Vol. 38 ( 2018)
No. 1 J. of Math. (PRC)

THE NEHARI MANIFOLD FOR A QUSILINEAR
SUB-ELLIPTIC EQUATION WITH A SIGN-CHANGING
WEIGHT FUNCTION ON THE HEISENBERG GROUP

CHEN Nan-bo, TU Qiang
(School of Mathematics and Statistics, Wuhan University, Wuhan 430072, C’hma)
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1 Introduction

In this paper, we shall discuss the existence and multiplicity of non-negative solutions
for the following nonlinear boundary value problem

—Agpu = Af()|ulP"?u+ g()u]"u  in Q; (1.1)
u(§) =0 on 09, (1.2)

where Q is a bounded region with smooth boundary in HY, 1 < p < r < é’—?p, A > 0is areal

parameter and f, g : {2 — R are given functions which change sign on 2, i.e. f, g are indefinite

weight functions. We assume that f(€), g(£) € L®(Q), {u € Dy*(Q) : / f(&)|ulPdg > 0} #
Q

P and {u € DP(Q) : / g(&)|ul"d¢ > 0} # 0.

Q
Problems (1.1)—(1.2) are studied in connection with the corresponding eigenvalue prob-
lem for the p-sub-Laplacian

(1.3)

—Agpu=Af(E)uf?u  in Q;
u=20 on 0f}.
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Over the recent past decade, several authors used the Nehari manifold and fibering maps
(i.e., maps of the form ¢t — Jy(tu), where J, is the Euler function associated to the equation)
to solve semilinear and quasilinear problems (see [3-9, 12]). By the fibering method, Drabek
and Pohozaev [9], Bozhkov and Mitidieri [12] studied respectively the existence of multiple

solutions to the following p-Laplacian equation

{ —Apu=Af(@)|[uf~2u+ g(z)|u"2u  inQ; (1.4)

u=~0 on 0N).

In [6], from the viewpoint of the Nehari manifold, the authors studied the following

subcritical semilinear elliptic equation with a sign-changing weight function

—Au=\f(z)u+g(z)lul""?u  inQ; (15)
u=0 on 01, '
where 2 < r < 1\2,—1_\[2, A is constant, and f(z),g(z) are smooth functions which may change

sign in €. Exploiting the relationship between the Nehari manifold and fibering maps, they
gave an interesting explanation of the well-known bifurcation result. In fact, the nature of
the Nehari manifold changes as the parameter \ crosses the bifurcation value. In [8], the
author dealt with the similar problem for the case 1 < r < 2 and discussed the existence
and multiplicity of non-negative solutions of (1.5) from a variational viewpoint making use
of the Nehari manifold.

The Dirichlet problems (1.1)-(1.2) on the Heisenberg group is a natural generalization
of the classical problem on R” see [6-11] and their references. It is well known that (1.4)
and (1.5) are counterparts of (1.1)—(1.2) in RY. In this work, we use a variational method
which is similar to the fibering method (see [9]) to prove the existence and multiplicity of
positive weak solution for problems (1.1)—(1.2), particularly, by using the method of [6].

This paper, except for the introduction, is divided into four sections. In Section 2, we
firstly recall some basic facts and necessary known results on the Heisenberg group, and then
we consider the eigenvalue problem (1.3). In Section 3, we focus on the Nehari manifold
and the connection between the Nehari manifold and the fibrering maps. In Section 4, we
discuss the Nehari manifold when A < A;(f) and show how the behaviour of the manifold as

A — A7 (f) depends on the sign of / g(&)@7 d€. In Section 5, using the properties of Nehari

Q
manifold we give simple proofs of the existence of two positive solutions.

2 Notations and Preliminaries

Let & = (21, TN, Y1, YN, t) = (z,9,t) = (2,t) € R*NF! with N > 1. The

R2N+1

Heisenberg group HY is the set equipped with the group law

(x,y,t)o (2", ¢, t") = (x+ 2", y+ ¢, t+t'+2({2, y) — (z, V))),

where (-, -) denotes the inner product in RY. This group multiplication endows HY with a
structure of a Lie group. A family of dilations on HY is defined as §,(z,y,t) = (7, Ty, 7°t),
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7 > 0. The homogeneous dimension with respect to dilations is @ = 2N + 2. The sub-
Laplacian Ay is obtained from the vector fields X; = 0,, + 2y,0;, Y; = 0y, — 22,0, © =
1,--- )N, as

