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JULIA SETS AS JORDAN CURVES
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Abstract: In this paper, we consider the Julia sets of NCP maps as Jordan curves. By the
way of net and conformal iterated function system, we obtain the general result of the Julia set in
which case as the Jordan curves, which generalizes the results of the complex analytic dynamical
systems of Julia sets of rational functions as Jordan curves.
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1 Introduction and Main Results

Let f(z) be a rational map of degree d = deg f > 2 on the complex sphere C. The Julia
set J(f) of a rational function f is defined to be the closure of all repelling periodic points of
f, and its complement set is called Fatou set F'(f). It is known that J(f) is a perfect set (so
J(f) is uncountable, and no point of J(f) is isolated), and also that if J(f) is disconnected,
then it has infinitely many components.

Let f : C — C be a rational function. We call a compact forward invariant subset
X C J(f) (i-e. satisfying property f(X) C X) hyperbolic if there exists n > 1 such that

(F™) (@) > 1

for every x € X and f" is topologically conjugate to a subshift of finite type. If only condition
|(f™) (z)| > 1 is satisfied, we call the map f|x expanding.
We call a rational function f : J(f) — J(f) hyperbolic if there exists n > 1 such that

nf{(f") (2)] : z € J()} > 1.
Denote C'V (f) the critical values of a rational function f. Let
pev(f) = rrevs).
n>1

It follows from [1, Theorem 2.2] that a rational function f : J(f) — J(f) is hyperbolic if
and only if

PCV(H) () =0.
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Denote by J(f) the Julia set of a rational function. A rational map f is expansive if
the Julia set J(f) contains no critical points of f. It follows from [1] that each hyperbolic
rational function is expansive and that a rational function is expansive but not hyperbolic
if and only if the Julia set contains no critical points of f but intersect the w-limit set of
critical points.

We call expansive but not hyperbolic rational functions parabolic. It follows from [1]
that a rational function f : J(f) — J(f) is expansive but not hyperbolic if and only if the
Julia set J(f) contains no critical points of f but contains at least one parabolic point.

We recall that if T: X — X is a continuous map of a topological space X, then for
every point z € X, the w-limit set of x denoted by w(z) is defined to be the set of all limit
points of the sequence {T"(z)},>0. We call a point = recurrent if x € w(z); otherwise x is
called non-recurrent.

A rational function f : C — C is called an NCP map if all critical points contained in
the Julia set J(f) are non-recurrent.

The class of NCP maps obviously contains all expanding and parabolic maps. It also
comprises the important class of so called subexpanding maps which are defined by the
requirement that fl|,(crit())ns(s) is expanding and the class of geometrically finite maps
defined by the property that the forward trajectory of each critical point contained in the
Julia set is finite and disjoint from w-limit set.

Let f(z) be a map of degree > 2. A component D of the Fatou set F'(f) is said to be

completely invariant, if
f71(D) =D = f(D).

A Jordan arc v in C is defined to be the image of the real interval [0, 1] under a homeomor-
phism . If the interval [0, 1] is replaced by the unit circle in the above definition then = is
said to be a Jordan curve.

In this paper, we establish the following main theorem.

Main Theorem Let f(z) be an NCP map of degree > 2, and suppose that F(f)
is the union of exactly two completely invariant components. Then J(f) is their common

boundary and is a Jordan curve.

2 Preliminaries and the Construction of a Net

Let f be an NCP map. Denote by A(f) the set of all parabolic periodic points of f
(these points belong to the Julia set and have an essential influence on its fractal structure),
and Crit(f) of all critical points of f. We put

Crit(J(f)) = Crit(f) N J(f).

Set
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Definition 2.1 We define the conical set J.(f) of f as follow. First, say x belongs to
Jo(f,r) if for any € > 0, there is a neighborhood U of z and n > 0 such that diam(U) < ¢

and f" : U — B(f"(x),r) is a homeomorphism. Then set J.(f) = |J J.(f,7). We have
r>0
x € J.(f) if and only if arbitrary small neighborhood of x can be blow up univalently by the

dynamics to balls of definite size centered at f"(z).
Lemma 2.1 (see [2]) If f: J(f) — J(f) is an NCP map, then

Je(f) = J(f) \ Sing(f).

