Vol. 38 (2018) J. of Math. (PRC)

RIGIDITY THEOREMS OF THE SPACE-LIKE
A»-HYPERSURFACES IN THE LORENTZIAN
SPACE R/

LI Xing-xiao, CHANG Xiu-fen
(School of Mathematics and Science Information, Henan Normal University,

Xinziang 453007, China)

Abstract: In this paper, we study complete space-like A-hypersurfaces in the Lorentzian space
R?"'l. By using the property of generalized L-operator and some integral inequalities, we obtain
some rigidity theorems for these hypersurfaces including the complete space-like self-shrinkers with
weight in R?+17 which generalize some related results in the Euclidean space.
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1 Introduction

For e = +1, let E**! be the Euclidean space R"** (when ¢ = 1) or the Lorentzian space

R7*! (when ¢ = —1). The standard inner product on E**! is given by
(X,Y)=XV1 + XoYVo + -+ X1 Yaga

Let M be an immersed space-like hypersurface in E**! of which the induced metric g is
positive definite and z : M™ — E*! be the corresponding immersion of M. In this paper,
we also use x to denote the position vector of M. Thus x and the unit normal vector N are
taken as smooth R"*!-valued functions on M™. For a suitably chosen function s on M™", if

the position vector x and the mean curvature H of M satisfy
H +es{x, N) := \ = const, (1.1)

then M is called a A-hypersurface with the weight function s.
When s = 0, the corresponding A-hypersurfaces reduce to hypersurfaces with constant
mean curvature which have been studied extensively. For example, Calabi considered in [1]

the maximal space-like hypersurfaces M™ in the Lorentzian space ]R?+1 and proposed some
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Bernstein-type problems for a nonlinear equation; for a given complete space-like hypersur-
face M in R?*! with constant mean curvature, it was proved by Xin [24] that if the Gauss
map image of M"™ is inside a bounded subdomain of the hyperbolic n-space H", then M"
must be a hyperplane. A similar result was also proved earlier in [22] with extra assump-
tions. In [3], Cao, Shen and Zhu further extended the result by showing that if the image
of the Gauss map lies inside a horoball of H", M™ is necessarily a hyperplane. Later, Wu
[23] generalized the above mentioned results and proved a more general Bernstein theorem
for complete space-like hypersurfaces in Lorentzian space with constant mean curvature.

If A =0, then M™ is called a self-shrinker with weight s. In particular, if moreover s
is chosen to be a constant, then M™ is nothing but the usual self-shrinker which play an
important role in the study of the mean curvature flow because they describe all possible
blow-ups at a given singularity of the mean curvature flow (see [5] or [8] with A = 0).
Very recently, there have appeared some interesting results for space-like self-shrinkers. For
example, after the submission of this paper, we were kindly informed the following results:
Chen-Qiu [4] proved a rigidity (uniqueness) theorem that any complete m-dimensional space-
like self-shrinker in a pseudo-Euclidean space R must be an affine plane, which is clearly a
very important Bernstein-type result; Liu-Xin [19] obtained two rigidity theorems for closed
(w.r.t the Euclidean topology) or complete space-like self-shrinkers M™ in R”*" by using
restrictions on the growth of either |H|? or the log of the w-function; and Ding-Wang [11]
proved a Bernstein-type theorem for space-like graph self-shrinkers of higher codimension by
assuming the sub-exponential decay of the metric determinant det g. As for the geometries
of self-shrinkers in Euclidean space, a lot of interesting results were obtained in recent years,
including some gap theorems and rigidity theorems. Details of this can be found in, for
example, [2, 7, 10, 12-14, 16, 18] etc.

According to [15], A-hypersurfaces in the Euclidean space R"*! were firstly studied by
Mcgonagle and Ross in [20] with s = %; Guang [15] also studied the A\-hypersurfaces in R"
with s = % and proved a Bernstein-type theorem showing that smooth A-hypersuafaces
which are entire graphs and with a polynomial volume growth are necessarily hyperplanes
in R,

If one takes ¢ = s = 1 in (1.1), the corresponding A-hypersurfaces are exactly what
Cheng and Wei defined and studied in [8], where the authors successfully introduced a
weighted volume functional and proved that the A-hypersuafaces in the Euclidean space
R™*! are nothing but the critical points of the above functional. Later, Cheng, Ogaza
and Wei (see [6, 9]) obtained some rigidity and Bernstein-type theorems for these complete
A-hypersurfaces. In particular, the following result is proved.