N
Ag:=Vg-Ve=)» X;0X;+YioY, (2.1)
1=1
ie.,
N
Ag = 02 +02 +49:0:,0, — 42,0,,0, + 42} + 1)}, (2.2)

i=1
where Vp is the 2n-vector (Xy, -+, Xy, Y1, -+, Yn).
For p > 1, the sub-p-Laplacian Ay, is defined as

Ag, = Ve(|Va[P2Vgu) . (2.3)

For more details concerning the Heisenberg group, see [1, 2].
The space Dy?(Q) is defined as the closure of C5°(Q) under the norm

= ( [ 1vaurac)
Q

For notational convenience, we denote X := D () and define the norm in LP(2) by ||u][,.
The following lemma will be referred to as the Folland-Stein embedding theorem.
Lemma 2.1 (see [19]) Let Q € HY be a bounded domain. Then the following inclusion

is compact
1,p q pQ
Dy*(Q) cC LY(Q) for 1<qg< =——.
Q-p
According to the continuity of the Nemytskii operator (see [20, 22]) and Lemma 2.1,
f € L*>(Q) implies that

(f) the functional
we [ Ol
Q

is weakly continuous on X.
Analogously, it follows from g € L>(2) and 1 < r < é’—?p that
(g) the functional

UH/mmW&
Q

is weakly continuous on X.
Now, we consider the nonlinear eigenvalue problem (1.3). This eigenvalue problem is
also of independent interest (see [13—-15]). Set

Hw=AWmﬁm.Mmzth?m%AﬂMW%=H~
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From the definition of the space Dé’p (Q), it is obvious that I is coercive and weakly lower
semi-continuous. We have the following theorem.

Theorem 2.1 If 1 < p < @ and f(&) satisfies the conditions above, then

(i) there exists the first positive eigenvalue A;(f) of (1.3) which is variationally expressed

as

M (f) = o I(u); (2.4)

(i1) A1(f) is simple, i.e., the eigenfunctions associated to A;(f) are merely a constant
multiple of each other;

(iii) A1(f) is unique, i.e., if v > 0 is an eigenfunction associated with an eigenvalue A
with / f(&)|v|PdE =1, then A = A\{(f).
Q
A key point of the proof of Theorem 2.1 lies on the following lemma.

Lemma 2.2 (see [16]) Let v > 0 and v > 0 be differentiable functions on Q c HY,
where € is a bounded or unbounded domain in HY. Then we have

L(u,v) = R(u,v) >0, (2.5)
where
uP upP™! 5
L(u,v) = |Vgul|’ + (p — 1)v—p\VHU|p g v |Vav|P~*Vyu - Vg,
P
R(u,v) = [Viul? — [ Ve > Vas(r) - Vo

for p > 1. Moreover, L(u,v) = 0 a.e. on Q if and only if Vg(%) = 0 a.e. on Q.

A direct consequence of Theorem 2.1 is

Corollary 2.1 If1 <p < Q,0< X< A (f) and f(§) satisfies the conditions above,
then the eigenvalue problem

Dy — MOl = pluf~tu i Q; 26
u=0 on 02 '
has the first positive eigenvalue p1(\) which is variationally expressed as
i) = inf [ (Vs = Af©lul)de. (2.7)
ueM(1) Q

Moreover, p1(A) is simple and unique.

3 The Nehari Manifold

The Euler-Lagrange functional associated with (1.1)—(1.2) is

1 pae A pae_ X .
) = [ 1vaupac=2 [ a1 [ sl de (3.1)
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for all w € X. J, may be not bounded from below on whole X, since p < r. In order to

obtain existence results in this case, we introduce the Nehari manifold
N ={ue X : (Jy(u),u) =0},

where(, ) denotes the usual duality between X and X*. Thus u € N'()) if and only if

/ Vaul? dé — A / F(E)lul? de — / 9(©)lul" e = 0.
Q Q Q

Clearly A/(\) is a much smaller set than X and, as we will see below, J is much better
behaved on A/(\). In particular, on A(\) we have that
W) = G = 1) [ (Taul? = Aflul)a = = 3) [ ghulag (3.2
u)=(-—- ul? — Aflu =(=—==) [ glu|"d§. .
* p 7T Ja B p 7T Ja
The Nehari manifold is closely linked to the behaviour of the functions of the form
¢u 2t — Jy(tu) (t > 0). Such maps are known as fibrering maps and were introduced by
Drabek and Pohozaev in [9]. They were also discussed in [6] and [8]. If u € X, we have

r P
0ut) = [ 1V =2 f@lud = [ gt ic, (33
ou0) = [ Vs =X p©lurlde - [ gl (3.4)