Note that Curtis T. McMullen used the term radial Julia set J,..q(f) instead of conical
set J.(f) in analogy with Kleinian groups, see ref. [3]. By paper [3], we have the set Sing(f)
is countable.

Let 0 < A < 1. Then there exist an integer m > 1, C > 0, an open topological disk U
containing no critical values of f up to order m and analytic inverse branches f; ™" : U — C
of f™(i=1,---,k, <d",n >0), satisfying

(1) ¥n > 0,Y1 < i < kyyr, IL < j <k, fmo f; 0D = fromn

(2) diam(f; "™ (U)) < cA" forn=0,1,--- and i =1,--- , k,,

(3) for each fixedn > 1, forall i =1,--- , k, the sets f; ™" (U) are pairwise disjoint and
7Y U,

Now we state as a lemma the following consequence of (1)—(3).

Lemma 2.2 For each n, let NV,, = U{f;"(U) : j =1,--- ,k,} and let N = [JN,,. Then
N is a net of J.(f), i.e., any two sets in N are either disjoint or one is a subset of the other.

3 Conformal Iterated Function System

In paper [4], Urbanski and Zdunik provided the framework to study infinite conformal
iterated function systems. Now we recall this notion and some of its basic properties. Let I
be a countable index set with at least two elements and let S = {¢; : X — X :i € I} be a
collection of injective contractions from a compact metric space X (equipped with a metric
p) into X for which there exists 0 < s < 1 such that p(¢;(x), ¢:(y)) < sp(x,y) for every
i € I and for every pair of points z,y € X. Thus system S is uniformly contractive. Any
such collection S of contractions is called an iterated function system. We are particularly
interested in the properties of the limit set defined by such a system. We can define this set

as the image of the coding space under a coding map as follows. Let I* = [J I™, the space
n>1
of finite words, and for 7 € I*, n > 1, let ¢, = ¢, 0 pr, 0---0 ¢, . Let I = {{7,}72,} be

the set of all infinite sequences of elements of I. If 7 € I* U I* and n > 1 does not exceed
the length of 7, we denote by 7|, the word 7175 - - - 7,,. Since given 7 € I*°, the diameters of
the compact sets ¢-|, (X), n > 1, converge to zero and since they form a descending family,
the set

() 6-1.(X)



236 Journal of Mathematics Vol. 38

is a singleton therefor, denoting its only element by 7(7), defines the coding map
w1 — X.

The main object in the theory of iterated function systems is the limit set defined as follows.

J=rI*) = é1.X) =] U ¢-(X).

T7€l>° n=1 n>1|r|=n
Observe that J satisfied the natural invariance equality, J = |J ¢:(J).
i€l

Notice (1) If I is finite, then J is compact and this property fails for infinite systems
by paper [4].

(2) In Lemma 3.3, we shall build recursively our iterated function system S; = {S}, SZ,
-+, 57}, and n(= I) is finite.

Let X (00) be the set of limit points of all sequences z; € ¢;(X), i € I', where I' ranges
over all infinite subsets of I, see ref. [4].

Lemma 3.1 (see [4]) If ljrrlldiam(QSi(X)) =0,then J =JU |J ¢u(X(00)).

1€

wel*
An iterated function system S = {¢;, : X — X : i € I} is said to satisfy the open

set condition if there exists a nonempty open set U C X (in the topology of X) such that
¢:i(U) C U for every i € I and ¢;(U) N ¢;(U) = 0 for every pair i,j € I, i # j (we do not
exclude clg;(U) Nelp;(U) # 0).

An iterated function system S = {¢; : X — X :4 € I} is said to be conformal if X C R?
for some d > 1 and the following conditions are satisfied.

(a) Open set condition (OSC). ¢;(IntX) N ¢, (IntX) = () for every pair 4,5 € I, i # j.

