Vol. 39 (2019)
No. 6 J. of Math. (PRC)

THE CONCAVITY OF p-RENYI ENTROPY POWER
FOR THE WEIGHTED DOUBLY NONLINEAR
DIFFUSION EQUATIONS ON WEIGHTED

RIEMANNIAN MANIFOLDS

WANG Yu-Zhao, ZHANG Hui-Ting
(School of Mathematical Sciences, Shanzi University, Taiyuan 030006, China)

Abstract: In this paper, we study the concavity of the entropy power on Riemannian mani-
folds. By using the nonlinear Bochner formula and Bakry—Emery method, we prove p-Rényi entropy
power is concave for positive solutions to the weighted doubly nonlinear diffusion equations on the
weighted closed Riemannian manifolds with CD(—K, m) condition for some K > 0 and m > n,
which generalizes the cases of porous medium equation and nonnegative Ricci curvature.
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1 Introduction

Let (M, g,du) be a weighted Riemannian manifold equipped with a reference measure
dp = e~fvol, there is a canonical differential operator associated to the triple given by the
weighted Laplacian

Apu = divy(Vu),

where the notation = means definition, div; = e/div(e~/") is the weighted divergence oper-
ator. The weighted Laplacian Ay is a self-adjoint operator on the Hilbert space L*(M,du).
Recall the carré du champ operator of the weighted Laplacian defined by Bakry—Emery [1]

1
C(u,v) = §[Af(uv) —ul v —vAjul,
and the iterated carré du champ operator

y(u,v) = %[Aﬂ‘(u,v) —I'(u, Apv) = T'(v, Aju)].
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A weighted Riemannian manifold (M, g,du) is said to satisfy the curvature dimensional

condition CD(—K,m) if for every function wu,

Do(u,u) > —(Apu)?* — KT'(u,u).

1
m

In fact, by the enhanced Bochner formula (see P.383 in Villani’s book [2])

1
§Af|Vu\2 —Vu-VApu = |VVul* + Ricy(Vu, Vu)

1

Au n
2\2 s m =72 - e X 2
(Agu)* + Ric (Va, V) + [VFu = =g + (— — —)(Au+ ——Vf . Vu)?,

1 1
m m
the curvature dimensional condition CD(—K,m) for m € (—o0,0) U [n,00) is equivalent to

m~dimensional Bakry—Emery Ricci curvature Ric}” is bounded below by — K, i.e.,
S . D 1 L. 9 1
Ricf ?Rle—me®Vf?RIC+V f—me(%sz—Kg. (1.1)
In this paper, we consider the weighted doubly nonlinear diffusion equation
Oru = Ap pu”, (1.2)

where A, ;- = e/div(e™/|V - [P72V) is the weighted p-Laplacian, which appears in non-
Newtonian fluids, turbulent flows in porous media, glaciology and other contexts. We are
mainly concerned on the concavity of the Rényi type entropy power with respecting to the
equation (1.2) on the weighted Riemannian manifolds.

In the classic paper [3], Shannon defined the entropy power N(X) for random vector X
on R”,

N(X)#e%H(X), H(X)#—/ ulog udzx,
Rn

where w is the probability density of X and H(X) is the information entropy. Moreover, he
proved the entropy power inequality (EPI) for independent random vectors X and Y,

N(X +Y) > N(X)+ N(Y). (1.3)

Later, Costa [4] proved EPI when one of a random vector is Gaussian and established an
equivalence between EPI and the concavity of Shannon entropy power N(u) when u satisfies

heat equation 0;u = Au, that is,
d2
de?

Moreover, Villani [2] gave a short proof by using of the Bakry-Emery identities. In a recent

N(u(t)) < 0.

paper, Savaré and Toscani [5] proved the concavity of the Rényi entropy power N.,(u) along

the porous medium equation d;u = Au” on R", where N, (u) is given by

N, (u) = (/R” W (2)dz), o = 71(72—1) +1. (1.4)
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In [6], the first author and coauthors studied the the concavities of p-Shannon entropy
power for positive solutions to p-heat equations on Riemannian manifolds with nonnegative
Ricci curvature.

On the other hand, Li and Li [11] proved the concavity of Shannon entropy power for the
heat equation 0,u = Aju and the concavity of Rényi entropy power for the porous medium
equation dyu = Ayu” with v > 1 on weighted Riemannian manifolds with C'D(0,m) or
CD(—K,m) condition, and also on (0,m) or (—K, m) super Ricci flows.