Theorem 1.1 [6] Let z : M™ — R"™! be an n-dimensional complete A-hypersurface
with weight s = —1 and a polynomial area growth. Then, either z is isometric to one of the
following embedded hypersurfaces

1. the sphere S™(r) C R™*! with radius r > 0;

2. the hyperplane R" C R"+1;
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3. the cylinder S'(r) x R*~! c R**};
4. the cylinder S"'(r) x R ¢ R™*!,
or, there exists some p € M"™ such that the squared norm S of the second fundamental form

of x satisfies
1

( 5) - L2 4yl %2_1) o

In this paper, we consider space-like A\-hypersurfaces x : M" — R’f“ in the Lorentzian

n\?
4(n—1)

(H(p) —A\)? > 1+

space R (so that e = —1). After extending the definitions of A\-hypersurfaces, we gen-
eralize the L-operator that has been effectively used by many authors (see the operators L
and £ defined, respectively in (2.4) and (2.14)). We shall use these generalized operators to
extend Theorem 1.1 to the complete space-like A-hypersurfaces in R?H.

Let a be a nonzero constant and denote € = Sgn (a(z,x)), where (-,-) is the Lorentzian
product. We shall study A-hypersurfaces in R?** either with weight s = ea when (x, z) # 0,
or with weight s = (x,z). Not that, in the first case, we can always choose an a such that
a{z,z) > 0 implying ¢ = 1.

Now for a given hypersurface M™, let S denote the squared norm of the second funda-
mental form, and A, I denote the shape operator and the identity map, respectively. Then
the rigidity theorems we prove in this paper are stated as follows.

Theorem 1.2 Let x : M™ — R}"! be a complete space-like A-hypersurface with weight

s =ea and (z,x) # 0, where a is a constant, such that

H2 H2 ea(z,x
/ (’v (S - ) ‘ + IE <S - ) D e T AV < +oo, (1.2)
M n n

in which the differential operator £ is defined by (2.4). Then, either z is totally umbilical
and thus isometric to one of the following two hypersurfaces:

1. the hyperbolic space H"(c) € R} with the sectional curvature ¢ < 0;

2. the Euclidean space R" ¢ R

or, there exists some p € M™ such that, at p,

H? n—2 ! ) nA?
(’/S_n_an(n—l)) +;(H—/\) —m+ea<0. (1.3)

Remark 1.1 Theorem 1.2 consists of two conclusions according to the two assumptions
(x,z) > 0 and (z,z) < 0. In the first case, we have ea > 0. It follows that (1.3) always
fails to true when A = 0. So we can obtain a Bernstein-type theorem for the usual space-like
self-shrinkers which is unfortunately much weaker compared with that by Chen and Qiu in
[4]. This, on the other hand, motivates us that Theorem 1.2 can be further improved in
general. For example, one may prove with great possibility an improvement of Theorem 1.2

by making applications of the idea and method that are used in [4].
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Theorem 1.3 Let x : M™ — R}" be a complete space-like A-hypersurface with weight
s = (z,x). Suppose that

/HQVQyﬁfN V(S‘Zjb S < o, (1.4)

2
4M—AHA <S—Z>Izq (1.5)

n

where the differential operator £ is defined by (2.14). Then, either x is totally umbilical and
thus isometric to one of the following two embedded hypersurfaces:

1. the hyperbolic space H"(c) C R} with an arbitrary ¢ < 0;

2. the Euclidean space R™ C R},

or, there exists some p € M"™ such that

( 51 - 0 o:JJ LG - - s <o )

Theorems 1.2 and 1.3 will be proved in Section 3; Some necessary lemmas are given in
Section 2.

