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Abstract: The paper is concerned with the study of rational proper holomorphic maps
from the unit ball B" to the unit ball BY. When the geometric rank of the maps are xo and
N=n+ W, we give a characterization of their normalized maps.
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1 Introduction

Let B™ be the unit ball in CV, and denote by Rat(B",BY) the collection of all proper
holomorphic rational maps from B" to BY. Let H, = {(z,w) € C"! x C | Im(w) >
|2|?} be the Siegel upper half space and denote by Rat(H,, Hy) the collection of all proper
holomorphic rational maps from H,, to Hy. By the Cayley transform, we can identify B"
with H,,, and identify Rat(B",BY) with Rat(H,,Hy). We say that f,g € Rat(B",B") are
spherically equivalent (or equivalent, for short) if there are o € Aut(B") and 7 € Aut(B")
such that f =7o0goo.

The study of proper holomorphic maps can date back to the work of Poincaré [17].
Alexander [1] proved that for equal dimensional case, the map must be an automorphism.
For the different dimensional case, by the combining efforts of [5, 8, 19], we know that for
N € (n,2n — 1) with n > 2, any map F' € Rat(B",B") is spherically equivalent to the map
(2,0). This is now called the first gap theorem.

For the second gap theorem, Huang-Ji-Xu [11] proved that any map F € Rat(B", B")
with N € (2n,3n — 3) and n > 4, must equivalent to a map of the form (G,0) with G €
Rat(B",B?*"). Together with the classification theorems Huang-Ji [10] and Hamada [7],
Rat(B", B*") must equivalent to (z,0) or (G1,0) or (G3,0), where G; € Rat(B",B*"~1) is
the Whitney map and G5 € Rat(B", B*") is in the D’Angelo family.
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In [12], Huang-Ji-Yin proved the third gap theorem. Namely, when N € (3n,4n — 7)
and n > 8, any map F € Rat(B",B") must be equivalent to a map of the form (G, 0) with
G € Rat(B",B3"). The classification problem for N = 3n — 3 is achieved by [2]. When N >
3n—2, the map is no longer monomials and can be very complicated. In fact, [6] constructed
a family of maps in Rat(B",B3"~2), which can not be equivalent to any polynomial maps.
Recently, Gul-Ji-Yin [14] gave a characterization of maps in Rat(B", B3"~2). The interesting
reader can refer to [3, 4, 9, 12, 15, 16, 18] for other related mapping problems between balls.

It seems to be quite less in known for N > 3n — 2. The present paper is devoted to
a characterization of proper holomorphic maps from B" to BY with geometric rank xq and
N=n+ (Zn_ﬁ%)”” We now state our main theorem, with some terminology to be defined
in the next section.

Theorem 1.1 (1) Let F € Rat(B",B") with the geometric rank of F being o and
N = n 4 &n=ro=lro, Suppose that W < n and F' is normalized, then it takes the

2
following form

1 .
fi= a(zjq—l—%ujzjw) for 1 <j<ko, fr=2r forrg+1<k<n-—1,
1 .
0 = g(ujjzf- + eijZj'l,U) for 1 <7 < ko,
1
Dk = g(ujkzjzk + e ik2pw + ek,jkzjw) for 1 <j <k < Ko, (1.1)
1
¢jo¢:*,ujaZjZa fOI‘].SjSK)O<O[§n—1’
q
g=w,
where
Ko -
q¢=q(z,w) =1+ ¢ (2) + Bw, ¢V (2) = —222 wzj, €jji = 'uju{fh,u;
j=1 H1 1 g (12)
1 2
0<p Spp=---= P s |61,11|2 = 7(:“; - .u‘f)? Im(E> = _&'
4 4y

(2) Conversely, if F is defined by (1.1) and (1.2), then the map F is in Rat(B",B")

with N = n 4 Grrg=bro,

2 Preliminaries

Let F'= (f,¢,9) = (f, 9) = (fi,-+y fu-1, P1,° -+, dN—n,g) be a non-constant rational
CR map from an open subset M of dH,, into OHy with F(0) = 0. For each p € M close to
0, we write 02 € Aut(H,) for the map sending (z,w) to (z + 2o, w + wo + 2i(z, Zp)) and write
7} € Aut(Hy) for the map

T;(z*,w*) = (2" - fN(zo,wo),w* — (20, wo) — 2i(z", f(zo,wo)».
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Then F is equivalent to F,, = 7, 0 Foo) = (fp, ¢p, gp). Notice that Fy = F and F},(0) = 0. The
following theorem is important for understanding the geometric properties of Prop(H,,, Hy ).
Lemma 2.1 Let F' € Prop,(H,,Hy) with 2 <n < N. For each p € 9H,,, there is an

automorphism 7,* € Auto(Hy) such that F* := 7" o F), satisfies the following normalization

=2+ 50 D (2w + 0ui(3), 5 = 65D (2) + 0ue(2), 95" = w + 0,4 (4)

with
(Z,a5 D (2))|2 = |62 (2)].

