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Abstract: In this paper, we study the stability of completeness of exponential systems in
weighted Banach spaces. Using the method of perturbation of analytic functions, we obtain several
new results on stability. Our results can be regarded as generalization of some existing classical
theorems which consider the same problem on Banach spaces over finite intervals.
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1 Introduction

Let «(t) be a nonnegative continuous function defined on R such that

t
lim olt) = 00. (1.1)
|t|—oo ||
The weighted Banach space C, consists of complex continuous functions f defined on the
real axis R with f(t) exp(—«(t)) vanishing at infinity, equipped with the norm

[flla = sup{|f(t) exp(—a(t))| : t € R}.

Let M(A) denote the set of functions which are finite linear combinations of exponential
system {e* : A € A} with exponents A = {\, : n = 1,2,---} which is a sequence of complex
numbers. Condition (1.1) guarantees that M(A) is a subspace of C,.

The completeness of M(A) in C,, was studied in many settings. Much was written about
the properties of completeness and the closure of M(A) (see [1-6] and [11-15], for example).
There was an interest in the study of stability of the completeness for the exponential systems
in the weighted Banach spaces. We are aware of many results in this direction are on the
stability of the completeness for exponential systems in the spaces C[—a,a] and L?(—a,a)
(see [7, 12, 13]). Motivated by the work of B. N. Khabibullin (see [7-10]), our purpose here
is to study the stability of the completeness for exponential systems in C,. Our approach

to the problem is different from theirs. Combination of Deng’s work on the completeness of
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exponential systems in C,, (see [1]) and Khabibullin’s work on subharmonic interpretation of
shifts of zeros of entire functions allows us to characterize the stability of the completeness
of M(A) in C,.

We now give a brief description of the results obtained. In Section 2, we show that
under certain nearness conditions on A = {\,} and T' = {~,,} which are complex sequences
with gaps in the right half plane, M((A) and M(T') are complete or incomplete in C,, simulta-
neously. In Section 3, we characterize the stability of M(A) in C, wherever A = {\,,, i, } is
a positive sequence, wherever each A\, appearing u,, times with u, not necessarily bounded.

Notations For a complex sequence I' = {7, }, the finite linear combination of {e* :
v € I'} is denoted by M(I"). The symbol D(a,t) is used to denote the disk |z — a| < ¢t. The
letter A denotes positive constants and it may be different at each occurrence. Throughout
this paper, the right half-plane {z = x + iy : 2 > 0} is denoted by C,.

2 The Exponents with No Multiplicity

In this section, we will consider the stability problem wherever the gap exponents with
no multiplicity. More precisely, the exponents is defined as follows. Let A = {\,, = |\,,[e??" :

n=1,2,---} be a sequence of complex numbers satisfying

sup{|0,| :n:1,2,-~}<g (2.1)
and
f{Ast| = A n=1,2,---} > 0. (2.2)

The main result of this section is described as follows.

Theorem 2.1 Let «(t) be a nonnegative convex on R satisfying (1.1). If two sequences
of complex numbers A = {\,,} and I = {~,,} satisfy (2.1) and (2.2), furthermore, there exist
a decreasing function ( : [0,400) — (0,400) and a positive sequence {t¢,} that is linked

with the sequence such that

A — Y| < tn,m=1,2,--- and Z t, < B(r),r >0, (2.3)

then M(A) and M(T") are complete or incomplete in C,, simultaneously.

We will make use of the following result from [1].

Lemma 2.1 (see [1]) If A = {\, = |\,]e? : n = 1,2,---} is a complex sequence
satisfying (2.1) and (2.2), then the function

G(z) = ﬁ (1 J_r iz:)e(fn*fn) (2.4)

n=1

is analytic in the right half-plane C,, and vanishes exactly on the sequence A = {\, =
Anle?® :n=1,2,---}. With r = |z| and @ = Rz, for some positive constant A,

|G(%)| < exp{zA(r) + Az}, z € C,,
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where A(r) =2 > ¢ " ,ifr > |A1]; A(r) = 0, otherwise.
[An|<r
The crux of the proof of the following proposition is the method applied to shifts of

zeros of entire functions. By this approach, we show that for a function analytic in the right
half-plane C,, shifts of its zeros generate another function analytic in the right half-plane
whose growth and zeros are very similar to the original one.