Inspired by works mentioned above, we study p-Rényi type entropy power for the
weighted doubly nonlinear diffusion equation (1.2) on the weighted Riemannian manifolds
and prove its concavity under the curvature dimensional condition C'D(0, m) and CD(—K,m).

Let us define the weighted p-Rényi entropy R,(u) and p-Rényi entropy power N,(u) on

the weighted Riemannian manifolds,

1 1
Ry) =~y log [ =~ log(Ey(w). (1.5)
b M b
Ny () = exp(=abRy(u)) = (Ey(w))°, (1.6)
where b and o are constants
_ 1 _ a
b—'v—p_l, o=—(p-1)——,
and E,(u) is given by
E,(u) = / ubdp. (1.7)
M

When p = 2 and f= const., (1.6) reduces to (1.4).

Theorem 1.1 Let (M, g,du) be a weighted closed Riemannian manifold. If u is a
positive solution to (1.2) on (M, g,du), then we have

SEN0) = o1 = (B [ (8 0+ 1) Pul

1
+ pbo(E,(u))” / [[|Vo[P~2 V20 — E(Apv>aij‘i + [ Vo~ *Ric} (Vv, Vo) u"dp
M

+ pbo (B, ()" / (= - %)(Am — Vo2V V)l dp, (1.8)

1
Mo n

where a;; is the inverse of AY = ¢ + (p—2) v|ivv$v and I,(u) is the weighted Fisher

information in (3.3).
When m > n, b > —%, b # 0 and M satisfies the curvature-dimension condition
CD(0,m), the weighted p-Rényi entropy power is concave, that is,
d2
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By modified the definition of p-Rényi entropy power, we can also obtain the concavity
under the curvature dimensional condition CD(—K,m).

Theorem 1.2 If u is a positive solution to (1.2) on the weighted closed Riemannian
manifolds with curvature dimensional condition CD(—K,m) for K > 0, define p-K-Rényi

entropy power N, g such that

d Py d
ng,K(U) = eXP{—mHt @Nz)(u), (1.9)
where
s Ju PO w0 (1.10)
o[, [ Vulrudp )
we obtain
d2

N, k() = 0 (1 — )b (By(u) " expf{— et} [ |Ay g0+ Tp(u)*u" dp
dt b+1 "

1
+ pbo (Ep(w)"exp{— 12—t} [ [[VoP~2V20 — —(Ayv)ai;|3ut dp
b+1 M n

+ pbo (E,(u))° " exp{— b]fl Kt} / |V~ *(Ric} + Kg)(Vv, Vo)u"*du
M

o—1 by l_i n p—29,, . 27, b+1
b (B, ()" expl =ty [ (= (A VT VP

(1.11)
When m >n ,b > —%, b +# 0 and Ric}” > —Kg, we have
d2
—3Noxe(w) 0. (1.12)

This paper is organized as follows. In section 2, we will prove some identities as lemmas,
and they are important tools for proving theorems. In section 3, we will finish the proofs of

the main results.

2 Some Useful Lemmas

According to [7], the pressure function is given by

b 1

g
. b=~y — — 2.1
V= v — (2.1)

then v satisfies the following equation
0w = bvA, v+ |VolP. (2.2)

Let us recall the weighted entropy functional

E,(u) = /M udp, (2.3)
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and the weighted p-Rényi entropy

Ryu) =~ log [

P dp = — T log(E,(u)), (2.4)
M b
where du = e~/dVol. Hence, the weighted p-Rényi entropy power is given by
Ny () = exp(=bo Ry ) = (B(w), =2 = i (25)
In order to obtain our results, we need to prove following lemmas. Motivated by the
works of [8], we apply analogous methods in this paper.
Lemma 2.1 For any two functions A and g, let us define the linearized operator of the

weighted p-Laplacian at point v,
Ly (¥) = el div(e | Vo~ A(Vy)),
where A% = g + (p — 2)%, then we get
Ly s(hg) = g(Ly,sh) + (Lp,g)h + 2|vv|p_2<th Vg)a, (2.6)

[ @ustigi= [ bLpsoidu=~ [ 196p-2(h,Tahadn (2.7
M M M
where (Vh,Vg)a = A(Vh) - Vg=Vh-AVyg).
Proof The proof is a direct result by the definition of L, ; and integration by parts.
Lemma 2.2 We have the modified weighted p-Bochner formula
L, £|Vv|P = pLy 4(v) + p|Vo|P~2(Vu, VA, v, (2.8)
where

