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Abstract: In this paper, by using Hardy space’s properties and elementary calculations, we
study boundary characterization and boundary multipliers of analytic Moerry space, and Toeplitz
operators acting on Hardy space to analytic Moerry space are also investigated. For the above
questions, the necessary and sufficient conditions are obtained.
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1 Introduction

Denote by T the boundary of the open unit disk D in the complex plane C. Let H (D)
be the space of analytic functions in . For 0 < p < oo, the Hardy space H?(D) consists of
functions f € H(DD) such that

1 27 . 1/p
Il = s (55 [ Irreypan) <o
0 s 0

<r<1

Let H> be the space of bounded analytic function on I consisting of functions f € H(D)
with
| flloo = sup|f(2)] < oo.
z€D

We refer to [1, 2] for H? and H* spaces.
For A € (0, 1], denote by £2*(T) the Morrey space of all Lebesgue measurable functions
f on T that satisfy
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where |I| denotes the length of the arc I and

1
= dcl.
fr= [ 5@

Clearly, £L2!(T) coincides with BMO(T), the space of functions with bounded mean oscilla-
tion on T (cf. [3, 4]). Similar to a norm on BMO(T) given in [4, p. 68], a norm on £**(T)
can be defined by

A z2x ) =

/ fIdCI' 1 F sy
T
From Xiao’s monograph [5, p. 52],
BMO(T) C £**(T) C £>*(T) C L*(T), 0< Xy <A\ < 1.

It is well known that if f € H?, then its non-tangential limit f(() exists almost everywhere
for ¢ € T. For A € (0,1], the analytic Morrey space £L**(D) is the set of f € H? with
f(¢) € £L2XT). Tt is clear that £*!(D) is BMOA, the analytic space of functions with
bounded mean oscillation (cf. [3, 4]). For A\ € (0,1], £L**(D) is located between BMOA
and H?. It is worth mentioning that there exists a isomorphism relation between analytic
Morrey spaces and Mobius invariant Q,, spaces via fractional order derivatives of functions
(see [6]). Recall that for 0 < p < oo, a function f € H(D) belongs to the space Q, if

sup [ |f/(2)* (1= lou(2)])" dA(2) < oo,
acD Jp

where dA is the area Lebesgue measure on D and 0,(z) = == is the Mobius transformation

of the unit disk D interchanging a and 0. See [5, 7] for a general exposition on Q,, spaces.
Recently, the interest in £>*(ID) spaces grew rapidly (cf. [8-13]).

An important problem of studying function spaces is to characterize the multipliers of
such spaces. For a Banach function space X, denote by M (X) the class of all multipliers on
X. Namely,

M(X)={feX:fge X forall ge X}.

Bao and Pau [14] characterized boundary multipliers of Q, spaces. Stegenga [15] described
multipliers of BMO(T) which is equal to £*!(T). It is natural to consider multipliers of
L2X(T) with A € (0,1) in this paper.

Given a function ¢ € L*(T). Let T, be the Toeplitz operator on H? with symbol ¢
defined by

1.56) = 5 [ G5, rerm, zep.

For the study of Toeplitz operators on Hardy spaces and Bergman spaces, see, for example,
[16, 17]. We refer to [9] for the results of Toeplitz operators on £2*(D) spaces.

The aim of this paper is to consider boundary multiplies and Toeplitz operators associ-
ated with analytic Morrey spaces. In Section 2, using a characterization of £2*(T) in terms
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of functions with absolute values, we characterize the multipliers of £2*(T). In Section 3,
we characterize the boundedness and compactness of Toeplitz operators from Hardy spaces
to analytic Morrey spaces.

Throughout this paper, we write a < b if there exists a constant C' such that a < Cb.
Also, the symbol a =~ b means that a <b < a.

2 Boundary Multiplies of Analytic Morrey Spaces

By the study of certain integral operators on analytic Morrey spaces, Li, Liu and Lou
[8] proved that M (L£L**(D)) = H*. In this section, applying a characterization of £%*(T)
in terms of absolute values of functions, we characterize M (£2*(T)), boundary multiplies of
analytic Morrey spaces.