$ult) = (p— "~ /Q (IVaul” = Af()]ul] d§ — (r — 1)t"_2/99(£)IUI7'd£- (3.5)

It is easy to see that u € N()) if and only if ¢/ (1) = 0. More generally, ¢,(t) = 0 if and
only if tu € N()), i.e., elements in N (\) correspond to stationary points of fibering maps.
Thus it is natural to subdivide N'()) into sets corresponding to local minima, local maxima
and points of inflection, respectively. It follows from (3.4) and (3.5) that, ¢/,(¢) = 0 implies

G1(t) = (p— r)iP> /Q (Veul? — AF(©)]ul?] dé = (p — )t / g©llde.  (36)

Q

Thus we define
NF(N) = {ue NV - / 9(©)|ul"de < 0},
NN = {u e N - / o(©)lul"de > 0},

AP = fue N+ | g(€)lulde =)
Q
so that NT(X), N=(\), N°(\) correspond to minima, maxima and points of inflection,

respectively.
Let uw € X. Then
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(i) if / [[VaulP — Af(&)|ulP] d and /g({)u|rd§ have the same sign, ¢, has exactly
Q

Q
one turning point at
_1
r—p

/ Vsl — AF(©)]ul?] de
) = | 22 7

JRGIIRE
Q
this turning point is a minimum (maximum) so that t(u)u € NT(X) (N~ (A)) if and only if

/Q 9(©)|ul" € < 0(> 0);

(ii) if/ [|Vaul? — Af(€)|ul?P] d§ and / 9(&)|u|"d¢ have opposite sign, ¢,, has no turning
Q Q
points and so no multiples of u lie in N'(A).
Hence we define

L7 ={ueX:ul=1, / (IVaul” = Af(&)[ul]d§ > 0},

Q

BY = {ue X :lu| =1, / 9(©)|ul"dé > 0}. (3.7)
Q

Analogously we can define £~, £° B~, B® by replacing ‘> 0’ in (3.7) by ‘< 0’ or ‘=07,
respectively. Then we have

(i) if u € LY N BT, then the fibering map ¢,, has a unique critical point which is a local
maximum. Moreover, t(u)u € N'~(\);

(i) if w € L7 NB~, then the fibering map ¢, has a unique critical point which is a local
minimum. Moreover, t(u)u € Nt (\);

(iii) if w € L7 N B, then the fibering map ¢, is strictly increasing and no multiple of
u lies in N'(A);

(iv) if u € L~ N B*, then the fibering map ¢, is strictly decreasing and no multiple of
u lies in N'(X).
Thus the following theorem holds.

Theorem 3.1 If u € X\{0}, then

(a) a multiple of u lies in N~ (A) if and only if % lies in LT N BT;

(b) a multiple of u lies in Nt (A) if and only if % liesin L~ NB~;

(¢) no multiple of u lies in N(\) ifue LY NB~ oru e L™ NBT.

The following lemma was stated in [6] (see also [17]) which showed that minimizers on
N (X) are also critical points for Jy on X.

Lemma 3.1 Suppose that v is a local maximum or minimum for Jy on AV/(A\). Then

if ug € NY(N), ug is a critical point of Jj.
4 The Case When \ < \((f)

In this section, we discuss the Nehari manifold when A < A;(f) and show how the be-

haviour of the manifold as A — A7 (f) depends on the sign of / g(§)d1dE. As a consequence,
Q
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we obtain that equations (1.1)—(1.2) have at least one positive solution in this case.
Suppose 0 < A < A((f). Tt follows from (2.7) that there exists §(A) > 0 such that

/Q(IVHUI” — A (ul?)dE = 5(A)[[ul]”, Vu e X. (4.1)

Thus by (4.1), we have

Lemma 4.1 If 1 <X < A(f), then £, £° and N (\) are empty and N°()\) = {0}.
Moreover, N~ (A\) = {t(u)u : u € BT} and N (A) = N~ (X\) N {0}.