Here we use the notation h(®)(z) to denote a polynomial h which has degree k in z,
and a function h(z,z,u) is said to be quantity o,.(m) if h(tz,tz, t?u)/|t|™ — 0 uniformly for
(z,u) on any small compact subset of 0 as t(e R) — 0.

Now, we are in a position to the definition of the geometric rank. Write A(p) :=
*22.(6;(;%)5 l0)1<ji<(n—1)- Then the geometric rank of F' at p is defined to be the rank of the
(n—1) P (n — 1) matrix A(p), which is denoted by Rkp(p). Notice that Rkp(p) is a lower

semi-continuous function on p, it is independent of the choice of T;*(p), and depends only on

p and F. Define the geometric rank of F' to be ko(F') = max Rkp(p). Define the geometric
pe n
rank of F' € Prop,(B", BY) to be the one for the map py' o F o p,, € Prop,(H,,Hy).

When 1 < kg < n — 2, a nice normalization was achieved by [9] and [11].

Theorem 2.2  Suppose that F' € Props(H,,,Hy) has geometric rank 1 < ko < n — 2
with F'(0) = 0. Then there are o € Aut(H,,) and 7 € Aut(Hy) such that 7o F o o takes the
following form, which is still denoted by F' = (f, ¢, g) for convenience of notation

Ko

fr=32 % 15(z,w), 1< ko,

Jj=1
fi=z forkg+1<j<n—1,

bie = purzizk + Y 29, for - (I, k) € So,
j=1

(blk = Owt(3)7 (la k) € Slu (21)
g=w,

fis(zw) = 67 + 2w 4 b (2)w + O (4),

¢7}cj(z7w) = Owt(2)7 (lv k) € 807

Ko

u = Z 2jdli; = Owi(3) for (I, k) € 8.

Jj=1

Here, for 1 < kg < n — 2, we write S = Sy U Sy, the index set for all components of ¢, where

So={(,D):1<j<ko,1<I<n—1,5<I},

M — kg — 1
81:{(j,l):j:mo+1,n0+1§l§n0+N—n—(n ”; )“0},

and

{\/uj +wm for j <1< Ko;
Hjt =

I iijH()<lOI'ifj:l§K,().
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Here we can assume pq < po < -+ < . By [2], we can further assume that
110 =0 forkg+1<a<n-—1. (2.3)

A map F € Rat(H,,, Hy) is called a normalized map if F' takes form (2.1) with (2.3). Notice
that any F' € Rat(H,,Hy) can not be further normalized except some rotations in ¢, with
(I,k) € Sy

Next we introduce some notations that will be use during the proof of our main theorem.
Let F = (f,¢,9) € Rat(B",BY) be as in Theorem 1.1. Denote by #(A4) the number of
elements in the set A. Then we have N = #(f) +(¢) +1(g) and () = #(Sp) + #(S1). Notice
that (f) =n—1, #(g) = 1, #(Se) = nko — W Hence #(S1) = N —n — #(So) = 0, which
means we do not have the §; part in the map.

For any rational holomorphic map H = % on C", where {P;,Q} are relatively

prime holomorphic polynomials, the degree of H is defined to be
deg(H) := max{deg(P;),deg(Q),1 < j < m}.
For any holomorphic map P(z,w), we will use the following notations
P(z,w) = Z Plek) ok — ZP(j’k)(z) ~w”,
la]=j,k>0 Jik

where PU)(2) is a homogeneous polynomial with respect to z of degree j.

2 Proof of the Main Theorem

This section is devoted to the proof of Theorem 1.1.
By [15, Theorem 1.1}, we know degF' = 2. From (4.2)—(4.4) of [15], we obtain

eijh=0, Vjk#ior kp+1<j<n—lor ko+1<k<n-—1, (3.1)
Mg il€r it = MiHij €445 for 1 S ’i,j,l S Ko. (32)

From (5.3) of [15], we get

fu(2,0) =z, for 1 <p<n-1,
Wi
Ko

1-2i Y Ajzj
j=1

Gip(2,0) = — I for 1< j < k <k, (3.3)

1-2i > Ajz
=1

J

for 1 S] S Ko,

quj(Z, 0) =

¢ja(z,0):uja—izzafor1§j§1£0<a§n—1.

12 Az
j=1

Hij€1,15

Here we have set A; = =25
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Notice that the degree of F' must be 2. Together with the normalization properties in
(2.1), the expression of F' must have the following form

1
fj = q(zjq—i—%zzjw) for1<j<kg, fa=2zr forrg+1<k<n-1,
1 .
i = g(ﬂjﬁ? +ejjzw)  for 1< j < ko,
1 .
Dk = g(ujkzg‘zh + €; k2w + emkzjw) for 1 <j <k < ko, (3.4)
1

Gja = —MjaZjza for 1 <j<ky<a<n-—1,

()

g=w.

