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Abstract: In this paper, we study the boundedness of multilinear commutators of the
Littlewood-Paley operators in variable exponent Lebesgue spaces. Based on the atomic decom-
position and generalization of the BMO norms, we also prove some boundedness results for such
multilinear commutators in variable exponent Herz-type Hardy spaces, which essentially extend
some known results.
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1 Introduction

Let 9 be a function on R"™ such that there exist positive constants C' and +y satisfying

(a) ¢ € L*(R™) and / Y(z)dx = 0;
]Rn,
(b) [¥(2)| < O+ )™
(e) [¥(z+y) —v(@)| < Cly|"/(1+ |z|)"F7* for 2[y| < |2|.
For this ¢ and p > 1, the Littlewood-Paley’s g;; function is defined by

i@ = ([ [ () Ve e )" (R

where R = {(y,t) 1 y € R", ¢ > 0} and 1 (z) = t "¢(z/t).

Given a positive integer m and a vector b= (b1, b2, ,by) of locally integrable func-

tions, motivated by the work of Pérez and Trujillo-Gonzélez [1] on multilinear operators, we
define multilinear commutators of the Littlewood-Paley’s g;; function as follows:

0= ([ [ i) )

tn—i—l
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/Rn Ui(y — 2) H(b,(x) — b;(2))f(2)dz

i=1

(1.2)

harmonic analysis.
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In the case of m = 1, we usually denote g; ; by b, 9]
A locally integrable function b is said to be a BMO function, if it satisfies

1
1Bl = sup / 1b(y) — bl dy < oo,
EA

z€R™ r>0

where and in the sequel B is ball centered at x and radius of r,

1
b :/btdt
5= 15 /"0

and ||b]. is the norm in BMO(R"™). For b; € BMO(R"), i = 1,2,--- ,m, Xue and Ding [2]
established the weighted LP and weighted weak L(logL)-type estimates for the multilinear
commutators g 5 Zhang et al. [3] obtained some boundedness results for gu - on certain
classical Hardy and Herz-Hardy spaces. We refer to [4-6] for an extensive study of multilinear
operators.

In recent years, following the fundamental work of Kovécik and Rékosnik [7], function
spaces with variable exponent, such as variable exponent Lebesgue and Herz-type Hardy
spaces etc., have attracted a great attention in connection with problems of the boundedness
of classical operators on those spaces, which in turn were motivated by the treatment of recent
problems in fluid dynamics, image restoration and differential equations with p(x)-growth,
see [8-16] and the references therein.

Karlovich and Lerner in [17] showed that [b, T'], the commutator of a standard Calderén-
Zygmund singular integral operator 7 and a BMO function b, is bounded on L) (R™), which
improved a celebrated result by Coifman et al. in [18]. Recently, Xu [19] made a futher
step and proved that the multilinear commutators Ty, a generalization of the commutator
[b,T], enjoy the same LP()(R") estimates when b; € BMO(R"), i = 1,2,--- ,m. These
results inspire us to ask whether the multilinear commutators g;,g have the similar mapping
properties in variable exponent spaces LP()(R™)? Our first result (see Theorem 3.1 below)
will give an affirmative answer to this question.

The variable exponent Herz spaces K:‘(’.%(R”) and Kg(’g (R™) were first studied by Izuki
[20, 21]. Simultaneously, he gave some basic lemmas on generalization of the BMO norms to
get the boundedness of classical operators on such spaces. On the other hand, the variable
exponent Herz-type Hardy spaces, as well as their atomic decomposition characterizations,
were intensively studied by a significant number of authors [22, 23]. Using these decompo-
sitions, they also established the boundedness results for some singular integral operators.
Motivated by the results mentioned above, another purpose of this article is to study the
boundedness of g 7 in variable exponent Herz-type Hardy spaces, which improves the cor-
responding main result in classical case (see [3, Theorem 2]).

In general, we denote cubes in R™ by Q. If E is a subset of R™, |E| denotes its Lebesgue
measure and xg denotes its characteristic function. For [ € Z, we define B, = {x € R" :
|z| < 2!}, p'(-) denotes the conjugate exponent defined by 1/p(-) +1/p'(-) = 1. By S'(R"),
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we denote the space of tempered distributions. We use x = y if there exist constants ¢y, ¢

such that ¢z < y < coz, C stands for a positive constant, which may vary from line to line.

2 Preliminaries and Lemmas

We begin with a brief and necessarily incomplete review of the variable exponent
Lebesgue spaces LP()(R™), see [24, 25] for more information.