As a direct corollary of Theorem 1.3, we obtain

Theorem 1.4 Let z : M" — R?H be a complete space-like A-hypersurface with weight
s = (z,z). Suppose that (1.4) and (1.5) are satisfied. If

T T T N DR
(S—nH B n(n_1)> b A = s 0, (1.7)

then one of the fg)llowing two conclusions must hold:

1. A< (g)z, and z is isometric to the hyperbolic space H"(—r~2) c R} with r >
(3)%

2. A =0 and z is isometric to the Euclidean space R” C R}t

Proof If condition (1.7) is satisfied for a hypersurface H"(—r~2) with r > 0, then by
the fact that « = rN, we have A = H — (z,z)(x, N) = * — r?. If follows that

) ’ 1 ) nA?
0< <MS—nH—4| ) oA =

:%(H2—2)\H) = %2(27“4—71). (1.8)

e

Al

Therefore r > (g) which implies directly that A < (%)% As for the Euclidean space R™,
A = 0 is direct by the definition of A-hypersurfaces.
A similar corollary of Theorem 1.2 can also be derived, which is omitted here.
Corollary 1.5 Let ac : M™ — R be a complete space-like A-hypersurface with weight

s = (z,x). Suppose S — “— is constant. If (1.5) and (1.7) are satisfied, then z is isometric to

1
either the hyperbolic space H"(— —2) C R?“ with r > (%) * or the hyperplane R™ C R;’“.
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Proof Since S — H72 is constant, condition (1.4) in Theorem 1.3 is trivially satisfied.
Then Corollary 1.5 follows direct from Theorem 1.4.

Remark 1.2 For the special case that A = 0, that is, for the case of “self-shrinker”
with weight s, the following two conclusions can be easily seen from Theorem 1.4.

Theorem 1.6 Let x : M"™ — R?H be a complete space-like self-shrinker with weight
s = (z,z). Suppose that (1.4) and (1.5) are satisfied, then x is isometric to one of the
following two embedded hypersurfaces:

1. the hyperbolic space H" (fﬁ) C R

2. the Euclidean space R™ C R},

Proof When X\ = 0, it is clear that (1.7) is trivially satisfied. Furthermore, for a
hyperbolic space H"(—r~2) c R}™, X\ = 0 also implies that 72 = /n.

Corollary 1.7 Let x : M™ — R be a complete space-like self-shrinker with weight
s=(x,x). If S — HTZ is constant and (1.5) is satisfied, then z is isometric to the either the

hyperbolic space H"™ <—ﬁ) C R}*! or the hyperplane R C R,

Proof The assumption that S — HTQ is constant directly means that (1.4) is trivially
satisfied.

2 Preliminaries and Lemmas

First, we fix the following convention for the ranges of indices
1<4,j,k,---<n, 1<ABC---<n+1.

Let z : M™ — R be a connected space-like hypersurface of the (n + 1)-dimensional

Lorentzian space R7™" and {e4}’4"} be a local orthonormal frame field of R}*" along x with

dual coframe field {wA}ZJ:l such that, when restricted to z, ey, ..., e, are tangent to x and

thus N := e, 11 is the unit normal vector of x. Then with the connection forms wf , we have
_ i _ g n+1 _ i
dr = E w'e;, de; = E wie; +w. " enpr, deépyr = E Wy 4164
i j i

By restricting these forms to M"™ and using Cartan’s lemma, we have
n
n+1 __ n+1 __ 7 _ j .
w = 0, wi = wn+1 = E hijwj, hij = hjia
j=1

where h;; are nothing but the components of the second fundamental form h of z, that is,

h =>" hijw'w’. Then the mean curvature H of z is given by H = Z:l h;;. Denote
J:

hijk = (Vh)ik = (Veh)ij, b = (V2h) i = (Vi(VR))ijns (2.1)

where V is the Levi-Civita connection of the induced metric and V; := V,,. Then the Gauss
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equations, Codazzi equations and Ricci identities are given respectively by

Rijri = hixhji — hahji,  hijr = hixj, (2.2)
Rijir — hijie = Z Rim Rjmit + Z P Rimit,s (2.3)
m=1 m=1

where R;;;; are the components of the Riemannian curvature tensor. For a function F

defined on M™, the covariant derivatives of F' are denoted by
F;=(VF);=ViF, F;=(V*F)i;=(V;(VF)),

Let A be the Laplacian operator of the induced metric on M™. In case that (z,x) does not

change its sign, we can define
Lv = Av —ealz,Vv), VYveC*(M"), (2.4)
where, for any constant a, ¢ = Sgn (a(z,z)). Then L is an elliptic operator and

ca(x,x) ca(z,x)