Proposition 2.1 Let G(z) be a function analytic in the right half-plane C, which is
defined in (2.4) and vanishes exactly on the sequence A = {\, = |\, |e?" :n =1,2,---},
where A satisfies (2.1) and (2.2). Given a decreasing function 3 : [0, +00) — (0, +00), we can
find a function G1(z) analytic in the right half-plane C, = {z = x4y : > 0} with sequence
of simple zeros T' = {v,, = |y,]e’" : n = 1,2,---} satisfies (2.1) and (2.2), furthermore, we
can find a positive sequence {t,,} that is linked with the sequences such that (2.3) is satisfied

and for all z € C,\ U DA, tn),

n=1

1og|G(2)| — log [Ga(2)]| < A( 7 + 125 +2). (25)

Proof Since the zeros of G(z) have a gap, we can choose a sequence of strict positive
numbers {¢,} such that the disks D(\,,t,) are mutually disjoint and (2.3) is satisfied. We

can also select strict positive number d,, such that

35 Zd|)\|<oo (2.6)
We will estimate the sum of dlfferences

Zen(z) = Zn: (log ‘ T

n

a

2x cos b, B 2x cos ﬁn>
|>‘n| |'Yn|

B %
Og‘1+

for all z € C;\ U D(\,,t,). Firstly, we establish an upper bound for e, (z):
=1

en(z) = log ‘ 2= M| Z = Yn 2z cos 6, B 2x cos v,
z Z+n |)‘n| ‘7n|

~ log ’1 n (Yo — M)z + (m ;E)z + MY — Aa¥n) | 2z cosb, _ 2zcosV,
(Z+)\ )(z =) Al o

< ‘ (Yn — An)z + (Fn — )Z + ()‘717n — A Vn) 22|\ — Yl

B (z—l—/\n)(z ~ Yn) A l7nl

_ ‘ (Y = M)z + (T = M)z + Q¥ — Aadn + Ak = XaTa) || 28] A0 — 0

B (Z‘I')‘in)(z_fyn) |Anl|Vnl

(2|Z|+2|)‘n|)|/\n_’7n| 25E|)‘n_’)’n|
GGl Al
For z € C4 and R\, > 0, we have |z — \,| < |z + \,|. If we choose a positive sequence d,,
which satisfies (2.6), then |z — v,| > |z — A\n| — |70 — | = ‘2_27’\”, thus
en(z) < 4|z|(|in_+;\l|)\2n|dn 2xd, .
4 nl | An| V]

(2.7)
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Second, we establish an upper bound for —e, (2):

—en(2) = —log ) g [P ] 2z cosl, 2xcosd,
z+ A\, Z+ I\l BN
= log|l+ (Ao = 1)z + (A — T)2 ﬂ)\n’Tn — A\nVn) _ 2zcosf,  2wcosv,
(z = An)(z + ) Al ]

< ‘(An — )2 + O = T)z + AT = M) |, 22[A0 = 70
. (z = M)z +70) Al
< ‘ O = 7)2 + Oon = )2 + AT = Aadn 4 At — A¥a) |- 22 An — Yal
) (2= M) +70) Xl

(2lz] £+ 2[An)An =l | 22|An — 7]
(2 = An) (2 + 7))l |Anl[vn]

For z € C; and R\, > 0, we have |z — v, | < |z 4+ 7,|. If we choose a positive sequence d,,
which satisfies (2.6), then |z — v,| > @ and we have