Let p(-) : R™ — [1,00) be a measurable function. We assume that
1§p— §p($) Sp—i- < o0,
where and in the sequel

p— = ess inf p(x)and p; := ess sup p(z).
r€ER™ zER™

By LPU)(R™) we denote the set of all measurable functions f on R™ such that

0p()(f) = /Rn \f(w)|p($)dx < 00.

This is a Banach space with the norm (the Luxemburg-Nakano norm)

[fllzre> @ny = inf{p > 0 050\ (f /1) < 1}

Given an open set  C R™, the space Lp(')(Q) is defined by

loc
Lfo((;) (Q) = {f: f € LPV(K) for all compact subsets K C 2}.
For the sake of simplicity, we use the notation

PR") :={p(-) : p- >1and p; < oo},
B@R") := {p(-) € P(R"): M is bounded on LP)(R")},

where M is the Hardy-Littlewood maximal operator defined by

Q3z

1
My = s [ 17wy
Ql Jo
When p(-) € P(R™), the generalized Holder inequality holds in the form

/ |[f(@)g(x)ldx < 7| fllLrer @) lgll Lo rny (2.1)
]Rn

with 7, =1+ 1/p_ — 1/py, see [7, Theorem 2.1].
We say a measurable function ¢ : R™ — [1,00) is globally log-Holder continuous if it
satisfies
—C

lp(z) — o(y)| < ma

|z —y| <1/2, (2.2)

[6(x) = ¢(y)] lyl = |z (2.3)

< ¢
~ log(e + [x)”
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for any x,y € R™. The set of p(-) satisfying (2.2) and (2.3) is denoted by LH(R™). It is
well-known that if p(-) € P(R™) () LH(R"), then the Hardy-Littlewood maximal operator
M is bounded on LP)(R™), thus we have p(-) € B(R"™), see [24].

Lemma 2.1 (see [21]) Suppose p(-) € B(R™), then we have

1
@HXBHLM-)(R”)||XBHLP’<->(Rn) <C.

Lemma 2.2 (see [21]) Suppose p(-) € B(R™), then we have for all measurable subsets
E C B,

é 5
IXEllLee @n) - C<|E|> 1’ IXEll L) Rn) - C<|E|) 27
X5l Lre) &n) |B] IXBl Lo @y |B|

where 01, §o are constants with 0 < d1,d, < 1.

Remark 2.1 We would like to stress that everywhere below the constants d; and d,
are always the same as in Lemma 2.2.

Lemma 2.3 (see [24]) Suppose p;(-),p(-) € P(R"), i =1,2,--- ,m, so that

1 — 1
p(z) Z_; pi(z)’
where m € N. Then for all f; € LP«()(R"), we have
117
i=1

Lemma 2.4 (see [25]) Suppose p(-) € LH(R™) and 0 < p_ < p(z) < p; < o0.
(i) For all balls (or cubes) |B| < 2™ and any = € B, we have

< CTTIfill sy
=1

Lp(-)(an)

IxBllLro) @ny = |B|V/P@),

(ii) For all balls (or cubes) |B| > 1, we have

HXBHLP(-)(Rn) ~ \B|1/poc7

where p,, := lim p(x).

Combiniggioemma 2.3, Lemma 2.4 and Lemma 3 in [21, page 464], a simple computation
shows that

Lemma 2.5 Suppose p(-) € P(R*)(\LH(R"), b, € BMOR"), i = 1,2,--- ,m, k >
j (k,j € N), then we have

m

11 = b)e)xz

i=1

1
sup ——
BCR" ”XBHLP(')(]R")

m
~ [ bl
) i=1

Lp() (R™
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and

m

H(bi — (bi)B,)X B4

i=1

<C(k—j)" H 10il+[1x B, HLP(‘)(R")-
LrO)(R™) i=1

Remark 2.2 We note that Lemma 2.5 generalizes the well known properties for
BMO(R™) spaces (see [26]), and is also a generalization of Lemma 3 in [21].

3 Boundedness on Variable Exponent Lebesgue Spaces

We first recall some pointwise estimates for sharp maximal functions, the duality and
density in variable exponent Lebesgue spaces LP()(R™).
For p(-) € P(R™), the spaces LP()(R") can be endowed with the Orlicz type norm

1112000 gy 3= sup {/ |[f(@)g(@)lde - g € L"OR™), gl Lo an) < 1}-

This norm, as pointed out in [7], is equivalent to the Luxemburg-Nakano norm, that is

110 gy < 1oy < 7ol s e, (3.1)

where r, =1+ 1/p_ —1/py.