Lyv=e" 2 div (e* 2 Vv) . Yve C*M™). (2.5)

In fact, for v € C*(M™), we find
e div (e* sl Vv)
ea(x,x) _ealm,x) | _ ea(z,x)
=e (e > div (Vo) + <Ve 2 ,Vv>>

5 (—ea(z,z;)) (e, VU>>

ca(

—e= (e’ L Av e
=Av — ea(z, Vv) = Lo.
Lemma 2.1 [5] Let  : M" — R"™! be a complete space-like hypersurface for which

(x, ) does not change its sign. Then, for any C*-function u on M™ with compact support,
it holds that

/ u(ﬁv)eJMéT’m> dVan = —/ <Vv,Vu>eJa(l2m> dVin, Vv e C*(M™). (2.6)
Proof By (2.5), we find
_ ca(a.a) cale) _ cala.a) _cala.s)
/ u(Lv)e” 2z dViyn :/ u (e 7 div (e z VU)) e 2 dVyn
n M’!L

:/ udiv (e_mgw> Vv) AV
A{n

_ / (div <ue’7€a<;m> w) _ <w,e*““§’“> w>) AV
M'n,

ea(z,z)

:/ div <ue‘m<;’z> Vv) dVsn —/ (Vu,Vo)e 2z dVyn.
IVTL Z\/’VL
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Hence there are two cases to be considered:

Case (1) M™ is compact without boundary. In this case, we can directly use the

/ div (ue_
Mn

Case (2) M™ is complete and noncompact. In this case, we can find a geodesic ball
B..(0) big enough such that Suppu C B,.(0). It follows that

divergence theorem to get

ca(

;@} V’U) dV]L[n - 0.

/ div (ue;w;m Vv) AU —/ div (ue* el Vv) dVg, (o)
M™ B, (o)

ca(

=— <N,ue*

;7@ V’U> dVBBT(o) =0.
0By (0)

It follows that

/ u(ﬁv)e_m;’m) AV = —/ <Vv,Vu>e_w<;z> AV
n I\/'Vl,

Corollary 2.2 Let 2 : M" — R"™! be a complete space-like hypersurface. If u,v are

C?-functions satisfying

ea(

/ ([uVo| + [Vul[Vo| + [ulv])e™ “F dVym < +00, (2.7)

then we have

ca(z,z)

/ u(ﬁv)e_m(;deMn:—/ (Vu,Vv)e™ 2 dVyn. (2.8)
]\/'n. n

Proof We will use square brackets [] to denote weighted integrals

fl= | fe == dVyn. (2.9)

Mn

Given any ¢ that is C'-with compact support, we can apply Lemma 2.1 to ¢u and v to get
[puLlv] = —[p(Vv, Vu)| — [u(Vv, Vo). (2.10)

Now we fix one point o € M and, for each j = 1,2,---, let B; be the intrinsic ball of radius
j in M™ centered at o. Define ¢; to be one smooth cutting-off function on M™ that cuts
off linearly from one to zero between B; and Bji;. Since |¢;| and |V¢,| are bounded by
one, ¢; — 1 and |V¢,;| — 0, as j — +o00. Then the dominated convergence theorem (which

applies because of (2.7)) shows that, as j — 400, we have the following limits

[pjulv] — [ulv], (2.11)
[0;(Vv, V)] = [(Vo, V)], (2.12)
[u{Vv, V)] — 0. (2.13)
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Replacing ¢ in (2.10) with ¢;, we obtain the corollary.

Next we consider the case that s = (x,z) and define
Lv=NAv— (z,z)(z,Vv), Yve C*MM). (2.14)
Then similar to (2.5), we have for all v € C*(M™),
¢ diy <e_ g Vv>
_ (e_ “5 div (Vo) + <Ve_ g , Vv>)
—e <e‘ 2 Ay + ez <2<m4’ 2) 2(z, xl>> (e, Vv))
=Av — (z,z)(z, Vv) = Lo. (2.15)

Lemma 2.3 If z : M™ — ]R?Jrl is a complete space-like hypersurface, u is a C'-function

with compact support, and v is a C?-function, then

/ u(,C~v)e_<I’4f> dViyn = —/ <Vv,Vu)e_<I’I> dVrn. (2.16)
1\/71 n
Proof Using (2.15), we have
PR U (w2)? _am)? _am)?
/ u(Lv)e” 2 dVMn:/ u(e T div (e 3 VU))@ T dVyn

:/ wdiv (e_mz) Vv) dVsn
]\/n
- / (div (ue*“’? w) — <Vu, e w>) AV

(e, (e,

:/ div (ue_ 7 Vv) dVirn / (Vu, Vo)e~ 7 dVasn.
n J\/‘VL

(1) If M™ is compact without boundary, then by the divergence theorem,

/ div (ue_mf> Vv) dVym = 0.