T2.4(v) = Vo~ (|V V[ + Ricy (Vo, Vv)) (2.9)

1 1
= (A g0)? +[IVUP 2V V0 = —(A0)ayf} + Vel *Ric} (Vv, V)
1 1

n
+ (= — ) (A + ——|Vo|P 2V - V)2 2.1
(n m)( Y m—n| U| v f) ( 0>

Proof According to [9], we have
Ly ¢|VolP = p|Vo?P~* (‘VV’U& + Ricy(V, Vv)) + p|Vo|P72(Vv, VA, fv),

o2 |Vu-v|vu2|? o |vIve2|?
where |[VVv |4 = (p 42) | UWMI | %2‘ \V:Pl + |[VVul2.

Using the definition of m-Bakry- Emery Ricci curvature in (1.1), we find

Ly 4(v) =|Vol**~*|VVu[} + [Vo[**~*Ric} (Vo, V) (|Vo|P=2Vu - V)2

_|_ JE—
m-—n
1 1
=||Vv|P~2V Vv — E(A,,v)a,;j\i + E(Apvf + |Vu[***Ric}(Vv, Vv)
+ ——(|VoP2Vu - V§)?
m-—n
1 _ 1 dp:m
:E(Ap’fv)Q + || Vo2V Vv — EApvaijL%‘ + |V~ *Ric} (Vo, Vo)
1 1

- _n P=2Y7, . 2
+(n m)(Apv+m_n\Vv| Vv -Vf)?,
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which completes the proof of (2.8). In particular, when m > n or m < 0, we have

1
Iy a(v) > E(Ap,fv)Q + |V~ *Ric} (Vv, Vo). (2.11)

Lemma 2.3 If u,v satisfies equations (1.2) and (2.2), we obtain that

at(Ap’fU) = Lp)f(at’U), (212)

O (uv) = vL, (uv). (2.13)

p—1
Proof By the definitions of A and L,, ¢, then

Oi(A, fv) =0 [ef div(e ! |Vo[P2Vo)]
=eldiv(e ™ [(p — 2)|Vv[P~*(Vv, V) Vv + | Vo732V 0,v])
=eldiv(e ™ |V|P2A(VOw))
=L, ;(Ov).

By the definition of v in (2.1), we have uVv = buVu. Hence

A(V(w)) =1+ %)A(UVU) ={p-1)1+ %)UVU

and
Ly (uwv) =el div (e‘f|Vv|p_2A(V(uv)))
=(p-—1)(1+ %)efdiv (e*fu\Vv|p*2Vv)
=(p-1(+ %)&:w (2.14)
A direct calculation shows that
Or(uv) = (1 4 b)vosu. (2.15)

Combining (2.14) with (2.15), we can show (2.13).
Lemma 2.4 Let u be a positive solution to (1.2) and v satisfies (2.2), then

d b(b+1 b(b+1 1
Ep(u)—b/ (Ap,fv)ub“dﬂ——H)/ Volrudp =~ )/ u” T VU Pudp
(2.16)
and
d2 21, b+1
S Eol) =00 [ [Faa(0) 4 A ol (2.17)

where I's 4 is defined in (2.10).
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Proof By integrating by parts, we can obtain

1
ﬁEp(u) =0+ 1)/ u’Oyudp = b(b—i—)/ vel div(e™ u|Vv|P~2Vv)du
dt M v M

1
=- b(bﬂ/ |Vo|Pudp = b/ (A, po)ubdp,
v M M

where

uVo = bwVu, buv =yu’tL.

Using identities (2.2), (2.8), (2.12) and (2.13), we find that

G | Susotrdn = [ 08, 500000 + (8,00, 0l
= [ [0 @) )+ Ly )0 00l

= [ (08 00) 4 Ly (901 00) 4 2 Ly (03,0 )
:p/M[Fz,A(U) + [Vo[P~3(Vo, VA, j0)uvdu + ppbl /MLp,f(vAp,fU)(uv)d,u.

According to the properties of the linearized operator L, ; (2.6) and (2.7), we have

/M Ly s (00 0) (o) dp = / (L (0)) (g 0) (w0}

M
[ L@t 2 [ 9008 ) w0
M M
o= 1) [ @ppoPundu— [ [Top T @), T, ) ad
M M
+2/ |VolP~2(Vo, VA, 1) 4(uv)du
M

1
=p—1) | Ay p0lPo)dp— 5 [ 190V, VA 0} a(wo)dn,
M M

where we use the fact 1
V(uv?) = (5 + 2)uvVo.