By Lg° we denote the set of all bounded functions f with compact support. From [7,
Theorem 2.11] (see also [17, Lemma 2.2]), we get the following result.

Proposition 3.1 Suppose p(-) € P(R™), then L is dense in LP() (R”) and in L? ) (R™).
For § >0 and f € LL _(R"), we define

loc

1/6
Mi(F)(@) = MOFP) (x) = (supcl2| /Q If(y)l‘sdy) .

Q3

Given a function f € L (R™), set also

loc

# 1 5 Mo
f5(x) Zzgr;ggﬂg (m/Qlf(y)CI dy> ,

where the supremums are taken over all cubes  C R" containing x.

The non-increasing rearrangement of a measurable function f on R” is defined as
f(t) :=inf {a >0:{seR":|f(s)] >a}| < t}7 t>0,

and for a fixed A € (0, 1), the local sharp maximal function M j{ f is given by

Mi(f)(z) = sup inf ((f — ¢)xo)" (NQ])-

f
Q>z ceR

The next lemma is due to Karlovich and Lerner [17, Proposition 2.3].
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Lemma 3.1 Suppose A € (0,1), § > 0 and f € LY (R"), then we have

Mi(f)(z) < (/N fi(x), = eR™

A function ® defined on [0,00) is said to be a Young function, if ® is a continuous,
nonnegative, strictly increasing and convex function with lim+ d(t)/t = lirrgr t/®(t) =0. We
t—0 t—0

define the ®-average of a function f over a cube @ by

Il =int {n>0: A e

Associated to this ®-average, we define the maximal operator Mg by
Mo (f)(x) := sup || f]le.q-
Q3z

When ®(t) = tlog"(e +t) (r > 1), we denote My by Mpogr). It is well-known that if
m € N, then Mpqogrym ~ M™+1 the m + 1 iterations of the Hardy-Littlewood maximal
operator M, see [1].

Lemma 3.2 (see [2]) Let 0 < § < 1. Then there exsits a positive constant C', independet
of f and z, such that (g;(f))g(m) < CMf(x), x € R™ holds for all bounded function f
with compact support.

In fact, there holds a similar piontwise estimate for the multilinear commutators g:’g.
To state it, we first introduce some notations.

As in [1], given any positive integer m, for all 1 < j < m, we denote by C7* the family
of all finite subset 0 = {c(1),0(2),--- ,0(j)} of {1,2,--- ,m} of j different elements. For
any o € CJ", we associate the complementary sequence ¢’ given by o' = {1,2,--- ,m}\o.

Suppose b = (b, b2, -+ ,by) and o = {o(1),0(2), -+ ,0(j)} € C}*. Denote

bo = {bo1),bo2), 1 bo() s e = bo()bo(2) - bo))

and ||b, || = ] ||bll«. If o = {1,2,--- ,m}, then we denote ||b,| by ||E||

For anyji": {0(1),0(2),--- ,0(j)} € C", we define

9,5, (F)x)
- t ! 2 dydt\ 2
<//ﬂ{1+1 <t-|—|x—y|) / wt -z leIl a(z - g(')(Z))f(Z)dZ t"+1>

In the case 0 = {1,2,--- ,m}, we understand g;jd = g;E and g:,l;(,/ =g

We now mention an immediate consequence of Proposition 2.4 in [2].

Lemma 3.3 Suppose ¢ > 2 and 0 < 6 < € < 1. Then for any f € LS, there exists a
constant C' > 0, depending only on § and &, such that

5, 5050) < C{ I sy )+ 3 3 Wonlr 5, o) -

j=1oeCy
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We also need the following result from Lerner [27, Theorem 1].
Lemma 3.4 Suppose g € L{ _(R") and let f be a measurable function with f*(4o00) =
0, then

[ @t <o, [ a5 s@gto,

where constants 0 < \,, < 1 and ¢,, depend only on dimension n.

To prove Theorem 3.1, we first prove the following result which has its independent role.

Lemma 3.5 Suppose p > 2 and 0 <y < min{(x — 2)n/2,1}. If p(-) € B(R"), then g,
is bounded from LPO)(R™) to itself.

Proof Let f € L® and g € L” O(R") C LL (R™). Since g, is of weak type (1,1)
provided that g > 2 and 0 < v < min{(x — 2)n/2,1} (see [2, Theorem 1.1]), from Lemmas
3.4, 3.1, 3.2 and the generalized Hélder inequality (2.1), we get that

| lh@atlds < 6, [ M @)@Mo(wis

<C, [ WAk Mgt <€, [ i@ G

SC’nrpHMfHLp(.)(Rn)||Mg||L,,/(.>(Rn) < Cp”f”LP(')(]R”)HgHLP/(')(]R")‘
Here for the last inequality we have used the fact that if p(-) € B(R"), then p/(-) € B(R"),

see [21, Proposition 2]. Thus we have

g ()l e @y < ||g;(f)||0Lp(-)(Rn) < Ol fll Loy mry-

By Proposition 3.1, this concludes the proof of Lemma 3.5.