We now investigate the behavior of Jy on N~ ()). In view of the preceding lemma, we

have
Theorem 4.1 If 0 < A < A\{(f), then ji\;lf(/\) Jr(u) > 0.
ueN —

Proof By (3.2) and the structure of N~ (\), we easily obtain Jy(u) > 0 whenever
u € N7()) and so Jy(u) is bounded from below by 0 on N~=()\). Let v € N ~()), then

/ Vel — AF(©)lol?] de
Q

T=p

v = € LT N BT and u = t(v)v where t(v) = . Denote
[ slorae
Q
b* =supg(&) and K /7 is a Folland-Stein embedding constant. Then b* > 0 and
£eq
[ s@lorrds <v [ ora <Kl =k (12)
Q Q

Combining (4.1) and (4.2), it yields that

I(0) = B{H(0)o) = (= 1)) [ (Vaol = Aol

1 1

([ avaur - asmomae) ™ 1w

(o)™ 77007
Q

Next, we will show that there exists a minimizer on N~ () which is a critical point of

bR

)

and inf Jy(u) > 0.
ueEN —(N)

Jy and also a nontrivial solution of (1.1)—(1.2).

Theorem 4.2 If 0 < A < A\ (f), then there exists a minimizer of J, on N~ (A) which
is a critical point of J).

Proof Let {u,,} C N7 ()\) be a minimizing sequence, i.e.,

lim Jy(un) = inf Jy(u).

m—oco weN =)
Using (3.2) and (4.1), we obtain

1
- Vitim|? — Mf |, [P)dE >
>/Q<|Hu| Flum|?)de > (

Talum) = (=

JLICV]IK (4.3)

S|

1
p
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thus the sequence {u,,} is bounded in X, and so we may assume passing to a subsequence
that u,, — ug in X. Since

In(um) = ( )l [I”

1 11
- 7) / g|um‘rd§ S b K(f
T Ja

p

=

together with (4.3) implies that ||u,,| > ¢ for some € > 0. Using (4.3) again, we deduce that

Ao D500 < tim Sy (uy) = Tim (2 — 1)/g|um|’“d5 @3- 1)/g|u0|’“dg,
T Ja r Ja

p T m— o0 m— o0 p p

which implies that ug # 0. By (4.1), we get

/ (IVauo|? — Aflug|?)dE > 6(N)||uo|” > 0. (4.4)
Q

Hence - ¢ Lt N BT.

llwoll

We claim that u, — wuo in X. Suppose the contradiction, then we have [|ug| <
liminf ||w,,|. Together with (f) and (g) in Section 2, it yields

/ (IVmuol? — A fluol? — gluo|")d€ < liminf/ (IVaum|? — Afum|? — glum|")dE =0,
Q mTee Ja

which means ¢;, (1) = / (IVmuol? — X fluol|? — gluo|™) d€ < 0. Since
Q

br, (1) = ! </ (IVeuo|” = A fluo|?) d§ — tr_p/ 9|u0|rd§> )
Q Q

it follows from (4.4) that ¢, () > 0 for ¢ sufficiently small. Then there exists 0 < o < 1
such that ¢}, (a) =0, i.e., auyg € N~ (X). In virtue of u,, € N~ (A), we conclude that ¢,,, (t)

attains its maximum at ¢ = 1. Hence
J)\(tum) = ¢um (t) < ¢um(1) = J)\(Um)a vt > 07
and Jy(aum,) < Jx(um). Note that cu,, — auy and |lug|| < liminf ||u,,||, we obtain

Ia(aup) <liminf Jy(auy,) < lim Jy(u,) = iof

m— oo m— oo u€ (

N JIx (u) )

i.e., it is a contradiction. Therefore u,, — ug in X. This implies that

/ (IVauol” — Afluol” — gluo|")d§ =0 (4.5)
Q
and

Ia(ug) = 7711_r)noo () = ue/i\?*f(A) Ja(u). (4.6)

From (4.5), (4.4) and (4.6), we conclude that g is a minimizer for Jy, on N~ ()). Since
/g(£)|u0|rd§ >0, up ¢ N°(\). By Lemma 3.1 uq is a critical point of Jy. Since Jy(|u|) =
Q

Jx(u), by applying Harnack inequality [18], we may assume that ug is positive.
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As a direct consequence of Theorem 4.2, we obtain the following existence theorem.
Theorem 4.3  Equations (1.1)—(1.2) have at least one positive solution whenever
0 <A< A(f).

We conclude this section by proving some properties of the branch of solutions bifur-

cated from A;(f) whenever the condition / g(&)@t dé > 0 is satisfied. The case where
Q

/ 9(&)@t d¢ < 0 which gives rise to multiple solutions when A > A;(f) will be discussed in

Q
the next section.
Theorem 4.4 Suppose / g9(&)@} d€ > 0. Then
Q
i lim inf  Jy(u) =0;
() ,\_V\;(f)ueN*(,\) A( )
(i) if A, — A (f) and w,, is a minimizer of Jy, on N~ (\) (we may assume that

Uy, > 0), then lim wu,, = 0. Moreover, lim ™= = ¢;.