(b) U ¢:i(X) C IntX.

i€l

(c) Tehere exists an open connected set V such that X C V C R? such that all maps
¢i, i € I, extend to C! conformal diffeomorphisms of V into V (note that for d = 1 this
just means that all the maps ¢;, i € I, are monotone diffeomorphism, for d = 2 the words
conformal mean holomorphic and antiholomorphic, and for d = 3, the maps ¢;, ¢ € I are
Mébius transformations).

(d) (Cone condition) There exist o, > 0 such that for every x € X and there exists an
open cone Con(z,u,«) C Int(V) with vertex x, the symmetry axis determined by vector u of
length [ and a central angle of Lebesgue measure o, here Con(z,u, o) = {y: 0 < (y—z,u) <
cosally — || <1}

(e) Bounded distortion property (BDP). There exists K > 1 such that

|6.()] < Ko, (2)]

for every w € I* and every pair of points z,y € V, where |¢_(x)| means the norm of the
derivative, see ref. [9, 10].
Definition 3.1 A bounded subset X of a Euclidean space (or Reimann sphere) is said

to be porous if there exists a positive constant ¢ > 0 such that each open ball B centered at
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a point of X and of an arbitrary radius 0 < r» < 1 contains an open ball of radius cr disjoint
from X. If only balls B centered at a fixed point z € X are discussed above, X is called
porous at x, see ref. [5].

Lemma 3.2 (see [5]) The Julia set of each NCP map, if different from C, is porous.

Lemma 3.3 If f is an NCP map, then J.(f) admits a conformal iterated function
system satisfying conditions (a)—(e).

Proof Let f be an NCP map. By Lemma 2.2, J.(f) admits a net such that B;NB; = 0,
i # j. Moreover, we may require the existence of an integer ¢ > 1 and ¢ > 0 such that the
following holds:

If v € J.(f), say x € B;, and f?(z) € B, then there exists a unique holomorphic
inverse branch f-9" : U(By,20) — C of fi" sending f9"(z) to z. Moreover f;9"(B;) C B;

and taking ¢ sufficiently large, we have

[ ™(U(By,0/2)) C Int(B;)

€T

for sufficiently small o, then
f= "(By) C B; = Int(By). (3.1)

Let n > 1 be finite. For every t = 1,2,--- ,n, we now build recursively our iterated
function system S; as a disjoint union of the families S7, j > 1, as follows. S} consists of
all the maps f, 9, where z, f9(z) € J.(f) N B;. S? consists of all the maps f, 24, where
z, f2(z) € J.(f) N B, and f(z) ¢ B,. Suppose that the families S}, S? ---, S/ " have
been already constructed. Then S7* is composed of all the maps f, 9" such that y, f7"(y) €
J.(f) N B; and f%(y) ¢ B, for every 1 < j <n—1.

Let V' D J.(f) be an open set constructed by the net such that it disjoints from the
parabolic and critical points and their inverse orbits of f. For any x € V and finite n < oo,

we have
0<|(f )| <M < oo,

then

’

(F" )| < KI(f (@),

where z, y € V and 1 < K < oo is a constant. So condition (e) bounded distortion property
(BDP) holds. It is evident that f™ is holomorphic and antiholomorphic of V' into V for
all n > 1, then condition (c) holds. Since J(f) is porous, and condition (d) is satisfied.
Condition (b) follows immediately from (3.1). In order to prove condition (a), take two
distinet maps f, " and f"9" belong to S;. Without loss of generality we may assume that
m < n. Suppose on the contrary that

[ (Be) 0 f;(By) # 0.
Then

0 # f7 (£ (By) O £y ™(B)) © By N f (£, 7(By)) = By 0 f580 ™ (By).
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Hence ff_q‘f,fa_)m)(Bt) C By, and therefor f7"(y) € B;. Due to our construction of the system

Sy, we have f9"(y) € By, and this implies that m = n. But then f " (B;) N f,/"(B;) =0
since f, 9" and f, 9" are distinct inverse branches of the same map f?". This contradiction

finishes the proof of Lemma 3.3.