Given f € L*(T), let fbe the Poisson extension of f. Namely,

- / F(Odua(Q), = €D,

where e
— |z
du(¢) = 2rlC — o |dc].
Let 0 < A < 1. From [5, p.52], f € £L>*(T) if and only if
2\1-X Y 2 2
Sug(l — [2]%) / IV f(w)[*(1 = o= (w) ") dA(w) < oo, (2.1)
z€ D

where V is the Laplace operator. Also, f € £2*(D) if and only if
1fll.e2 @) = Sup (1—Iz%) / /()P (1 = |o-(w)]*)dA(w) < 0. (2.2)

We need the following useful inequality (see [18, Lemma 2.5]).
Lemma A Suppose that s > -1, r, ¢t >0, andr+t—s>2. If t <s+2 <r, then

(1 - wp?): (1 — |2yt
LA S S
/ Tl —w ) = =

for all z, ¢ € D.

Now we characterize £2*(T) via absolute values of functions as follows. See [9] for the
analytic version of the following result.

Theorem 2.1 Let 0 < A < 1 and f € L*(T). Then f € £L**(T) if and only if

sup(1 — [af?) //|f O Py (0o (2) PAA(z) <

a€D

Proof Let f € L?(T). It is well known (cf. [19, p. 564]) that

/ AP (¢ / VFw)P (1~ |0 (w)P)dA(w)
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for all z € D. Combining this with the Fubini theorem, we obtain that for any a € D,

//|f Py (Q)lor, ()P dA(= /|f Plo (=) PdA(2)

/D IV Fw)? / (1 [0 (w) ) |0, (2)|PdA(2) dA(w)
2\2 ) 2(1 — lw!? 1= |2 5 w
(1 laP) /DIVf(w)I (1| >/| LoED ja)dAw).

p |1 —Zw|?|1 —az|*

Q

Q

By Lemma A and the same argument in [19, p. 563], we get that

1—1z]2 N 1
T zoPl —az )~ T i —awp
Thus,
/D NGRINGIACRYE / )P0l (=) PdACz)
s (= a1 )
~ [ 19wt i)
~ / VF@)P (1~ |ou(w))dA(w)
for all a € D.
Let

sup(1 — [a[2)!> / [ 1HOP Ol o) aA) < o

a€D

From (2.1) and (2.3), we get that f € £>*(T).

(2.3)

On the other hand, let f € £2*(T). Without loss of generality, we may assume that f is
real valued. Denote by f the harmonic conjugate function of f Set g = J/”\+ if. The Cauchy-

Riemann equations give \Vf(z)\ ~ |¢'(z)]. Thus g € £>*(D). By the growth estimates of

functions in £2*(D) (cf. [8, Lemma 2]), one gets that
@) <lg(2) S A= 1277 llglleonm)
for all z € D. Consequently,

sup(1 — Ialz)l_k/mlf(Z)I?IU;(Z)2dA(Z)

a€D
(1 — [P

S ol oy suptt oy [ 5
ach D |

N ||9||2szx(m>)

dA(2)

faz‘4

Combining this with (2.3), f € L2*(T), we get that

sup(1 — |af?) //|f Pdus(O)]0 (2)PdA(z) < oo.

a€D
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The proof is completed.

Denote by L>(T) the space of essentially bounded measurable functions on T. Using
Theorem 2.1, we characterize multipliers of £%*(T) as follows.

Theorem 2.2 Let 0 < A < 1. Then M (£?*(T)) = L>(T).

Proof Let f € L>=(T) and g € £L>*(T). From Theorem 2.1, one gets that

sup(1 — [af2)1~ Ajg Q0P an Q) (2 PaAC)

a€D

< ||f||Lw<w>§gg(1—|al2)lA/D/TIQ(C)IQduz(C)JL(Z)QdA(Z)

< ©o0.

Applying Theorem again, we know that fg € £>*(T). Thus L*(T) C M (L>*(T)).

On the other hand, let f € M(£**(T)). By the closed graph theorem, there exists a
positive constant C' such that ||| fg||| z2. () < C||g]|| 22 () for any g € L2*(T). Set h = f/C.
Clearly, h € L**(T). We deduce that |||h" ||| g2y < [||h]||z2.2(r) for all positive integer n.
As mentioned in Section 1, £2*(T) C L?(T). Form the closed graph theorem again, there
exists a positive constant C; satisfying

2

1/
([1r0ra) < illesse

for all f € £L2*(T). Consequently,

1/2
([rm@riaa) < el < cillallene <.
T
Since n is arbitrary, we know that h € L>(T). Hence f € L°°(T). The proof is completed.

