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Abstract: In this paper, we mainly investigate the limit directions of Julia sets of solutions
of linear differential equations. By using Nevanlinna theory, we obtain the lower bound on the limit
directions of Julia sets of non-trivial solutions to such equations in some additional conditions on
coefficients, which improves some results of concerned literature.
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1 Introduction and Main Results

In this paper, we shall use the standard notations of Nevanlinna theory, its usual nota-
tions and basic results come mainly from [1-4]. Now let f be a meromorphic function in the
whole complex plane. We use A(f) and u(f) to denote the order and the lower order of f,
respectively, which are defined as [5, Definition 1.6]

+ +
o(f) = limsup M) u(f) = liminf log” T'(r, f)
00 log r r—00 log r

Define f, n € N as the nth iterate of f, that is, f* = f,---,f" = fo (f*!). The
Fatou set F(f) of f is the subset of C where {f"(2)}22, forms a normal family, and its
complement J(f) = C\ F(f) is called the Julia set of f. It is well known that F'(f) is open
and completely invariant under f, and J(f) is closed and non-empty. For an introduction
to the dynamics of meromorphic functions, we refer the reader to see Bergweiler’s paper [6]
and Zheng’s book [7].

Assuming 0 < a < 8 < 27, we denote

Qa,B) ={z € Clargz € (o, )}
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Given 0 € [0,2m), if Q0 —e,0 + ) N J(f) is unbounded for every € > 0, we say the radial
arg z = 6 is a limit direction of J(f). Define

A(f)={0 €10,27) : the radial argz =46 is a limit direction of J(f)}.

Clearly, A(f) is closed and measurable, and we use mesA(f) to denote its linear measure.
The research on the limit directions was initially studied by Baker (see [8]), where Baker
proved that, for a transcendental entire function f, J(f) cannot lie in finitely many rays
emanating from the origin. In [9], Qiao considered the limit directions of Julia sets of
transcendental entire functions with finite lower order and obtained the following.

Theorem A Let f(z) be a transcendental entire function with pu(f) < oco. Then
mesA(f) =2m if p(f) < 1/2 and mesA(f) > n/u(f) if p(f) > 1/2.

Naturally, a question arise here.

Question 1 What can we say about the limit directions of Julia set of entire functions
with infinite lower order?

Baker (see [8]) constructed an entire function, for every M > 0, of infinite lower order
satisfying

J(f)c{zeC:|Imz| < M,Rez > 0}.

Thus A(f) = {0}. Recently, Huang and Wang (see [10]) investigated the limit directions of
Julia sets of products of the solution base of the following equation (1.1).
Theorem B Let {f1, fo,- -, fu} be a solution base of

f™ 4+ A(z)f =0, (1.1)

where A(z) is a transcendental entire function with finite order, and denote E = fifo- - f,.
Then
mesA(E) > min{2r, 7/0(A)}.

Actually, E(z) can be of infinite lower order in some cases. For example, for the equation
" —(e** +€*)f = 0, we have u(E(z)) = oo (see [11, pp.394]). Later, Huang and Wang
considered the limit directions of Julia sets of solutions of linear differential equations directly.
Theorem C (see [12]) Let A;(z) (i =0,1,--- ,n—1) be entire functions of finite lower
order such that Ag is transcendental and m(r, A;) = o(m(r,Ay)) (i = 1,2,--- ,;n — 1) as

r — 00. Then every non-trivial solution f of the equation
f(n) 4 An71f(n_1) +-+ A f=0 (1.2)

satisfies mesA(f) > min{2m, 7/u(Ap)}.

Clearly, by the lemma of logarithmic derivatives, each non-trivial solution f(z) in The-
orem C must have infinite lower order. Theorems B and C, therefore, obtain some results
about the limit directions of Julia sets for some classes of entire functions of infinite lower

order.
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In this paper, we continue to discuss Question 1. Moreover, we will investigate the
common limit directions of transcendental entire functions with infinite lower order and
their derivatives.

Theorem 1.1 TLet Ag(2), -, A,_1(2), Ao(z) Z 0 be entire functions such that for

real constants a, b, ¢, 61, 02, where 0 < a < b, ¢ > 0 and 6; < 65, we have
[Ag(2)] > " (1.3)

and
|Ap(2)| < el E=1,--- n—1 (1.4)

as z — oo with ) < argz < 6,. If f is a non-trivial solution of equation (1.2), then
mes(A(f) NA(f®)) > 0, — 6;.

Before we prove Theorem 1.1, we need to prove the next result.