4)z|d, + 4|\, |dy 2xd,

—e(2) < . 2.8
O TR T b )
Combine (2.7) with (2.8), for all z € C.\ | D(\,,t,), we have
n=1
4|z|d,, + 4|\, |dn 2zd,,
<
R PR W PR
and
4|z|d,, + 4| n|dn 2xd,
ROEDS TF +3 rat (2.9)
By (2.2), (2.3) and (2.6), we have
— 2d
L (2.10)
; [Anll7nl

Fix a point z € C;\ |J D\, tn),

n=1

4|z|d,, + 4|\, |dn 4|z|d,, + 4|\, |dn 4|z|d,, + 4| | dn
ZM \|<Z|Z| \|+Z|Z| | A

|2 — Al = |2 = Al EENE
[An|> 1 Anl< 2
42| dy, + 4 M| dy 4)z|dyn + 4 An|dn
D DIE i
lz=An|> 12! IAn|> 12l

Hence, we can estimate the first sum as

4| z|d,, + 4|\, |dy 24 z|d, + 2%\, dy,
<
O R NP LIk (NS

|Z_)\n|2%‘ n
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and the second sum as

5 4 3 j2
e |22
IAn]> 1 n

Thus combine with (2.6), (2.9) and (2.10), we eventually get the esitmate
11 =
3 lea(2)] §A<—|+W+x), 2 e CA | DOy ta), (2.11)
n n=1

|z

where A = max{ > 2% 253" d,|\,|}.
n=1 n=1

|AnH’Yn| ’
To conclude the proof, we use the representation (2.4) of G(z). By Lemma 2.1 and the
conditions imposed on I', we can define a function G4(z) in the form of (2.4),

= l_i z z
G =11 (1 + z>6(77+”:”)’
Fn

which is analytic in the right half-plane C, and vanishes exactly on the sequence I' = {~,, :
n=1,2,---}. According to (2.11), estimate (2.5) is satisfied for G(z) and G1(z).

We now get ready to prove Theorem 2.1.

Proof of Theorem 2.1 In order to prove M(A) and M(T') are complete or incomplete
in C, simultaneously, it suffices to prove that incompleteness of any of the two systems
implies incompleteness of the other. To achieve this, we recall the proof in [1].

We assume that M(A) is incomplete in C,,. From [1], we know that the incompleteness
of M(A) in C, is equivalent to the existence of a non-trivial function g(z) analytic in the
right half-plane C,, which vanishes on some sequence T 2 A and is defined by

g(z) = ( G2) exp{—gi(2) — Nz — N}, (2.12)

1+ 2)N
where N is a large positive integer, G(z) is defined by (2.4), and g;(z) is analytic in the right
half-plane, satisfying

oz [T et
Rag1(z) = - /oo oS t)th’ (2.13)

©(t) is an even function such that ¢(t) = a(Ax(t) — a) for some a € R and all ¢t > 0, where
Aa(t) is defined in Lemma 2.1.

Suppose (2.3) is satisfied for some complex sequences I' with (2.1) and (2.2) imposed.
By (2.10), we know that we can find a non-trivial analytic in the right half-plane whose real
part is defined in (2.13). Replace G(z) with G;(z) which is defined in Proposition 2.1, we
can get a function analytic in the right half-plane, which vanishes on I" and satisfies (2.12),
wherever the function Ar(¢) defined in Lemma 2.1 has the same growth as A, (¢). This implies
the incompleteness of M(T") in C,.
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3 The Exponents with Multiplicity

In this section, we will consider the stability problem wherever the exponent is a positive
multiplicity sequence A = {\,, u, }52,, here p,, — oo is allowed. We need some definitions
and auxiliary results from [11].