Hence, we get

bi (A, jv)ubTtd —Ei (A, sv)(uv)d

dt J,, p.f 'u_’ydt y p.f I
b2
=— | [Pl2.a(v) + pb(A, sv)*Juvdp
Y

:pb/ [ a(v) + b(Ap,fU)2]ub+1d,u,
M

which is (2.17).
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3 Proofs of Theorems

Proof of Theorem 1.1 Let o be a constant, N,(u) = (E,(u))?, a direct computation
implies

d o1 d
SNy() = o (Ey(u)* 5By ().

By using of identities (2.16), (2.10) and (2.17), we get that

d2
@Np(u)
=By ()" By (u) 5 () + (7 = 1) (5 (B ()]

o (Ey(w)" /w P a(0) + B 0 o = 1) (B )" / (b v)u* dp)?

1

=By [ [+ B0 [P0 V20 = £ (8 )
+ | Vo~ *Ric} (Vo, Vo) ju"dp
+rbo(By)7 [ [ = S8 o0 VP
+ola =B ) ([ (b8, 00 (3.1)

In particular, when b > 0, 0 < 0 or —% <b<0,0>1and Ric}” > 0, the Cauchy-Schwarz
inequality yields
d2

_ 1
SN0 B [ b+ D00
M

o= DB ([ (b8, ot
M
1
<o(E,(u)” 'p(— + 1) + (¢ — 1)] / (bA, jv)*u" dp.
mb M
We can choose a proper constant ¢ such that

1

—+1 —1)=0. 3.2
P+ 1)+ (o~ 1) (32)
Thus j—;Np(u) < 0, that is the weighted p-Rényi entropy power is concave along the weighted

doubly nonlinear diffusion equations (1.2) on (M, g, du) with CD(0,m) condition.
In fact, we can obtain a precise form of the second order derivative of the weighted
p-Rényi entropy N, (u). Let I,(u) be the weighted Fisher information with respect to R,(u),
d

Ip(u) = %Rp(u) ==

1 d 1

1
- il ) - -
b By ar T, b dp

/M(Ap,fv)ubﬂdu. (3.3)
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Applying identities (3.1) and (3.2), we get
d2

GEN0) = o1 = (B0 (g 0P (By) ([ (800 )

1
b (B (u)° " [ [I[V6P 9% = (Ayu)anf + Vo Ric] (V0. Vo)lutdy
M
o 1 1 n _
oo (By()™" [ (= 2By VP 0 P
Combining this with (3.3), one has
d2

) = o1 = B E) [ 10

+ pbo (B, (u)"™ / Vo =29% — - (Ago)ag [} + (ol *Ric} (Yo, Vo)ludu
M

GOl O R N

|Vol|P~2Vo - V f)?|u’ M dp.
n —n

Thus, we obtain an explicit expression about °N, »(u). Moreover, if —i <b<0,0>1

and b> 0, 0 < 0, then -4, Ny(u) <0.

at?
Proof of Theorem 1.2 Motivated by [10], formula (1.8) can be rewritten as

dt2

EN0) = o1 = (B )7 [ 1, 0+ TP (3.4

—%—pba(Ep(u))"*1 / [||Vv|p*2V2fu — E(Apv)aij& + |VU\2P*4(RiC}” + Kg)(Vo, Vv)]ub“d,u
M

- 1 1 n _ DYy d
E o—1 Z _ )(A o p—2 . 2 ~_N.
b (B! [ [ = 2 VP 0 P BN ),
where we use the definition of £ in (1.10) and variaitonal formula in (2.16), that is
d o d O’b(b +1)
G0 = By By = -7 [ vl

Defining a functional N, x such that [11]

d
Ny () = exp{— Lt} SN, ),
A direct computation yields
d? d? py d
ﬁNp,K( u) = eXP{—bJrl"@t}(dtQ (U)—m @Np( u)). (3.5)

Hence, when (M, g, du) satisfies the curvature dimensional condition CD(—K,m), i.e., Ric}* >
—Kg with K > 0, m > n, by formula (3.5), we obtain the concavity of N, x, that is
;—;Np, x(u) < 0. Furthermore, we obtain an explicit variational formula (1.11), which fin-
ishes the proof of Theorem 1.2.
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