We now state the main result of this section.

Theorem 3.1 Suppose g > 2, 0 < v < min{(p — 2)n/2,1} and b, € BMO(R"),
i=1,2,---,m. If p(-) € B(R™), then gy ; are bounded from LPC)(R™) to itself.

Proof Let f € L and g € LP )(R") C LL (R"™). We show Theorem 3.1 by induction
on m. For m = 1, by Theorem 1.2 in [2, page 1850], [b, g|f satisfies the assumptions of
Lemma 3.4. Thus, as argued in (3.2), we deduce that

/Rn b, g 1(H)(@)g(x)lde < C | M ([b, 951 /) (2)Mg(x)dz

Rn

<Co [ /A (gl iMoo

(3.3)
<cpl. [ (MLaogL)f(x) . Ms(gZ(f))(w)>Mg(x)dx

< Carp(IM2 fll s + Mg (I o) | Mgl oo gy
< CP”fHLP(‘)(]R")”gHLP’(‘)(]R”)'
This together with (3.1) yields

118, g2l (F)ll o ey < Mbs g7l (O Tocr @y < ClFlprer ny-
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Suppose now that the Theorem 3.1 is true for m — 1. We will show that it is true for m.
Once again by Theorem 1.2 in [2], according to Lemmas 3.4, 3.1, 3.2 and the generalized
Holder inequality (2.1), we have

/Rn (g, 5/)(@)g(x)|dz

<C | M (g ;) (@) Mg(x)de

R

<0 [ /e o gt s
<C /R ) {HE|IML<1ogL>mf(a:)+Z > b, 11M-(g 5 f)(x)}Mg(q;)dg; (3.4)

j=1 o€

<C /R ) {HEHMmongf(mHZ > 1bo | Mrogzym s f(x)} M(z)da

j=1cecm
§CH ||b|*/ ZML(logL)m—jf(x)Mg(a:)d:c
j=1 R™ j—1

<C| fllzeer @y 9l Lo ) ey

Now we obtain from (3.4) and (3.1) that

||g:,gf||LP(‘)(R") < ||9 f||Lp< )(Rn) = < C|fllzee )(R7) -
By Proposition 3.1, this concludes the proof of Theorem 3.1.

4 Boundedness on Variable Exponent Herz-Type Hardy Spaces

The main purpose of this section is to further study the mapping properties of the
multilinear commutators g; ; in variable exponent Herz-type Hardy spaces. Before stating

the main result, we give some definitions.
Let

BkZ{JZGRn |£E| 2} Rk—Bk\Bk 1

and x = Xg, be the characteristic function of the set Ry, for k € Z.
Definition 4.1 Let p(-) € P(R"), 0 < ¢ < oo and o € R. The homogeneous variable
exponent Herz space K o(5 (R™) consists of all f € L1OC (R™\{0}) satisfying

1/q
I ligens = (Ml ) <

kEZ

with the usual modification when ¢ = co

For x € R, we denote by [z] the largest integer less than or equal to x.
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Definition 4.2 Suppose a > nds, p(-) € P(R™) and non-negative integer s > [a — nds].
Let b; (i = 1,2,--- ,m) be alocally integrable function and b= (b1,b2,- -+ ,by). A function
a(z) on R is said to be a central (a, p(-), s; b)-atom, if it satisfies

(i) suppa C B = {z eR": |z| < r}.

(i) flal| o> ey < 1BI

(iii) / Pa(x) Hb Jdr =0 for |B] <s,0€C]",j=0,1,--- ,m.

€0

Remark 4.1 Tt is easy to see that if p(x) = p is constant, then taking d, = 1 — 1/p,
we can get the classical case, see [28].
A temperate distribution f is said to belong to HKO‘ b S(]R") if it can be written as

f= Z Aja;, in the sense of S'(R"),

j=—00

where a; is a central (o, p(-), s; l;)—atom with support contained in B;, A\; € R and

Z |/\j|q < 00.