Definition 3.1 If a real positive sequence A = {a,,} satisfies for some positive constant
¢ the spacing condition a,11 —a, > c for all n > 1 and lim in = D > 0, then we say it
belongs to the class L(c, D). o

Definition 3.2 Let the sequence A€L(c, D) and «, 3 be real positive numbers such
that a + 5 < 1. We say that a sequence B = {b,}>>, with real positive terms b,,, not

necessarily in an increasing order, belongs to the class A, g if for all n € N, we have
by €{z:]z—a,| <al},

and for all m # n one of the following holds

(i) by = by

(i) [by — bn| > max{e=m, e~}

We may write B in the form of a multiplicity sequence A = {\,, i, }52,, by grouping
together all those terms that have the same modulus, and ordering them so that A\, < A1,
this form of B is called as {\, p} reordering (see [11]).

Theorem 3.1 Let a(t) be a nonnegative convex on R satisfying (1.1). Suppose two
sequences of positive numbers A = {\,, p, 152, and I' = {7y, un }02, are {\, pu} reordering
of two positive sequence defined in Definition 3.1 and Definition 3.2, furthermore, suppose
there exist a decreasing function (3 : [0,400) — (0,400) and a positive sequence {t,,} that

is linked with the sequences such that

A — Ynl < tn,m=1,2,--- and Z pnty, < B(r),r >0, (3.1)
[An|>7

then M(A) and M(T") are complete or incomplete in C, simultaneously.

Before we prove Theorem 3.1, we should establish a proposition which is similar to
Proposition 2.1. And we will use the following result from [11].

Lemma 3.1 (see [11]) Let A€L(c, D), B€A, 3 and A = {\,, 1, }02; be its {\, u}

reordering. Then the function

ad b — Z 2z s A — 2\ Hn 2zun
(Z) nUl bn + z “ 'rE[l )\n + o © ( )

is analytic in the right half-plane C, , and vanishes exactly on the sequence A = {\,,, 1, }22 ;.

With r = |z] and x = Rz, for some positive constant A, we have
|G(2)] < exp{zox(r) + Az}, (3.3)

where o5 (r) =2 ) £=. The following proposition is a modified version of Proposition 2.1.
An<r
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Proposition 3.1 Let G(z) be a function analytic in the right half-plane C, which is
defined in (3.2) and vanishes exactly on the sequence A = {\,, i, }2° ,, which is the {\, u}
reordering of some positive sequence defined in Definition 3.1 and Definition 3.2. Given a
decreasing function g : [0,+00) — (0,4+00), we can find a function G;(z) analytic in the
right half-plane C, with the sequence of zeros I' = {~,,, u,, }2°; which is the {\, u} reordering
of a positive sequence satisfying Definition 3.1 and Definition 3.2, furthermore, we can find

a positive sequence {t,} that is linked with the sequence such that (3.1) is satisfied and for
all ze CL\ UJ DA, tn)

n=1
1 1
llog |G(=)] — log |G ()] gA(m+W+x). (3.4)
Proof The proof is a modification of the one for Proposition 2.1. By the properties
of the zeros of G(z), we can choose a sequence of strict positive numbers {t,} such that the
disks D(A,,t,) are mutually disjoint and (3.4) is satisfied. We can also select strict positive

number d,, such that

d, < %" and Zl,undn)\n < 0. (3.5)

We will estimate the sum of differences z € C;\ |J D\, tn),

n=1
1
> nen(z) = Zun(log =

1-1-)\%

lo‘l_’yz"‘—i—Qx 2x>
S P A

An upper bound for e, (z) is obtained as follows:

Z— Ay Z— Yn 2x 2z
en(2) o8 zZ4+ A z+Yn A Tn
2(Yn — An)z 2r  2x
= log|l+ — - —
(z+ )z — V) A Tn
(Z + )‘n)(z - ’Yn) AnYn .