3 Toeplitz Operators from Hardy Spaces to Analytic Morrey Spaces

In this section, we characterize the boundedness and compactness of Toeplitz operators
from the Hardy space H? to the analytic Morrey space [32’1_%(]]])) for 2 < p < oo. Toeplitz
operators on analytic Morrey spaces were investigated in [9]. We refer to [8] for the study
of some integral operators from H? to £ (D) for 2 < p < 0.

Following [9], we use a norm of £>*(D), X € (0,1), defined by

17l = £ +sup (= ol [ [ 1@ Pae Ol PdAE)

The following well-known lemma can be found in [17].

Lemma B Suppose s > 0 and t > —1. Then there exists a positive constant C' such
that (1 ) o
— |w
— —dA <
/D 11— zw|2ttts (w) < (1—z?)*

for all z € D.
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Applying some well-known results of Toeplitz operators and composition operators on
Hardy spaces, we characterize the boundedness of T\, from Hardy spaces to analytic Morrey
spaces as follows.

Theorem 3.3 Let 2 < p < oo and ¢ € L?*(T). Then the Toeplitz operator T, is
bounded from H? to £2’1_%(T) if and only if ¢ € L>°(T).

Proof Suppose that T, is bounded from H” to Ez’lfﬁ(]]))). For b € D, let

(1—p]2)' >
= = , z€D.
fol2) 1—bz ¢

Note that p > 2. By the well known estimates in [20, p. 9], one gets that

27 27
. 1
su e Pde = sup(1 — |b]? p_l/ ———df < .
pl|m e R

beD
Thus functions f, belong to H? uniformly for all b € D. Consequently,

2

0> Tl 2 0= 19 [ [ 1 AOF . Olo3(2)PdAG)
=)} [ [ ITOF i (A

> (1 b} / T, fo(on(2)) PdA(2)

> (1— [b])7|T, £ (D).

JECS LNy
T (1 —¢b)(1 —bC)

Thus sup |¢(b)| < co. By [1, p. 5], ¢ € L>=(T).
beD

On the other hand, let ¢ € L>(T). It is well known that T, is bounded on H? (cf.
[21-23]). Namely, || T,9|lar S [|@l|ze(m)llgllae for all g € HP. Let f € HP, we deduce that
(D)

T 11l 23 o

- )2 Qf(©)
—|T¢f<0)l+§vg(1—\w| ' /T 1-C¢
< oo 1 1* %

Slellzen 1 F ]z +fulép [wl?) /D/T‘Qw/l ()

Sliellimoll e +sup (1= 0P [ 1T0) 00 lnlot(PdAE)

’t!

s \

Note that
1

2
(1= pI*)* 1T o) = 4 = 1¢(0)[*.

A (Ol ()PaA)

o ()PdAE)

1/2

Shellwco e + sup (1= fof®)? / |(Tof) 0 0l (=) PaA(2))

By the well-known characterization of composition operators on H? (cf. [17, Theorem
11.12]), we get that

14|z
1—|z|

1/p
||(Tgaf)00z||HP§< ) I f o
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Thus,
|HTsafH‘Lz,1—%(D)
2\ 2 2 —2/p| 1 2 1/2
S Nellamen e+ sup (1= 0P IT e [ (1 1) PloL ()P dAC) )
w D

(1- |Z)2/pdA(z))l/2.

< - , - , 1— 2\242
S lellemmlfllar + lellaemll e sup (10— w3+ | S

Note that p > 2. By Lemma B, we get that |||T¢f|H£2,1,%(D) S ¢l o || f]| e - The proof
is completed.

We characterize the compactness of Toeplitz operators from H? to L2173 (T) as follows.

Theorem 3.4 Let 2 < p < oo and ¢ € L*>®(T). Then the Toeplitz operator T, is
compact from H? to £2’1_%(]D>) if and only if ¢ = 0.

Proof It suffices to prove the necessity. Let {a,}52; € D be a sequence such that
la,| — 1 as n — oco. Set

(1 |an|2)17%
" ~ 7 T.
fn(2) —a z €
As explained in the proof of Theorem 3.3, sup || fn||g» < 0o. Clearly, f, — 0 uniformly on

compact subsets of D as n — oo. Since T}, is compact, we get that

77,h—>Irolo HT“"f"”f’l’%(D) =0

By the proof of Theorem 3.3, one gets that |¢(a,)| S ||T@fn||£2,1,% o) for all n. Consequently,
|p(an)] — 0, n — oo. Since a, is arbitrary and ¢ is harmonic, by the maximum principle,

@ =0onD. Hence ¢ =0 on T. We finish the proof.
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