(2) If M™ is complete and noncompact, then there exists some geodesic ball B,.(0) big
enough such that Suppu C B,.(0). It follows that

/ div (ue_mz) Vv) dVsn :/ div (ue_
n B,.(0)

_ / (N, ue™ 50 ) dVop, ) = 0.
0B,(0)

el w) AV, (o)

Therefore
(@,

/ u(Lv)e” S Vi = —/ (Vu, Vuye™ = AV
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Corollary 2.4 Let z: M™ — R?*! be a complete space-like hypersurface. If u,v are

C?-functions satisfying
/ (|uVv] + |Vu||[Vo| + [ulv|)e™ dVMn < o0, (2.17)

then we have

/ u(Lv)e~ - I>2dVMn = —/ (Vu, Vv)e_< (2.18)
M M

Proof The proof is the same as that of Corollary 2.2 and is omitted.
The following lemma is also needed in this paper.

Lemma 2.5 [21] Let uq,--- , i, be real numbers satisfying
Sho it

with 3 a nonnegative constant. Then

n—2 3 3
D 0 <Zuz < T_l)ﬂ

with either equality holds if and only if (n — 1) of u; are equal to each other.
3 Proof of Main Theorems
3.1 Proof of Theorem 1.2

Since H — ea({xz, N) = A, we have

=\ + eafx, N)),i = calz, N); = Y _ eahir(z, ex),
k

H;; = Z eahig;(z, ex) + Z cahik(X;,ex) + ) cahin(z, ex )

k

Z eahik;(x, ex) + eah;; + Z eahiphy;(z, N)
& &

= Z hikj <.’E, €k> + Eahij =+ Z hlk-hkj(H — )\)
k k

Using the Codazzi equation in (2.2), we infer

AH = ZH = ea(z, VH) + eaH + S(H — \),
where S = > h%.. It then follows that
ik

LH=AH —ea(x,VH) = aeH + S(H — \),
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implying that

1
§£ H? %(AHQ—ea@,VHQ»

l\J\»—t

i

(Z(HQ) i — ea(x,VH2>>

:%(2\VH|2 +2HAH —2eaH{z,VH)) = |VH|* + H(AH — ea{z,VH))

=|VH|?> + eaH? + SH(H — )). (3.1)
By making use of the Ricci identities and the Gauss-Codazzi equations, we have

Ehij :Ahij '7: Vh‘zg thz gk — l‘ Vh”>

= Z hkl Jkj + Z hrrLzR]ng; + Z hkm ijk ZL’ Vhl_]>

= Z hik,j + Z Bomi Ry + Z P Rimji — €a{z, Vh;j;)
k m,k k,m

=H;;—H Z Rimhm; + Shij — ea{x, Vh;)

:(ea + S)h” — )\Z hikhkj-
k

Therefore it holds that

1 1 2 2
SL5 =3 A E (hij)? — §k ea(r, ex) (E (hij) )
&

.3

= hlp+ (ea+8)S =AY highjhi;

ijk ijk
:thjk+(€a+S)S*Af3a (3.2)
ijok

where f3 = > hijhjphg;. Let A\; be the principal curvatures of x and denote
ik

H .
Wi =X ——, 1<i<n.
n

)

For any point p € M", suitably choosing {ey, e, - - , e, } around p such that h;;(p) = X;(p)d;;.
Then at the given point p,

3
H 3 1
:E )ﬁ’:E ,+— ) =B “HB+ —H?3,
i 7 - (,U + n) 3+’I’l +7’l2
where

B:Z/J'z S_iv Z:u‘z
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By a direct computation with (3.1) and (3.2), we have