Theorem 1.2 Under the hypothesis of Theorem 1.1, every solution f(% 0) of equation
(1.2) satisfies mesA(f) > 6y — 6;.

Remark 1 Clearly from Lemma 2.4 in Section 2, each non-trivial solution of (1.2) has
infinite order. Next, we will give an example to show that the entire solutions of (1.2) can
be of infinite lower order in some cases. In addition, we note that both Theorems B and C
require that there is a dominant coefficient whose growth of order is greater than the other
coefficients, while all the coefficients in our theorems may have the same order .

Example Consider the differential equation

" = (34 6e*)f" + (2+6e* + 11e**) f' — 6e** f = 0. (1.5)

As we see, all the coefficients of this equation have the same order 1. In addition, for z = re®?,

r — +oo, £ <0 < 7, we have

|A0(Z)‘ = | _ 663Z| — 6637"0059 > eggr7

)= 2 b e = e < 19eVPT < e,
A 2 6e” 11 2z <19 2r cos 6 <19 V3r 9
2(2)] = = (3+6e%) < 9¢” < 5T < e,
A 3+ 6e)| < 9e %0 < g

Clearly, the three linearly independent functions
fi(z) = e, fa(z) = e, f3(z) = >

are solutions of (1.5) with u(f1) = u(f2) = u(fs) = 0o and o(A4y) = 0(A;) = o(Az).

Remark 2 Some results about common limit directions of transcendental entire func-
tions and their derivatives were obtained by Qiao (see [13]). He proved that for transcen-
dental entire functions of finite lower order and their derivatives, there exist a large amount
of common limit directions. Wang [14] obtained some similar results for the case of tran-
scendental meromorphic functions with finite lower order. By using the method of [12, 14],
Sun (see [15]) and Zhang (see [16, 17]) obtained some results for solutions to some special
classes of linear differential equations.
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2 Preliminary Lemmas

In order to prove our Theorem, we first recall the Nevanlinna Characteristic in an angle,
see [1]. We denote by Q(a, 8) the closure of Q(a, 3), and set

Qa, B,1r) ={2z]2z € Qa, B), 2] <},
Q(r,a,8) = {z]z € Qa, B), |2 > r}.

Let g(z) be meromorphic on the angle Q(«, §) where 5 —« € (0, 27]. Following [1], we define

w [T 1
Aaplrg) =2 [ 5 = ) og" lalte)| +1og™ lglte )} 5.
1
2w [P ; .
Baplrg) = 2o [ log" lg(re®)] sineo(8 ~ )b 1)

1 bul” .
Cop(r,g) =2 Z ( e |r2‘t )sinw(f, — a),

where w = 7/(8 — «), and b,, = |b,|e*’» are the poles of g(z) in Q(a, 3) appeared according

to their multiplicities. The Nevanlinna angular characteristic is defined as follows:

Se.s(r:9) = Aap(r,9) + Bap(r,g) + Cap(r,9). (2.2)

Especially, we use

. log So (7, g
0a,5(g) = limsup 10;7(1)

to denote the order of S, s(r, g).
We say an open set hyperbolic if it has at least three boundary points in C = C U {oo}.
Let W be a hyperbolic open set in C. For an a € C'\ W, define

Cw(a) = inf{\w(z)|z —al| :Vz € W},

where A\ (z) is the hyperbolic density on W. It is well known that if every component of
W is simply connected, then Cy (a) > 1/2.

Lemma 2.1 (see [7, 10]) Let f(z) be analytic in Q*(ro, 01, 602), U be a hyperbolic domain
and f : Q*(rg, 01,02) — U. If there exists a point a € U \ {co}, such that Cy(a) > 0, then

there exists a constant d > 0 such that for sufficiently small € > 0, we have
1f(2)] = O(|2|%), z = 00, z € Q*(ro,01 + €,02 —€).

Before we show Lemma 2.2, which gives some estimates for the logarithmic derivative

of functions being analytic in an angle we will introduce the deﬁmtlon of R-set (see [3]).