4 Proof of Main Result

Given z € C, 0,r > 0, we put
Con(zx,6,r) = Con(z,n,r) U Con(z, —n, 1),

where 7 is a representative of §. We recall that a set Y has a tangent in the direction 6 at a

point x € Y if for every r > 0,

i HY(Y N (B(z,r) \ Con(z,0,7)))

r—0 T

:07

where H! denotes the 1-dimensional Hausdorff measure (see refs. [6, 7]). Following [6], we
say that a set Y has a strong tangent in the direction 6 at a point x provided for each
0 < 8 <1, there is a some r > 0 such that Y N B(z,r) C Con(x, 0, 3).

Lemma 4.1 (see [7]) If Y is locally arcwise connected at a point x and Y has a tangent
0 at x, then Y has strong tangent 6 at x.

We call a point 7 € I transitive if w(7) = I°°, where w(7) is the w-limit set of 7 under
the shift transformation o : I*® — I*°. We denote the set of these points by I and put
Iy = 7(I;°). We call the I'; the set of transitive points of I's, and notice that for every
T € I, the set {m(c"7) : n > 0} is dense in I'y, or T'g,.

Lemma 4.2 (see [7]) If T's, has a strong tangent at a point x = 7(7), 7 € I, then ['s,

has a strong tangent at every point 7(w(7)).

Remark 4.1 If f is an NCP map, by Lemma 3.3, J.(f) admits a conformal iterated
function system S;. It is obvious that the Julia set J(f) coincides with the limit set I's, by
Lemma 3.1. By Lemma 3.1, 3.3 and 4.2 we have

Lemma 4.3 If f is an NCP map, then J(f) has a strong tangent at every point of
J().
Proof of Main Theorem Let f be an NCP map and denoted by F, the unbounded
component of the Fatou set F'(f). As F,, is completely invariant, applying Riemann-Hurwitz
formula (see §5.4 in [8]) to f : Fie — Fio, we find that Fi has exactly d — 1 critical points
of f, and all of these lie at co. Now take any disk D centered at oo, which is such that

f(D)C D cC Fy.
For each n, let D,, = f~"(D): then D,, is open and connected,

D:D()CDlCDQC"',
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and as
X(Dny1) + (d = 1) = dx(Dy),

where x(D,+1) and x(D,) denote the Euler characteristics of domains D,,; and D, as
above, we see that each D,, is simply connected. Let =, be the boundary of D,,; then =, is
a Jordan curve and f" is a d"-fold map of =, onto 7. Set lim =, = I'. Roughly speaking,
we shall show that -, converges to 0F, (= J(f)), i.e. I' = f(—ﬁo

If £ € T then there are points &, on ~, which converge to £, so, in particular, £ is in the
closure of F,,. However, £ cannot lie in F,, else it has a compact neighbourhood K lying
in some D,, (for the D; are an open cover of K), and hence not meeting v, Yn41, - -+ for
sufficiently large n. We deduce that I C J(f).

J(f) is porous, then J.(f) admits a conformal iterated function system S; = {f, " : t €
s} for finite s satisfying conditions (a)-(e) by Lemma 3.3.

To prove that J(f) C I', let w € J(f) be a repelling fixed point (or an image of a
repelling fixed point) and I be the straight line determined by the strongly tangent direction

of J(f) at w as in Lemma 4.3. Then w is an attracting fixed point of f~!. Moreover,
1 Uw) — Uw)

is a conformal map, where U(w) is a disk centered at w. Now suppose that J(f) is not
contained in I'. Consider z € J(f) \ I such that z € U(w), then lim f~"(z) = w and for
every n > 0, we have f~"(z) € J(f). Since the map f~' : U(w) — U(w) is conformal, we
get

L(w—= "), 1) = Z(f 7" (w) = (), 1) = £(f " (w —2), (1) = L(z —w, ).

It follows that w and f~"(z)(n > 0) are contained in the same line [ # [ and this implics
that [ is the strongly tangent straight line of J(f) at w. Therefore, we conclude that [ is not
a strongly tangent straight line of J(f) at w. This contradiction proves that J(f) C T

Remark If Main Theorem only with the hypothesis: the Fatou set F(f) has a com-
pletely invariant component, J(f) need not be a Jordan curve; for example, the map
z + 22 — 1 is expanding on its Julia set (certainly NCP map), see Theorem 9.7.5 and
Figure 1.5.1 in [8].
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