Here we have set ¢ =1 — 2 E Ajzj + Ew. In what follows, we write ¢(V)(z) = —2i Z Az
Jj=1
Since F maps OB" to OB, we have the basic equation

Imw = |f|* + |¢|* for Imw = |2|*. (3.5)

Substituting (3.4) into this equation, we obtain, for Imw = |z|?, the following

Ko . n—1

Ko
(3
2|*]ql* = Z |2jq + §szjw|2 + Z 2iq]* + Z |ij2§ +ej;2w|?

j=1 j=ro+1 j=1 (36)
+ Z \ikzizk + €5k zrw + ex i zw]? + Z |tjazizal’.

1<j<k<ko 1<j<ko<an—1

After a quick simplification, we obtain

Ko Z /1/2 Ko
> 1P {2Re (Sl + V() + Bw)) = L 412} = 3 lugs#? + g5zl
j=1

j=1

o o (3.7)
+D Rz e gpmw + ezl + ) gzl - <|Z|2 -> |Zj|2)-
=1 =1

1<j<k<ro
Consideration of the Degree 4 Terms By considering the degree 4 terms, we get

2

Ko Z 2
S 122 2Re( Sy (il=) + Spyula® () + Bu)) — )
=1

Ko
= Z s 25 + €555 zul” + Z k22 + €5 kzrt + ex g 25ul” (3.8)

j=1 1<j<k<ko
Ko Ko

+ >zl (\Z|2 - Zﬂj|zj|2>-
j=1 j=1

Collecting 2°z°u? term with |a| = |3| = 1, we obtain

Z\z {QRe ~p;u - Eu) } Z\e“]zﬂd + Z lejjkzru + erriziul®. (3.9)

1<j<k<ro
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By considering the coefficients of |z;|*u terms with 1 < j < kg and z,;Z;u terms with
1 < j < k < kg, respectively, we get

Ko

, 1 .
Re(ip; E) — 1“32 = Z lejikl®s €k erjr =0 for 1 < j <k < k. (3.10)
k=1

Combining this with (3.2), we know only one of €1 1; 1 < j < K is non zero. From (3.2)
and (3.10), we obtain

K0

1 . L pjpak 2
—p; = Re(ip; E) — — €11k -
4™ ! kz_; Hj };ul:ukj
Together with p; < -+ < py, we get €112 = -+ = €114, = 0 and po = -+ = fi,.
Furthermore, we obtain
1 1 1 — + 1
*(lh - ,Mz) = *\62,12\2 - *|61,11|2 = kauF = —7\61,11|2-
4 a2 1 pa (i + p2) H1 + fio
2 _ 2 2 (3.11)
Im(E):—l,u L el _ _Ha
4"y 4 Apy
Thus
enn? = 23— 1), Tm(B) = — 12 (3.12)
’ 4 411
Collecting 2°7° term with |a| = || = 2, we obtain
Ko Ko
Z \Z?\Re(ﬂj|z|2) = Zﬂj|2j|4 + Z (1 + )22
Jj=1 Jj=1 1<j<k<k
v * (3.13)
+ > il (2P =D Ll
=1 k=1
This equation is a trivial formula.
Collecting 2°z%u term with |a| + |3] = 3, we obtain
Ko /L
215 2Re( 21150(2))
' (3.14)
= Z QRG(uijJQ» : ej,ijj) + Z 2Re<,ujkzjzk . (ej,jkzk + ek,jkzj)) .
j=1 1<j<k<ko
We can easily derive from this equation the following
Ly oitie, |~ —0for1<j<k<
T 20 e = aiCiaiy Gk rgr = 0 for 1S g <k < ko, (3.15)
j

These equations were achieved before and we do not get new equations.
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Consideration of the Degree 5 Terms By considering the degree 5 terms, we get
Ko i Ko
11 2Re{ Sy (=il=f?) - 40(2) = D 2Re{ 52 e, il217) |
j=1 j=1

+ D, QRG{Mjkzjzk'(ejyjkzj(i\zﬁ)+€k,kj2k(i\z|2))}-

1<j<k<ko

(3.16)

Deleting |z|* from both sides and consider the terms z;Z;> and |27z], respectively, we can

easily derive from this equation the following

o 22%61,13‘ = Hjj€jir €k~ ek = 0 for 1 <7 <k < ro. (3.17)
J

As before, we do not get new equations.
Consideration of the Degree 6 Terms By considering the degree 6 terms, we get

Ko Z 'LLQ
2; 22 2Re{ Spa; - B2l - 2212t}

Ko
= ezl e+ D lesanz + enmizml - 12l
=1

1<j<k<ko

(3.18)

Notice that this equation is equivalent to (3.10).

In conclusion, the map F must be of form (1.1) with relations in (1.2). The arguments
above also showed that this map is indeed a map in Rat(B", B"). This completes the proof
of Theorem 1.1.
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