Set B(zp,mn) = {2z : |2z — 2| <1}, if Z r, < oo and z, — 00, then U B(zy,1r,) is called

n_l n=1

an R-set. Clearly, the set {|z|: z € U B(zp,7,)} is of finite linear measure.

n=1
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Lemma 2.2 (see [10]) Let z = rexp(iy)),r0+1 <rand a < ¢ < f where 0 < f —a <
27. Suppose that n(> 2) is an integer, and g(z) is analytic in Q(ro, o, 5) with o, 5(g) < oc.
Bi—c

Choose o < a3 < 1 < . Then for every ¢; € (0,%5) (j = 1,2,--- ,n — 1) outside a set
of linear measure zero with

Jj—1 j—1
aj:a+253 and ﬂj:ﬂ—25s,j:2,3,-~-,n—1,
s=1

s=1

there exist K > 0,M > 0 only depending on g,e1,---,e,-1 and Q(a,_1,8n—1), and not
depending on z such that

28 < R Gsink(y - )
and
g(n)(z) M (. _ o : a2
| ‘gKr (smk(d} oz)HsmkEj(@b a])) (2.3)

9(2)

j=1
for all z € Q(a,—1,Bn—1) outside an R-set D, where k = 7/(f—a) and k., = 7/(B;—«;) (j =
1,2, ,n—1).

Lemma 2.3 (see [18]) If f is transcendental and entire, then F(f) has no unbounded
multi-connected component.

Lemma 2.4 (see [19]) Let Ao(2),---, An—1(2), Ao(2) # 0 be entire functions such that
for real constants «, 3, u, 01, 02, where 0 < 8 < a, . > 0 and 6; < 5, we have

|Ao(2)] > e*I" (2.4)

and
‘Ak(’z” Seﬁ|z|“7 k= L yn—1 (25)

as z — oo with #; < argz < 6,. Then every solution f # 0 equation (1.2) has infinite order.

3 Proof of Theorem 1.2

Firstly, we assume that mesA(f) < 62 — 01, and set { = 65 — 6; — mesA(f). Since
A(f) is closed, clearly S = (0,27) \ A(f) is open, so it consists of at most countably many

open intervals. We can choose finitely many open intervals I; = («;, 3;) (1 = 1,2,--- ,m)

satisfying [, ;] C S and mes(S'\ |J I;) < (/4. For the angular domain Q(«;, 3;), it is easy
i=1
to see

(ai,ﬂi)ﬂA(f)IQ), Q*(Tuai)ﬂi)mJ(f) 0

for sufficiently large r. This implies that for each i = 1,2,--- ,m, there exist the correspond-
ing r; and unbounded Fatou component U; of F(f) such that Q*(r;, a;, 3;) C U;. By Lemma
2.3, F(f) has no unbounded multi-connected component, so we can take a unbounded and

connected section I'; of U;, then the mapping f : Q*(ry, o, §;) — C\ T'; is analytic. Since

we have chosen I'; such that C \ T'; is simply connected, so for any a € T'; \ {co}, we have
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Ce\r,(a) > 1/2. Applying Lemma 2.1 to f in every Q*(r;, a4, 3;), there exists a positive

constant d such that for z € |J Q*(ri, s + ¢, 8 — €),
i=1

[f(2)] = O(2") as |z — oo, (3-1)

where 0 < ¢ < min{¢/(16m),(8; — a;)/8, 1 = 1,2,--- ;m}. Thus, recall the definition of
Se, (7, f), we immediately see

Sai"l‘i,ﬁ,,—E(TJ f) :O(l) (7’ =12, 7m)' (32)
Therefore by Lemma 2.2, there exists two constants M > 0 and K > 0 such that

)

<KrM (s=1,2,---,n—1) (3.3)

for all z € U Q(ay + 2¢, 3; — 2¢), outside a R-set H.
Set D (01, 65). Clearly,

3¢

mes(D NS) =mes(D \ (A(f) N D) > mesD — mesA(f) > ik 0. (3.4)
Therefore
" 3< g ¢
mes((UI)ﬁD) = mes(S N D) — mes S\UI )N D) > =3 (3.5)

=1 =1

Thus there exists an open interval I;, = (o, 3) C |J I; C S such that for infinitely many j,

i=1
¢
mes(D N («, §)) > o 0. (3.6)
Then, for sufficiently large r,
/ |Ag(re?)|do > (mes(D N (a,B)) — 48)6“’0 > %ebrc, (3.7)
F

where F'= D N (a+ 2¢, 5 — 2¢) and ¢ is sufficiently small such that e < B;—Oa.
On the other hand, coupling (1.2) and (3.3) leads

/I;|A0(Tjeia)d9 < /( ‘f(sreze ‘|A )+|n()(gei;)‘>d9+0() (3.8)
< MrMe‘” +O(1),

where M, is a positive constant. Combining (3.7) and (3.8) gives out e~ < 4Mymr™

Clearly, it is a contradiction.



No. 3 Common limit directions of Julia sets of entire solutions of linear differential equations ... 423

4 Proof of Theorem 1.1

Conversely, assume that mes(A(f)NA(f*))) < 0 —0;, and set ¢ = 6, —6; —mes(A(f)N
A(f*)). Next, we will find an interval I such that I ¢ (A(f) N A(f*) satisfying I C
A(f®NC and T € A(f), where A(f*)C = [0,27) \ A(f®), and obtain the assertion by
reduction to a contradiction in this interval. Set D = (6,,62).