Proof (i) We may assume, without loss of generality, that ||¢;|| = 1. Since / g(&) o] d€ >
Q
0 and A < A;(f), we have ¢; € LT N B*. Hence t(¢1)p1 € N~ (N), where

/ (Vaor? — Af©)e)de | / eyenae |
Q

Hor) = ~ ou -
/Q o(©)prde / o(©)prde

Therefore we have

Ito0n) = = 1) [ a@ltenalas

o ([ o)™

== )af) =N :

v ( /Q g<§>¢§d§>

— 0, asA— A7 (f).

Since 0 < ji\l;lfm Jx(u) < Jx(t(é1)¢1), it follows from the above relation that
ueN—

lim inf  Jy(u)=0.
A—»A;(f)uGN’()\) )‘< )

(ii) First, we show that every minimizing sequence {u,, } on N~ (\) is bounded. Suppose

U
llem

otherwise, then we may assume without loss of generality that ||u,,| — co. Let v, =

we may assume that v, — vy in X. By (f) and (g), we have

Jim [ f@pde = [ f©lpde tm [ g@o, e = [ o©plds.

Using (i), we obtain

11 »_ w e = (21 wn |7dE = Ty () —
=) [ (Tl = A ) = & = 1) [ Ol = T (1) =0

p 1 Ja
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as m — oo. Divided by |u,,||P, we have

m— 00

m f ([Vavm]” = An f(§)|vm|?)dE = 0, lim ||um||’”p/9(€)|vmrd§=0-
Q m—0o0 Q

Hence / g(&)|vo]"d€ = lim / 9(&)|vm|"dé = 0. Now we show that v, — vy in X. Suppose
Q m—eeJa

not, and then

[ (s = 2@l <t [ (Vavn? = A @lonl)dg =0, (@7)
Q Q

which is a contradiction for (2.4). Hence v,, — vy in X. Thus we have

[ (a0l = 2 ©lua)de = tim [ (Vs = A (©)lon )t =0.
Q Q

Since ||v,, || = 1, we have ||vg|| = 1. It then follows from Theorem 2.1 that vy = ¢; and

/ 9(€)d7de = / 9(E)|vo|"dE =0,
Q Q

a contradiction. Therefore {u, } is bounded.
Thus we may assume, without loss of generality, that u,, — ug. Then by analogous

argument above on {u,,}, it follows that u,, — ug and uy = 0. Moreover "—’"| — ¢1 and so

Pl |

the proof is complete.

5 The Case When \ > \((f)

In this section, with the properties of Nehari manifold, we shall give simple proofs of
the existence of two positive solutions, one in N~ (\) and the other in N'T(X).
If A > A (f), then

/ (Vi |P — AF(E)2)dE = (M (f) — ) / F(&)dhde < 0.
Q Q

This yields ¢, € L~. Hence, ¢; € L~ N B~ and N(\) # 0 if / g(&)@id¢ < 0. As we shall

Q
see, N'(\) may consist of two distinct components. Problems (1.1)—(1.2) have at least two
positive solutions, if we show that J, has an appropriate minimizer on each component.

The following lemma provides a useful property of the positive solutions to our problem.

Lemma 5.1 Suppose / g(&)#hde < 0. Then there exists § > 0 such that £~ NB+ = ()

Q
whenever A\ (f) <X < A\ (f) +0.
Proof Suppose that the result is false. Then there exist sequences {\,,} and {u,,}
such that ||u,,|| =1, A,y — A (f) and

/ (V0 l? — A f () ?)dE < 0. / 9(©) | dE > 0. (5.1)
Q Q
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Since {u,,} is bounded, we assume without loss of generality that u,, — uo in X.
We now show that u,, — uo in X. Suppose otherwise, then |[ug|| < liminf ||u,,|| and (f)
implies that

/ (|VHUO|p - )\1<f)f|U0|p)d§ < hmlnf/ (|VHum|p — )\mf|um|p)d§ S 0,
Q m—ee Ja

which is a contradiction to (2.4). It follows from (5.1), (f) and (g) that
0 [ (Fauol = A ual)de <0,
Q

) [ o(©luolde > .
Using (i) gnd Theorem 2.1, we obtain ug = k¢, for some constant k. Hence, from (ii) we
deduce that k& = 0 which is impossible as ||uo|| = 1.