%cB :%cs - % (;EHQ)
:thjk + (ea+ S)S — \fs — %(WH\Q +eaH? + SH(H - \))
7,k
_Zhuk —|VH|2 + (ea+ S)S — \fs — %eaH2 — S(H — )\)g
1,5,k
. H?B

= hl - 7|VH|2 + (ea+ B)B +

1,5,k

2
— AB3; — —\HB.
n

Since > p; =0, > p? = B, we have by Lemma 2.5

-2 3
1B < _ 72 p%
n(n —1)

where the equality holds if and only if at least n — 1 of u;s are equal. Consequently,

1 n—2 3 2
— > E 2 ZH?’B — |\|————-B> — Z)\HB
ﬁB h”k ‘VH‘ +(Ea+B)B+nH B — || O -
1,5,k

1 —2 2
_§ i — \VH\2+B (B+ea)+ —H? — |\ ———2_Bs — “)\H
ig.k n n(n —1) n

2 n2
;h”k VH2+B(<f Al \/72> 1(H 2)? +ea4(n)\_1)).

Because of (1.2), we can apply Corollary 2.2 to functions 1 and B =S — If—; to obtain

0= [ Sr - Lwme) e,
n ij
2 ‘o A2
n a(zz)
+/[ B | +S(H-N? -+ dVign.
/| ((\/ - NI <n_1)) SH =3 = ) ’

(3.3)

On the other hand, by use of the Codazzi equations and the Schwarz inequality, we find

D hE =3 hi+ th + > b, |VH|2 < Zh”k

i,k i#k iEjFERF
So that
Zhwk - 7‘VH|2 > 22 huk + Z hzgk: (34>
1,5,k i#£k 1#£jF£kFL

in which the equalities hold if and only if h;;, = 0 for any 1, j, k.
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If B#0 and, for all p € M™, (1.3) does not hold, that is

2
H? -2 1 2
VPRI N R VPN
n 2¢/n(n —1) n 4(n—1)

everywhere on M™, then the right hand side of (3.3) is nonnegative. It then follows that

1
h?, — —|VH]* = .
> = —IVHP =0 (3.5)

.5,k

2 n—2 ’ 1 5 nA? _

on where B # 0. By (3.4) and (3.5), the second fundamental form h of z is parallel. In

particular, x is isoparametric and thus both B and H are constant. Since B # 0, the equality

and

(3.6) shows that x is a complete isoparametric space-like hypersurface in ]R;"Jrl of exactly two
distinct principal curvatures one of which is simple. It then follows by [17] and B # 0 that
x is isometric to one of the product spaces H"!(c) x R' € R?** and H'(c) x R"~ ¢ R},
But it is clear that, for both of these two product spaces, the function (x,x) does change its
sign, contradicting the assumption. This contradiction proves that either B = 0, namely, x
is totally umbilical and isometric to either of the hyperbolic n-space H"(c) C Rf*" and the
Euclidean n-space R™ C R?H, or there exists some p € M™ such that (1.3) holds.
The proof of Theorem 1.2 is thus finished.

3.2 Proof of Theorem 1.3

Since the idea and method here are the same as those in the proof of Theorem 1.2, we
omit the computation detail.
First, by H — (x,z)(x, N) = X\, we have

H,; =2(z,e;)(x,N) + (x, x) Zhik(x, er),
k

H 3 =20;;(x, N} + 2hij{a, N)? + 2> hjlw, ;) (@, ex)
k

+2 Z hir(x, ex)(z, e;) + Z hij(x, x)(z, ex)

+ <JZ‘,.’E>hij + Z hikhk](H — )\)
k

Then by using the Codazzi equation in (2.2), we find
AH =2n(z, N) + 2H(z, N)” + 4 har(z, e5)(x, ex.)
ik

+ D Halw, @), i) o H{w, 2) + S(H = ).