Step 1 In this step, we shall prove that mes(D \ A(f)) = 0. Otherwise, since D is
open and A(f) is closed, we can find a ray arg z = 6y such that 6, ¢ A(f) and there exists
some positive constant 1 such that (6y — 7,0 +n) C D and Q*(r,0p — 1,00 +n) N J(f) =0
for sufficiently large r. Then following similar discussion as in Theorem 1.1, we have (3.1)
holds for Q*(r,0y — 0,6y +n). Therefore it follows that

| Ag(rei®)|do /( ‘f(s) re” ‘|A rei )|+|M‘)d9+0() (4.1)

Fy

IN

re'?) f(re?)
< MgmesFlr e +0(1),

where F; = D N (a, 8) and M, is a constant.
On the other hand,

| Ao (re'?)|do > (mes(D N (a,B)) — 45) e > mesFi et (4.2)
Fy

(4.1) and (4.2) lead to a contradiction.
Step 2 From Theorem 1.2, we already know

meSA(f) 2 02 — 01. (43)

And from Step 1, we have

Since A(f®) is closed, clearly S = (0,27) \ A(f™) is open, so it consists of at most
countably many open intervals. We can choose finitely many open intervals I; = (s, 5;) (i =

1,2,--- ,m) satisfying

»Md\

I € A(fP)C mes(A(f#)E\ U I;) (4.5)
Thus for sufficiently large r,

m

mes(A(f) N DN (| 1) + mes(A(f) N DN A(fH))

i=1

— mes((A) 1 D) A (AGO) U 1) > 0 — 6y~

i=1

¢
27
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and hence

mes(A(f)NnDN (O L) = 6,—06, — % —mes(A(f) N DN A(fP)) (4.6)

> 66— 5~ mes(A(f) N AG®))
<
<

Therefore there exist some I; such that

mes(A(f)NDNIL) > % (4.7)

Thus we can choose a ray arg z = 6 and sufficiently small > 0 such that (6 —n,0+n) C I;

mes(A(f)NDN (O —n,0+n)) > %. (4.8)

and

For the angular domain Q(6 — 1,0 + n), it is easy to see
@ =m0+ NAS®) =0, Q(r0-n0+n)NnJI(fP)=0

for sufficiently large r. This implies that there exist the corresponding r; and unbounded
Fatou component U of F(f®)) such that Q*(r,0 — 1,0 +n) C U, see [18]. We take an
unbounded and connected section I' of U, then the mapping f*) : Q*(r,6 —n,0+n) — C\T
is analytic. Since we have chosen I such that C\T is simply connected, so for any a € I'\{oco},
we have Cc\r(a) > 1/2. Applying Lemma 2.1 to f*) in every Q*(r,6 —n,0+n), there exists
a positive constant d and R such that for z € Q*(R,0 — 1,0 + n),

[fP ()] = 0(2"), as |2] — oo (4.9)

For z = re? € Q*(R,0 — 1,0 + 1), take a curve v which connecting Re? to re? along
arg z = 6;. So we deduce from (4.9) that

[FE V()] < / [P (2)||dz] + ex < O(|2['L(y)) + ex < O(r*),
v
where L(7) denotes the length of ~. Similarly, we have

£ < / £ (2) ] + e

O(|2[*" L(7)) + ek
0(7,d+2)7

IN

IN

=
N
A

/|f )|dz| + 1 (4.10)

O(|z|"* 1 L(y)) + &1
04 +),

IN

IN
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where ¢1, ¢a, - - , ¢ are constants. Therefore, by the definition of S, g(r, f), we immediately
see
SG—n,Q—H?(h f) = O(l) (411)
Then by Lemma 2.2, there exists two constants M > 0 and K > 0 such that
(%)
‘f ) < jerM (521, n—1) (4.12)
f(z)

for all z € Q(0 —n,0 +n), outside a R-set H;.
It follows from (1.3) that

0+ ‘ i
/ |Ao(r;e)|df > 2ne'™". (4.13)
0—n
On the other hand, coupling (1.2) and (4.12) leads
0+ ‘
| 1aatretas
0

-n

/9017](5 ‘f(" — ‘IA )+|S()(Te))))d6+0() (4.14)

< 2MsrMer™ + O(r),

IN

where M3 is a constant. By (4.13) and (4.14), we can obtain a contradiction since b > a > 0.
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