We next show that, if £~ N B+ = (), it is possible to obtain more information about the
nature of the Nehari manifold.

Theorem 5.1 Suppose £~ N B+ = (), then

() N°() = {0};

(i) 0 ¢ N=(X) and N~ ()) is closed;
(iit) A ~(\) and NF(\) are separated, i.e., N~ (A\) NN+ (\) = 0;
(iv) NT(X) is bounded.

Proof (i) Suppose ug € N?(A)\{0}, then po; € L2°NB° C L° N B+ = . Hence
N°(N) = {0}.

(ii) Suppose 0 € N—=()), then there exists {u,,} € N~ (\) such that u,, — 0 in X.
Hence

0< / (st — AF(E) ) = / 9(E) || dé — 0.

Let v, = ”Z—"‘ then we may assume that v,,, — vg in X. Clearly

mll”?

0< / (V0m? — AF(©) [P dE = [t / 9(©)loml"de — 0.
¢

Thus by (f), we have

0= lim [ (Vaval? = AflonP)dg =1 tim A [ flonlrag =1- 2 [ floopac,
Q m—eo Q Q

m—00

and then vy # 0. Moreover, by the weak lower semicontinuity of the norm and (f), we get

/ (IVavol? — Aflvol?)de < lim / (IVagoml? — Aflom|P)dé = 0,
Q m—=oo Jq

llvoll

and then - € LU L. Since /g(§)|vm|’”d§ > 0, it follows that /g(§)|v0|’”d§ > 0 and
Q Q

. Hence %= € £~ N B¥, and this is a contradiction. Thus 0 ¢ N~ ()).

+
llvoll

By (i), N=(A) C N=(A\) UN°(N\) = N~ (N) U{0}. Since 0 ¢ N—(A), it follows that
N=(A) =N~(N), i.e., N=(A) is closed.
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(ifi) By (i) and (ii),

NN NN SN NWFA)UN ) = V(N NNFA) U WA\ n{o}) =0,

and then N~ (\) and N ()) are separated.
(iv) Suppose that N ()) is unbounded, then there exists {u,,} € NT(X) such that
||| — 0o as m — oo. By definition,

/ (st ]? — AF(E) ) = / 9(©)lun|dé < 0.
Q Q

Let v, = According to the above formula, we get

||u T

/Q(|Vva|” — Af(&)om|")dE = HumVP/Qg(g)vdeg. (5-2)

We can assume that v, — v in X. Since the left-hand side (L.h.s) of (5.2) is bounded but
||t || — o0, it follows that hm / &)|vm|"d€ = 0. Then (g) implies / g(&)|vo|"dE = 0.

Now we prove that v,, — vy in X. Suppose otherwise, then |vy| < hm 1nf ||| and

/ (IVivo|? — Mf|volP)dé < lim / (IVi0m]? — Af|om|?)de < 0.
Q m—00 Q

Thus HZSH € £~ N BT which is impossible. Hence v,, — vg in X.
Since v,, — vg, we have ||vg| = 1. Hence vy € B° and moreover vy € BT. By (f), we

have

/ (Vavol? — Affuol?)de = lim / (Vioml? — Aflom|P)de <0,
Q m—oo Jq

and then vy € £=. Thus vy € L~ N BT which is again impossible. Hence Nt ()) is bounded.

When N~ (\) and N (\) are separated and N°(\) = {0}, any non-zero minimizer for
Jyon N~ (A\) (or on N T(A) ) is also a local minimizer on A ()\) which is a critical point for
Jx on N(\) and a solution of (1.1)—(1.2).

Theorem 5.2 Suppose L~ N B+ = (). Then

(i) every minimizing sequence for Jy on N/~ ()\) is bounded;

(i) infuen—ny Ia(uw) > 0;

(iii) there exists a minimizer of Jy on N~ (\).

Proof (i) Suppose that {u,,} € N7()) is a minimizing sequence of J . Then

(Tl = AF©lun e = [ @l l"de —c. 6.3
Q Q
where ¢ > 0.