Moreover,

q

Whisger = (3 007)
, =
where the infimum is taken over all above decompositions of f.
Our main result in this section can be stated as follows.
Theorem 4.1 Suppose 0 <y < 1and g > 3+2/n+2vy/n. If p(-) € P(R") (" LH(R"),
0 < g < oo and ndy < a < nds + 7y, where §, is the constant appearing in Lemma 2.2. Then
the multilinear commutators g, ; map H KZ(’_‘?%(R”) into K;‘(’_‘i (R™).
Proof Let a; be a central (a,p(-),0;b)-atom with support contained in B;. We first
restrict 0 < ¢ < 1. In this case, it suffices to show that

||9:,gaj||K§(~fg ®n < C.

We write
Jj+2
MWWM=ZWmeWW+ZWWWMWM
k=—o00 k=j+3
=1+J

For I, by the boundedness of g; ; in LPO)(R™), we obtain

Jj+2 Jj+2

I1<C Z 2ko‘q||aj||qu<->(Rn) <C Z oh=ios < (.

k=—o0 k=—o00
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We proceed now to estimate J. If x € Ry, y € B; and k > j + 3, then 2|y| < |z|. By the
vanishing condition of a;, we get that

9, <//R+ (t + ]z — y|>”“ /B Ye(y — 2) f[(bi(x) — bi(2))a;(z)dz Qfgff> 1/2

< R7H <t+ |ﬂc—y|> (/ |t (y — ‘H'b lla; (= )|d2>2%)1/2

IN

nu 1— 1/2
t~"dydt
< v bi( )|d
_<//R”+1 <t+|x—y|> (t+|y|)2(n+'y+1)) /BJ |Z| |CL] |H| | z.
(4.1)
If 4> 3+ 2/n+ 2vy/n, using the same estimates in [3, page 5], then we have
/ t s ' dy
re \EFlz—yl) (4 [y])2 D
SCZ ok(3n+2+2y—npu) ¢ (4.2)

2(n+~y+1)
— (t + [|)>tvt

t
(& + |])n D

Combining (4.1) and (4.2), we arrive at the estimate
! = t
g0 <0 [ ot Ww)) / ey (= |H ba(a) — bu(2)ldz
< C|x|‘"‘7/ |2]7|a; (2 |H |b; ( z)|dz (4.3)
B,

< C2U—k- ’m/ |a;(z |H|b 2)|dz.

Let A\; = (b;),. An application of (4.3), (2.1), Lemmas 2.5, 2.1 and 2.2 give

Xk, 05l zre) @)

<2V~ anaJHLPU(R")Z D0 = Noxwllzoe @l (6C) = X)orxsll oo @y
i=0 oceC™
<C(k—j)™ H b 20~k Iy g | 2o @y IXB; | 2o ) ey (44)
i=1

<C(k — j)ym2U=kr—ie x5, |2 @)
||XBk||LPI(‘)(R")
<C(k — j)m2(j—k)('y+n62)—j0t.
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Consequently, by the condition v + ndy — a > 0, we have

J<C Z (k — jymagu-mOtnd—a)s < ¢,

k=j+3

Now let 1 < ¢ < oo and f = > Aja;. For convenience below we put o = v +

j=—00
ndy — o, then we have ¢ > 0. From (4.4) and the LP¢)(R")-boundedness of the multilinear
commutators g; 5 it follows that

0 k—3 qy 1/q
197 57 s e <{ 5 2< > |Aj|||xkg;7gaj|LMR”)) }

k=—oc0 j=—00
oo 00 ay 1/q
+{ 3 2akq< |>\j|||ng;’gajHLP(')(R")) }
k=—o0 j=k—2
oo k—3 g~ 1/q
30{ > ( > Aj|<k—j>m2w>") }
k=—o0c0 “j=—o0
o0 oo ay 1/q
+C’{ > < > |Aj|2<’f—j>a) }
k=—o0 “j=k-—-2
[eS) k-3 k—3 q/d' N\ 1/q
< C{ Z < Z )\j|q2(j—k‘)0q/2> ( (k — j)WQ’Q(j—k)Uq'/2> }
k=—o00 »j=—o00 Jj=—00
o 00 00 a/d' N 1/q
+C’{ Z < Z |)\j|q2(k—j)aq/2>< Z Q(j—k)aq’/2> }
k=—o0 \j=k—2 j=k—2
0o =) 1/q 0 J+2 1/q
SC{ Z |/\j|q< Z 2(]—k’)UQ/2>} _,_0{ Z |)\j|q< Z Q(k—J)MI/2>}
j=—o0 k=j+3 j=—00 k=—o0
oo 1/q
SC(:§:|MV> :

j=—o00

This completes the proof of Theorem 4.1.
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