For z € C; and A, > 0, we have |z + \,| > |z — A,|. If we choose a positive sequence
2d,, < tp, then |z —v,| > |2 — A\u| — |7 — An| > %, thus
4|z|d,, 2xd,
en(2) < :
‘Z - )‘nP AnYn

(3.6)

A similar upper bound for —e, (z) is also obtained in the following estimate
2x n 2x
An T

2 2x

zZ— Ap Z— Yn

z24+ Ay Z+Yn

2(An — )7

- )‘n)(z =+ ’Yn) A Yn
2(An — )2 2| A — nl

(2 = An)(z + ) Antn

+ log

~ea(z) = —log|

log ’1 +
(z
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For z € C, and 7, > 0, we have |z+~,| > |z —7x.|. If we choose a positive sequence 2d,, < t,,
then |z — v, > |2 — A\nl — |70 — An| = ‘Z_27)W|7 thus

4|z|d,, 2xd,
— < . .
en(Z) o ‘Z - )‘n‘z /\7L7n (3 7)
By (3.6) and (3.7), for all z € C.\ | D(An,tn),
n=1
By (3.5), we have
2 2,d
3.9
The first term in (3.8) can be estimated as follows
42| pndp 4)2|pndp 41| pndy
Zieifm®n o - il Ukt Zi=iimTn
Z\Z—)\nP - Z )\n|2+ Z Z—)\n|2
" IAnlz 15 Anl<l3
42| pndn 42| pndy
<y et ddd
|z=Anl 215 Anl2 5
By
4)z|pnd,, 42| pnd, 24, d,,
o Uk ol NP Zleintn - Z Pnomn
Z |Z_)\n|2 — Z (ﬂ)z _Z |Z‘ ’
|z=An|> 15 le—An|>12l 12 n
4| z|pnd,, 2% Xy | i,
pRJECTIR ST
An|z 15 "
(3.8) and (3.9), we have
11 =
S talen(z)| < A(m top T x) 2 e CA\ | DO, ta), (3.10)
n n=1

AnYn ?

where A = max{z 2tndn 95 Z pndn A}
n= =1

To conclude the proof, we use representation (3.2) of G(z). By Lemma 3.1 and the
conditions imposed on I', we can define a function G(z) in the form of (3.2)

ﬁ (z - %)#" 2un
= m
SN2+ T ’

which is analytic in the right half-plane C, = {z = z + iy : © > 0} and vanishes exactly on
the sequence A = {\,, un }22 ;. According to (3.10), estimate (3.4) is satisfied for G(z) and
G1<Z).
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With an application of Proposition 3.1, we can prove Theorem 3.1. The proof of Theo-
rem 3.1 is similar to Theorem 2.1 which is again the proof of the main result in [1].

Proof of Theorem 3.1 To prove M(A) and M(T") are complete or incomplete in C,
simultaneously, it suffices to prove that incompleteness of any of the two systems implies
incompleteness of the other. To achieve this, we just need to repeat the proof in [1] word by
word.

We assume that M(A) is incomplete in C,,. From [1], we know that the incompleteness
of M(A) in C, is equivalent to the existence of a non-trivial function g(z) analytic in the
right half-plane C, which vanishes on some sequence T D A = {\,,, 1, }72; and is defined
by

G(Z)N exp{—gi1(z) — Nz — N}, (3.11)

9(z) = m

where N is a large positive integer, G(z) is defined by (3.2), and g;(z) is analytic in the right
half-plane, satisfying

+oo
Rgy (2) = % /_ ) $2+“0((;)_t)2dt, (3.12)
©(t) is an even function such that ¢(t) = a(ox(t) — a) for some a € R and all t > 0, where
oa(t) is defined in Lemma 3.1.

Suppose (3.1) is satisfied for some positive sequence I' = {v,, p,}2°; which is the
{A\, u} reordering of a positive sequence defined in Definition 3.1 and Definition 3.2. By
(3.8), we know that we can find a non-trivial analytic in the right half-plane whose real part
is defined in (3.12). Replace G(z) with G;(z) which is defined in Proposition 3.1, we can get
a function analytic in the right half-plane, which vanishes on I" = {v,,, ., }°2; and satisfies
(3.11), wherever the function or(t) defined in Lemma 3.1 has the same growth as Ax ().
This implies the incompleteness of M(I") in C,.
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