Assume that {uy,} is unbounded, i.e., [[um| — oo as m — oo. Let v;, = =g Divided

(5.3) by [|uml||P gives

/ (IVavm " = Af()|vm|")dE = ||um|"_”/ 9()|vm|"dE . (5.4)
Q Q
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Since |Jv,,|| = 1, we may assume that v,, — v in X. Since the L.h.s of (5.4) is bounded, it
follows that lim / 9(&)|vm|"d€ = 0 and therefore / 9(&)|vo|"dE = 0.
m—00 Q

Q
We now show that v,,, — vy in X. Suppose otherwise, then

/ (IVavol” — Aflvol?)dé < lim / (IVavm|” = Af[vm[P)de = 0.
Q m—eo Jo

Thus vy # 0 and ”22” € £~ N B° which is impossible. Hence v,, — vy in X. It follows that

|lvo|| = 1. Moreover, by (f)

/ (Vsv0l? — Afluo]?)de = / glu|"de = 0.
Q Q

This implies that vy € £°N B° which contradicts to the assumption £~ N B+ = 0. Hence u,,
is bounded.
ii) Si J >0 on N~ ()), h inf J >0.9S inf J =0.
(ii) Since Jy(u) on (A), we have uejl&l_(}\) Au) > uppose ue.}\?_(/\) A(u)

Let {u,,} € N~ ()\) is a minimizing sequence, then

[ (et = Mlunle = [ glunlde = (= 1)) — 0.
Q Q

bR

By (i) we know that {u,,} is bounded and we may suppose u,, — uo in X. By using exactly
the same argument on {v,,} in (i), it may be shown that w,, — uo in X. By Theorem 5.1
we know that 0 ¢ N'=(A) and so uy # 0. It then follows exactly as in the proof in (i) that
T € £°N B° and this contradicts the assumption £~ N B+ = .

(iii) Let {u,} € N7(A) is a minimizing sequence of Jy , then

) = G = 1) [ (Fatl? = AT (€ )
11 . .
~G =) [ oOulde— nt I >0

and then

/ (Vs P — Aot ) = / glumlde — (2= 171 it L) > 0.
Q Q b

r ueN = (N)
By (i) we know that {u,,} is bounded. We may assume that w,, — ug in X. Then by (g), we

have / 9(&)|u|"dé = lim /g(§)|um|’"d§ >0 and so ity € BF. Since (L°ULT)NBT =0,
Q m= Jo ’

it follows that ~¢- € Bt C £*. Hence

llwoll

Hziz” (S B+ N £+ and / (|VH’LL(]|p - )\f|U0|p)d§ > 0.
Q

/Q (Vistiol? — AF(E)|uol?)de
/ 96 uo|"d

Q

Furthermore, we have ¢(ug)ug € N~ (\) where t(ug) =
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We will show that u,, — ug in X. Suppose not, then

[ (sl = s @luayie <t [ (Tl = Al
Q Q
= 1i m| d€ = "dg
Jim [ @l de = [ g()lualic

s0 t(ug) < 1. Since t(ug)u,, — t(ug)up and the map ¢ — Jy(tu,,) attains its maximum value
at t = 1, we obtain

Ia(t(ug)ug) < liminf Jy (t(uo)uy,) < lim Jy(uy,) = ji\lflf(A) Ja(u),
m—oo m—o0 ueN —

a contradiction. Hence u,, — ug.
We can easily deduce that

/ (Vistol? — AF(E)luol?)de = / 9(©)luol"d
Q Q

and therefore ug € N'(X). Since / g(&)|ug|"d€ > 0, ug € N~ (). Also

Q

J = 1 J m) = i f J 5
A(uo) = limJy(um) Lo Aw)
which implies ug is a minimizer for Jy(u) on N~ ().
We now turn our attention to /().
Theorem 5.3 Suppose £~ is non-empty and £~ NB+ = (), then there exists a minimizer
of Jy(u) on Nt(N).
Proof Since L~ N Bt = (), then L~ NB~ = L~ # () and so N*(\) # (). Denote
by = gngg(g). Then N (X) # 0 implies that by < 0. As N'*T(\) is bounded, there exists
€
M > 0 such that |lul]] < M for all u € NT()\). Hence by Lemma 1.2, for u € N (}), we
obtain

I = (=) [ alurde> (= Dot [ e

1 1
Yoo K ||ul|” > (]; — ;)bOKM”.

