tol = 0.01 )

À Ó�Ô � à�í z ISNR ��µ���]
» ,
â ~��
z������ P�û

!���� 1.

�
1: �m�G�m�
� LSQR �m�m��� ��� �

2   ISNR ¡�¢m£�¤�¥�¦¨§m�s©«ª �

» 1 ¬�­ z û�!�®°¯ � ü�³�´�µ LSQR
� í Í z�±��^²�¥ h�i�À ��� , ��³�´�z�! å�µ

B���¶^· . ��» 2 Û
Ü&��ç ,
S á zQ� à�í C�D 6 ¸#º z ISNR

��c © LSQR à�í�¹�º�© Á�
, »�¼�½�¾�«�¥ ~ [ Í LSQR à�í��m( z�¿&z , � ISNR

��z S c�À�ÁGÂ £�¤¼¥ h�i#~ qÃ z�Ð_Ñ
, ������«�¬�Ä z Ç�È�»�½ .
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É
1: Ê
ËG�m��¦ÍÌ�Î�ÏsÐ�Ñ

ISNR Ò�ÓÕÔ�ÖÍ×�Ø ÙÍÚ¨Û�Ü ( Ý )

LSQR Þ�ß 9.1671 0.0524 2.7984à�áãâ
Gmres Þ�ß 15.2825 0.0128 2.8636äÍå Þ�ß 19.0481 0.0054 0.6743

æ�ç�è
1, éãêQëíìQÓïî ,

äÍå«ð�ñ
ò ÓÕóÍÞ�ß ISNR ôÍõÍö , Ô�ÖÍ×�Ø�õÍ÷ , ø�ÛúùÍû .
ðGü óÍÞ�ßQÓý ô èÍþÍÿ���������� LSQR Þ�ß�	 å�
 [3]

ð�ñ
ò Ó�Ó à�áãâ Gmres Þ�ß .���
2 
����Í÷�� 71× 71 Ó������������������ , � â ����Ó����� "! A #�$�%�&�')(�*�+�,�-�./ *�+ ð10"2 Ó , 354ÍÓ à¨á�â16 ý λ 78���191:�Û�; 0"2 354ÍÓ�<�=?>A@�B ISNR, C � ì5� 3 . D�&

LSQR Þ�ß�E å�
 [3] '«Ó à�áãâ Gmres Þ�ß ( tol= 0.01 ) 	 äÍå óÍÞ�ßQÓ�9�:�F�G�H�� 4
ð�I

,
ð Ö�J�Óý ô?K�L?M�G«ì è 2.

�
3: ISNR ¡ λ ¦¨§m�5N5O �

4   ISNR ¡�¢m£�¤�¥�¦¨§m�s©«ª �

�
5: Ê
ËG�m��¦1P�Q8R8PTS �

U � 3 V üXW1Y 6 ý λ � 10−2 Û�>"@�BÕõ¨ö . 75� 4 ' , Z�[5\�]ÍÞÍß�Ó ISNR ^)_�`1a ý Ó�b â
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c�d
. é�$ , LSQR Þ�ß èÍþ ò�e?f)g þ?h , ê äÍå Þ�ß�_�` 35 a�iQÓ ISNR ô�j ��k�l , 3�m�n?F�o1<�p

\ LSQR ÞÍß�Ó e1f�g?q , r ñ ö�\ ISNR ô ,
è¨þ òïý ô l Y�q Ó � ( . � 5 V ü�s�t o�u ò LSQR Þ

ß�9?:QÓ?���?v�w�x�$�y"@�z�{�|�}�~ , ����� ISNR ô?��� ,
àÍá«â

Gmres ÞÍß�9?:QÓ������ / ù?���
� , Ô5B��?� äÍå«ñ
ò Ó���� à�áãâ LSQR �Íß������?������� ,

0?2 M�G�Ó���������ù�� ,
èÍþ ù�� l Y .

É
2: Ê
ËG�m��¦ÍÌ�Î�ÏsÐ�Ñ

ISNR Ò�ÓÕÔ�ÖÍ×�Ø ÙÍÚ¨Û�Ü ( Ý )

LSQR Þ�ß 5.9041 0.1351 8.7378à�áãâ
Gmres Þ�ß 6.7813 0.1104 6.5323äÍå Þ�ß 8.1153 0.0812 9.2245

� è
2 Ó�K�L?M�G���u , ��$ äÍå«ñ
ò ÓïÞ�ß«ø�Û��)���"( , �Íî�7 ñ ö ISNR ù�	�����Ô�ÖÍ×�Ø����

Ó èÍþ?� ò , =���������\ äÍå«ñ
ò Ó���� à�áãâ LSQR Þ�ß�î«Ô�Ö�n?F�Ó .

5 �¡ 
ä¨å 7�¢ ��£�¤ ��¥�Ó Krylov ¦"§�Ü��¨ß�Ó�¢�¨ � , M�� Tikhonov

àÍá«â�©?ª ñmò \���«Íó¨ÞÍß�¬
¬���� àÍá«â LSQR ÞÍß , ­ÍÞÍß�3�m?®�¯5\�]±° �1² , r�n1F�³�´5\�]±°ïÓ�µ�¶ , ���
Ó�9?:�F�G�·�¸?¹º?»

. K�L?M�G è � , óÍÞ�ß 0?2 Ó�����¼�½�¾ ����� LSQR Þ�ß�	 à�áãâ Gmres Þ�ß , ¿��Íî�71<)=�>1@
B ISNR 	�Ô�ÖÍ×�Ø�����n��ïé�Ó �?² , ��À«Ò�����Á�����Á?@AÂXÃ ñ�Ä \���ÅÍÚ���n?F�Ó��Íß .
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HYBRID REGULARIZATION LSQR ALGORITHM FOR IMAGE

DENOISING

MIN Tao1 , HAN Xuan2

(Department of Applied Mathematics, School of Science, Xi’an University of Technology,

Xi’an 710054, China)

Abstract: This paper is devoted to study image denoising and deblurring problems. By

using regularization technology and Krylov subspace method, a hybrid regularization LSQR

algorithm is proposed. The experimental results show that the algorithm can effectively improve

the ill-posedness of the problem and obtain the restored image with high fidelity.

Keywords: image; recovery; Krylov; regularization; LSQR algorithm
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