(2
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Second, by the definition of £~, we find

LH =AH — (z,z){z, VH)
=2n{x, N) + 2H {(x, N)? —|—4Zhik< X, ez ex) + H{x,x) + S(H — \),
ik

implying

15 1
§£H2 :§(AH2 — (z,x)(x, VH?))
=|VH|? 4+ 2nH(z,N) +2H*(z, N)?
+AH Y " higlw, i) (@, ) + H (@, x) + SH(H — A). (3.7)
ik

On the other hand,

Lhij =Dhg; — (z,2)(x, Vi)
:H,ij + Z hmikajk + Z hkaimjk: — <3?, .’L‘> <J,‘, Vh”>

k,m k,m

=H ;; + Shi; — Hthihmj — (@, z)(x, Vhi;)
=26;;(x, N) + 2h,; <Z, N)? +2 Z hji(x, e:){z, ex)
k
+ 2 Z hik<$7 6k><$, €j> + Z hikj<x7 $> <$, ek> + <'T7 $>h”
k k
+ Z hikhkj(H - /\) + Shij - HZ hmihmj - <x’ l‘> <l‘, Vhij>
k m

:251] <CL', N> + 2h” <l’, N>2 + 2 Z hjk<.’E, ei><x, €k>
k

+ 22 hik<l‘,6k><l‘,€j> + <$,£E>hij + Sh” - )\thkhk]
k k

It follows that

1,5 0,J
= " hZ+2H (2, N) +25(x, N)* + 4> hijhj(x, e:)(x, ex)
k .5,k
+ (z,2)S + 5% = Afs, (3.8)

where again f3 = > hijhjphg.
i3,k
Denote by x" = (x,e;)e; be the tangential part of the position vector . Then, as

in the proof of Theorem 1.2, we can choose a suitable frame field {ej,es, - ,e,} making
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diagonal the second fundamental form h,; around each point p € M™, and perform a direct
computation using (1.5), (3.7) and (3.8) to obtain

s 15, 1/1;
~LB=-LS—— | -LH?
SLB =5LS n<25 )
4HA
_§ iy + B{z,N)* — |VH|2+xT <4A2+BI—) (")
n
7,k
H?B 2\HB
+ B? + — A\B; — A

i

1 H?B 2\HB
>Zhwk—ﬁ|VH|2+B2+ = = ABy -
7,k

where assumption (1.5) has been used. Once again we use Lemma 2.5 to get

-2
|By| <_"7% pi

n(n —1)

)

where the equality holds if and only if at least n — 1 of u; are equal. It then follows that

1 H2B n—2 3 2
f£B> hi, — ~|VH]* + B* + — [\|——=—=—=B2 - ~\HB
”Zk ik n‘ | n | |\/m n
H? 2 1 2
=Y hi,— \VH|2+B B+— - N— = B Za\H
g,; ! vn(n—1) n
2
1 1 nA?
=Y n2, ——|VHP+B| | VB-|) +—(H-)N?- ——
”Zk ik n‘ | ( NS 7= \/7 n )= 4(n—1)
(3.9)
Because of (1.4), we can apply Corollary 2.4 to functions 1 and B = S — HTQ to find
/ (Z h2 — |VH|2> e (3.10)
1,7,k

’ nA? _em)?
+/nB <f /\|2\/—) (H 2?2 — i) ) © dVarn. (3.11)

If B#0 and, for all p € M™, (1.6) does not hold, that is
n\?

( S(p)—H()—||2\/7> 1(H(p)—/\)2—4(n_1>20

everywhere on M™, then the right hand side of (3.10) is nonnegative. It then follows that

> hl - |VH\2 =0 (3.12)

i,k
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and at points where B # 0,

H%(p) n—2 ’ 1 e N
Moy | a0 - - =0 )

S(p) —

By (3.12) and (3.13), the second fundamental form h of x is parallel. In particular, x is
isoparametric and thus both B and H are constant. Since B # 0, equality (3.6) shows
that 2 is a complete isoparametric space-like hypersurface in R7™! of exactly two distinct
principal curvatures one of which is simple. It then follows by [17] and B # 0 that z is
isometric to one of the product spaces H"*(c) x R € R} and H'(c) x R*~' ¢ R}, But
it is clear that, for both of these two product spaces, the function (z,z) is not a constant
so that both H"'(c) x R ¢ R and H'(c) x R*~' ¢ R could not be A-hypersurfaces
with s = (z,x). This contradiction proves that either B = 0, namely, x is totally umbilical
and isometric to either of the hyperbolic n-space H"(¢) C R?H and the Euclidean n-space
R™ € R?" or there exists some p € M™ such that (1.6) holds.
The proof of Theorem 1.3 is thus finished.
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