S| 3|

1
p
>
p

It follows that Jy(u) is bounded from below on Nt (\) and Ji\I[lf(/\) Jx(u) exists. Clearly
ue

}\Iflf()\) Jx(u) < 0. Suppose that {u,} C Nt (N) is a minimizing sequence of Jy , then
ue

11 - o
Tm) = (5= 1) / (Vs — A () )

YL / GOunlde — i Jy(u) <0

ueN+(N)
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as m — oo. Since N7 ()\) is bounded, we may assume wu,, — ug in X. Then by (g) and (f),

we have

[ s©lulras = tim_ [ @)l lde <0
Q Q

and

[ (ol = Af(@uolde < i [ (Faunl? = AF©lun )€ <0,
Q Q

Hence %2 € L~ N B~ and t(ug)ug € NT(N).

lluoll

Suppose U, / ug in X. Then we get
[ (sl = Af©lunl )i < tim [ (Vanl? = Al e
Q m—oe Ja

= lim [ g(&)lun|"de = / 9(&) ol de
Q Q

1

—

(IVauo|” = Af(&)luo|”)dE

S~

and t(ug) = > 1. It follows that Jy(t(uo)ug) < Jx(ug) <
[ s©lulras
n}iinoo I () = ueji\%(;tb\(u) and this is impossible. Hence u,, — uo in X. We thus deduce
that
[ (sl =A@ luaPyie = [ g(lualic <o.
which shows ug € N1 (\) and then Jy(up) = lim Jy(un,) = inf Jy(u). Hence ug is a

m— o0 uEN+()\)
minimizer for Jy(u) on N'T(X)

Corollary 5.1 Suppose /g(ﬁ)qﬁ]‘dﬁ < 0 and ¢ is as in Lemma 5.1. Then equations

(1.1)—(1.2) have at least two posiffcive solutions whenever A\;(f) < A < A\ (f) + 9.

Proof Since A > Ai(f), we have that ¢; € L~. By Theorems 5.2 and 5.3, there exist
minimizers u} and uy of Jy(u) on N *(\) and N'~()), respectively. According to Theorem
5.1, N=(\) and N ()\) are separated and N°(\) = {0}. Hence there exist at least two
minimizers which are local minimizers for Jy on A (\). These minimizers does not belong
to NO(\). Moreover Jy(ui) = Jy(lui|) and |uf| € N*(N), so we may assume ui > 0.
By Lemma 3.1, uf\t are critical points of Jy on X and hence are weak solutions of (1.1)—
(1.2). Finally, by the Harnack inequality [18], we obtain that uf are positive solutions of
(1.1)—(1.2).

Finally in this section, we investigate the nature of N*(\) as A — A/ (f).

Theorem 5.4 Suppose /g(ﬁ)g{)gdé <0, A\ — AT (f) and u,, € NT()) is a critical

Q

point of Jy(u) corresponding to A = A, (we may assume that u,, > 0). Then as m — oo,
(i) wpy — 0;
(i) 22 — ¢y in X.



No. 1 The Nehari manifold for a qusilinear sub-elliptic equation with a sign-changing weight function ... 23

Proof (i) Since u,, € N () is a critical point of Jy  (u), we have

/ Vit — A f(E) ) = / 9(©) " dE < 0.
Q Q

By Lemma 5.1 and Theorem 5.2, we get N'*(\) is bounded, and so is {u,,}. We may suppose
that w,, — ug in X. Suppose u,, /4 ug, then

/ (IVauol” — A1 fluol?)dé < lim inf/ (I VEum | — Ao flum|?)dE <0,
Q m—oo Jq

which is impossible because of (2.4). Hence wu,, — ug as m — oo. This, together with (f)

and (g), implies that
[ (e = xutuopyde = [ glualrds <o.
Q Q

Combining with (2.4), it yields / (IVmuol? — A1 fluol?)d§ = 0. Thus by Theorem 2.1, we
Q

have ug = k¢ for some k. But, as / g(&)|p1|"d€ < 0, it follows that & = 0. Hence u,, — 0
Q
in X.

ii) Let v, = 7=-. We may assume that v,, — vy in X. Clearly
Tetoa] y

/ (IVivm[” = A f()vm|7)dE = Iumlr_”/ 9 lvm|"dE
Q

Q
and so, since ||uy,| — 0, lim / (IVEOm|® — A f(&)|vm|P)dE = 0. Suppose v, /4 vg, then
m—0o0 O

llvol| < lm ||v,,|| and therefore [ (|Vmvo|? — A1f|vol?)dé < 0 which gives us a contradic-
m— 00 Q

tion. Hence v,, — vy, so ||v]| =1 and [ (|Vmvo|? — A1 fluo|P)d€ = 0. It then follows from

Theorem 2.1 that vqg = ¢; and the proof ?s completed.
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